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Abstract— We study control of a heterogeneous team of
two UAVs connected through a flexible cable such that the
smaller UAV provides more accessibility in terms of reaching
constrained locations, the larger UAV provides the base where
heavier equipment can be installed, and the flexible cable acts
as the conduit to carry electrical or communication cables,
or for transporting fluids between the two UAVs. Our control
design leverages the catenary model to compute the quasi-static
cable tension and uses it to feedback linearize the system. An
extended high-gain observer is used to estimate system states
and to refine the estimate of cable tension. The estimates are
used in the output feedback controller and the stability of the
overall system is established. We illustrate the effectiveness of
our methods using numerical simulations.

I. INTRODUCTION

Unmanned Aerial Vehicles (UAVs) provide a very useful
solution to perform tasks at remote locations such as inspec-
tion, surveillance, tool operation, or package delivery. With
the advances in usage and technology, multiple UAVs are
required to work cooperatively to perform a task.

In this paper, we consider a heterogeneous team of two
UAVs connected together with a flexible cable such that
the smaller (tool) UAV provides more accessibility in terms
to reaching constrained locations, the larger (base) UAV
provides the base where heavier equipment can be installed,
and the flexible cable acts as the conduit to carry electrical
or communication cables, or for transporting fluids between
the two UAVs. Applications of such a system include high
bandwidth sensing in which the smaller UAV carries sensors
and tracks a trajectory to achieve desired spatio-temporal
sensing footprint, and the collected high resolution data
is sent to the data processing station on the larger UAV
through the high bandwidth communication cable. Another
example concerns cleaning windows of high-rise buildings or
remotely located solar panels, wherein the larger UAV carries
cleaning liquid reservoir, the cable transfers the liquid to the
smaller UAV, which cleans the surface.

Several UAV-based manipulation systems have been de-
signed, for example, for aerial pick and place [1], avian in-
spired grasping and perching [2, 3], mobile manipulation [4—
6], assembly [7], valve turning [8]; see [9] for an extensive
review. In [10], the authors consider a rigid rod-like object
suspended at one end from a UAV through a spherical joint
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and study scenarios with both torque-actuated and actuation-
free joint. In [11], the authors design a spherically connected
multiquadrotor (SmQ) platform in which multiple quadrotors
are used as rotating thrust generators for the platform. In
[12], the authors design a dual arm connected at the tip
of a flexible link attached to the UAV. In [13] and [14],
a manipulator arm is connected at the end of a rod and a
platform, respectively, which in turn are attached to the UAV
through a passive spherical joint and act as a pendulum. In
a companion paper [15], we design an extended high gain
observer based output feedback control for multi-body multi-
rotor based manipulation, where a birotor connected to a
UAV through a rigid rod is considered.

Using cables to connect a load from a UAV has been
considered extensively. Transporting a load using suspended
cables has been considered both in single UAV [16-19] as
well as multi-UAV scenarios [20-24]. Control of quadrotors
with cable suspended payload using flexible cables has been
studied and nonlinear geometric control has been designed
in [25-27]. Differential flatness and geometric control of
quadrotors with a payload suspended through flexible cables
has been considered in [28]. Control of a UAV tethered to
a taut cable fixed at one end is studied and an observer
based control is discussed in [29, 30]. Here, the cable is
assumed to be always taut and any flexibility is ignored. In
[31] a geometric control of a tethered quadrotor is considered
for tracking a desired trajectory while a linearization based
controller stabilizes the flexible tether. In [32] multiple
quadrotors carrying a flexible hose are considered. The cable
is modeled as a series of lumped mass system and differential
flatness of this system is studied. A linear time-varying LQR
is designed to track desired trajectories assuming variation
based linearized system. In contrast, our feedback linearizing
control design relies on directly estimating cable tension
using catenary model and subsequently refining it using the
extended high gain observer to incorporate the influence of
cable dynamics.

In this paper, we present the control of a cable connected
dual-UAV system. The cable is assumed to be constant in
length while flexible in its bending. We design an extended
high gain observer (EHGO) based controller to track a
desired trajectory of the tool and base UAVs. We use quasi-
static tension in a cable under gravity obtained using catenary
model as an estimate of cable tension. The estimate is
refined using extended high gain observer to incorporate the
influence of the cable dynamics. The state and cable tension
estimates are used to design an output feedback controller,
which is systematically analyzed. The proposed controller
actively estimates and compensates cable tension leading to



decoupled dynamics for the base and the tool UAV . Thus,
the controller can be independently applied to both UAVs.
For simplicity of exposition, in the following we restrict the
presentation to the case where the base UAV is hovering
while the tool UAV tracks a desired trajectory.

The remainder of the paper is organized in the following
way. Section II presents the design and modeling of the
dual-UAV system. The EHGO-based control design and
associated stability analysis are presented in Sections III
and IV, respectively. Numerical simulations illustrating the
effectiveness of the proposed controller are presented in
Section V. Finally, Section VI concludes the paper.

II. SYSTEM MODELING

We consider a team of two heterogeneous UAVs connected
through a flexible cable such that one of the UAVs (referred
as the tool UAV) tracks a desired trajectory while the other
UAV (referred as the base UAV) provides the required thrust.
The resulting system referred as cable connected dual-UAV
system is shown in Fig. 1. We focus on the case where the
base UAV is hovering. Our controller design decouples the
two UAVs by canceling the estimated tension due to the
cable at both UAVs. Therefore, we focus on control of the
tool UAV only. A similar controller can be designed for the
base UAV as well. For further analysis, we restrict to the
case of planar motion in a vertical plane. We use catenary
equations which yield the tension in the cable assuming static
equilibrium under gravity.

cable

Y

Fig. 1. Cable connected dual-UAV system

A. Catenary Model

To compute the tension in the cable we use the catenary
model [33, chapter 10] which provides the shape as well
as the tension in the cable fixed at the two ends assuming
static equilibrium under gravity. Let A be the mass per unit
length of the cable, g acceleration due to gravity, s be the
distance along the length of the cable, varying from s = 0
at one end point Py = (xg,yo) and s = L at the other end
point P = (z,y). The tension in the cable at any point is
given in terms of three parameters of the curve: a, x. and y..
These parameters can be determined by using the coordinates
of the two end points. Below we give the expressions for

these parameters. The parameter a is obtained by solving
the following transcendental equation

.|z — o]
L2 — (y—y)2=2 h——7.
VI = (y = yo)? = 2asinh
The expressions for z. and y. are given by

D:wm)
——).

Z. = g + sign(xz — x9) alog (

r — T
Yo = Yo — a cosh P

where, in the above expression for x., the sign in the
argument of log(-) is selected negative if y — yo > 0 and
positive if y — yo < 0. The expressions for D and E used
above are given by

exp(|z — zo|/a)
a(exp(|z — xg]/a) — 1)’

The tension at the end P for the case when x — xg # 0 is
given by

D= E = exp(|z — zo]/a).

Ty = AgV/ (y — ye)? — a?,

while for the case when z — x¢y = 0, we have

c L + (y - yO)
Ty=d—5—
B. Dynamic Model of the tool UAV

We assume that the cable is connected to the two UAVs
at their respective centers of mass. The system alongwith
the forces at the tool UAV can be seen in Fig. 1. We adopt
the following notation

TS = sign(z — xg) Aga,

T¢ =0,

M mass of the tool UAV

1 moment of inertia of the tool UAV about Z
axis passing through its center of mass

m mass of the cable

L length of the cable

(z,y) position coordinates of the tool UAV
in the inertial frame

B angular position of the tool UAV

f rotor thrust on the tool UAV

T, cable tension at the tool UAV with components
T, and T} in x and y direction, respectively

T rotor moment on the tool UAV about its center

g acceleration due to gravity

The equations of motion of the tool UAV are

Mi = —fsinf — Ty,
Mijj = fcosp —T, — My, 2)
Iﬁ =T

Let 0, := 45 (T —T5), 0y := 37 (T, —T) be the difference
between the tension computed using quasi-static catenary
equations and the actual cable tension. Define q; = [x,] T,
gy = qy, 04 = [04,0,]" and q = [q{,q]]". Let 6, =
pq(t,q), where @q4(t,q) is an unknown function which is
continuous and bounded on any compact subset of R>q x R%.



III. CONTROL DESIGN

We design an EHGO based output feedback control to
track a desired trajectory for the tool UAV position coordi-
nates. Let the desired trajectory be q(t) = [z%(t),y%(¢)]"
and define tracking error e1 := q¢—q; = [es,e,] T, €2 := &
and e :=[(e1) ", (e2)"]". We assume feedback available in
position and orientation of the tool UAV, namely, outputs q;
and 8. We begin with state feedback control design.

A. State Feedback Control

The position error dynamics can be written using (2) as

]{4 sin 8 — TWL — 0z ]
JCICOSB—T——g—Jy .

Here we have written T}, as Ty + Mo, and T}, as T; +Moy,.
Now, assuming the state as well as disturbance signals o,

and o, are known, it can be seen that designing a control
law such that

[}J;zisnﬂﬁ} = M(§{+ K e1+Koéy)+ [

linearizes the position tracking error dynamics. Thus,

TS+ Moy,
Ty + Mg+ Mo,

TS+ Moy,
Ty +Mg+ Moy’

)

’M(qil + Kiey + Ksé;) + [

(3a)
3¢ = atans ( ~ M+ Kiep + Koéy) — TS — Moy,

M (" + Kiey + Koéy) + TS + Mg + Moy),
(3b)

where atang(-) is the 2-argument arc tangent function. The
commanded value 3¢ will be used as the desired trajectory
for the orientation dynamics. The orientation dynamics of the
UAV are written through the following change of variables

Blzﬁc_ﬁa 32:51:66_67 B:[BMBQ]T7
leading to
B = o, (4a)
~ —T .
B2 = N + B (4b)
We set the control input f as given by (3a) and 7 as
7= I(Ksf + Ky + ). 5)
The closed-loop system dynamics then becomes
. 02
e= A.e+ =, 6a
[eﬁ(tveaﬂl)} ( )
B=Az8, (6b)
where
O2x2 Iryo 0 1
Ae = Az =
¢ | Kilaxe _K2I2><2:| R [—K?, —K4] ’

eatie,py) = L |0~ 20 ],

M |cos B¢ — cos (8¢ = p1)

Note that eg(t,e,0) = 0 for all £ > 0 . In the state feedback
control law as designed above we need states eq, ,B and
feedforward term ij(f which are known through measurement
or by design along with states e2 and 35, disturbance signals
o, and oy, and feedforward term (3¢ which we assume
unknown and estimate using extended high gain observer
in the next section.

B. Extended High-Gain Observer Design

We design an extended high-gain observer (EHGO) to
estimate unmeasured states as well as uncertainties in the
form of modeling error and external disturbances. These
estimates will be used to cancel out the uncertainties in
the control design, resulting in improved performance of
the feedback linearizing controllers. We begin by noting
from the previous subsection that the control input 7 for
a state feedback based linearizing controller requires the
computation of 3¢. In order to avoid this, we lump this
quantity with any disturbance in the right hand side of (4b)
to arrive at

512527
ﬂ2 — +0/3

(7a)
(7b)

The new state feedback linearjzing control law for rotational
dynamics will be 7 = [(K381 + K402 + o). We treat o3
as a state and assume o5 = s(t, B), where @5(t, B) is an
unknown function that is continuous and bounded on any

compact subset of R>o x (=73, 7).

Define X = [(el)—r7 (62)Tv (o'q)T76~1752;0-ﬁ]T € Rg,
O2x2 I2x2 O2x2 010 p1/el2 p1/e
A = | O2x2 O2x2 Iox2 | @ |:0 0 1} JH = p2/%Is | @B | p2/e?
O2x2 O2x2 O2x2 000 p3/e3 Iy p3/ed
[

and C = [12><2 O2x2 O2><2] ) 100],

where @ denotes matrix direct sum, € > 0 is some suffi-
ciently small constant and p;’s are selected such that

s34+ p152 + pas+p3 =0,

is Hurwitz. Then, the combined system dynamics can be
written with states x as

Oax1
X=Ax g5 TET) + |21 L G
X
©3
y =Cx, (8b)
where
_ 0 i}
da:d(t) - a7 (—fsinpg —1T%)
§(t) — 37 (fcos B =T — Mg)
g(taﬂafaTT£7Tyc) 02
0
-
0




The EHGO for the above combined system dynamics can
now be written as

x = Ax +g(t, B, f,7. TS, TS) + Hy,,
Qe = C(X - )A()

(9a)
(9b)

where x = [(é1)7,(e2)", 64,51, 52,65]7 € R? is the
estimate of . We can now define an output-feedback con-
troller to ensure tracking of the trajectory q%(¢). The output-
feedback controller is designed using the estimates from the
EHGO as
| oty |
T+ Mg+ Maoy| |
(10a)

(10b)

M(§¢+ Kie + Koés) +

7= 1(K3bh + Kb + 65),
with commanded angle 5¢ now given by
8¢ = atans ( ~ M (i + Kiep + Koéy) — TS — My,
M + Kyey + Kaéy) + T+ Mg + M&y),

where [ém,éy]T = e and [&m,ﬁy]T =0y

IV. STABILITY ANALYSIS

The stability of the state feedback control, observer esti-
mates, and output feedback controller will now be proven.
We begin by restricting the domain of operation by establish-
ing a compact positively invariant set. We then prove stability
of the closed-loop system under state feedback, convergence
of the observer estimates, and finally prove stability of the
closed-loop system under output feedback.

A. Restricting Domain of Operation

Note that when the cable is taut and not in a vertical
alignment, i.e. x # xg, the catenary model no longer holds
and there is a singularity in the motion of the UAVs. Also,
at such configurations the cable tension as per the catenary
model becomes unbounded. In order to prevent the cable
from being taut, the distance between the two UAVs must
remain striclty smaller than the cable length L. To restrict the
domain of operation such that (z — x0)? + (y — yo)? < L*,
where L* < L, we make the following assumption about the
desired trajectory of the tool UAV

(2% — 20)? + (y* — yo)* < L* — 6. (11)

If the position tracking error ||e;]| < 4., then the above
assumption ensures that the tool UAV remains in the desired
domain of operation. Further to restrict the rotational angle
B such that —7/2 < 8 < w/2, we assume the following
restriction on the commanded angle |3°| < 7/2 — 4,
which means if the rotational tracking error ||3|| < 4, then
the requirement on [ is satisfied. For the state feedback
controlled system (6), we show below that there exist a
consistent choice of d. and J, and a positively invariant
compact set 2 = Q. x Q kL such that if the initial tracking

error lie in ©, then |le; (t)|| < . and ||3(¢)]| < 6.

Consider the following Lyapunov function for the rota-
tional error dynamics

~T ~
Vz=P8 PsB, where PzAs+AJP;=—L. (12)

Since Aé is Hurwitz, a symmetric positive definite Py as
defined above exists. Further,

Nain(P)IBIZ < Vs < Amax(PRIBIZ, Vs = — B2
Define 25 = {Vj < cz}. It can be seen from above that {2 ?
is a positively invariant set. Now, taking ¢z = Amin(F5)6”,
implies ||3] < 0 and hence ||3|| < as required.

Similar to the rotational dynamics, consider the following
Lyapunov function for the position dynamics

V.=e'Pee, where P,A.+ AlP.=—-I,. (13)
Taking derivative,
Vo, = —|le||®> +2[0],el]P.
le] +2(0 e] | Pee "

< ~llel® + 2max(Pe)lesll el

Since eg(t, B) written as function of time ¢ and B, is
continous and uniformly bounded in ¢ (as all signals remain
bounded under bounded desired trajectory assumption) and
its partial derivative with respect to § is continous, eg(t, 3)
is Lipschitz in B on () 5 Hence, in ) F

les(B) — es(0)]| < L||A|| < L9, (15)

which yields

Vo < —|le]|? + 2 max(Pe) Li|le]|. (16)
Therefore, for ||e]| > 2Amax(Pe)Ld, V. < 0. Using this with
the fact that Apin(Pe)€]|? < Ve < Amax(Pe)|le]|? makes
Qe = {Ve < ce} positively invariant with a choice of c,
satisfying
Ce = Amax(Pe) (2Amax (Pe) L) (17

Therefore, the domain of operation defined as 2 = Q xQ3,
is compact and positively invariant under state feedback.

Note that choosing ce = Amin(Pe)6? implies |e1] < de.
Therefore, the choice of two error tolerances 0. and § must
satisfy

)\min(Pe)ég Z Amax(Pe)(QAmax(Pe)L(s)2~

Hence, for a given choice of error tolerances
if the initial tracking errors

satisfying the above,
satisfy  ||e(0)]] < VAmin(Pe)/Amax(Pe)de  and
1B < \//\mm(P@)/Amax(Pg)& then (e(0),8(0)) € Q,

and hence ||e1(t)|| < d. and ||3(t)| < 4.




B. Stability under State Feedback

Lemma 1 (Stability under State Feedback): For the
closed-loop system under state feedback (6), with initial
tracking error (e(0),3(0)) in €2, the system states
(e(t),B(t)) remain in  for all £ > 0 and exponentially
converge to the origin.

Proof: Taking a composite Lyapunov function

V=dVe+Vz; d>0 (18)

and following the generalized proof for cascaded system
stability in the Appendix of [34], it can be shown that the
closed-loop state feedback system given by (6) converges
exponentially to the origin for d chosen small enough. M

C. Stability of Output Feedback

The system under output feedback is a singularly perturbed
system which can be split into two time-scales. The system
dynamics and control reside in the slow time-scale while the
observer resides in the fast time-scale. The observer estimates
can be shown to converge to an O(e) neighborhood of the
true estimates.

Lemma 2 (Convergence of EHGO Estimates): The
observer estimates x converge exponentially to an O(e)
neighborhood of the true states x, for any ¢ € (0,€¢*) for
sufficiently small €* > 0.

The lemma can be proved following the standard high gain
observer proof given in [35].

Theorem 1 (Stability under Output Feedback): The
closed-loop system under output feedback, with initial
conditions in the interior of 2, exponentially converges to
an O(e) neighborhood of the origin when € is chosen small
enough.

Proof: The proof follows the standard arguments used
in the stability analysis of extended high gain observer
based output feedback control [35] and utilises the facts
that state-feedback controlled error system is exponentially
stable over a compact invariant domain of operation (Lemma
1), the observer dynamics reside in a faster timescale, and
the observer estimates exponentially converge to an O(e)
neighborhood of the true states (Lemma 2). |

V. SIMULATIONS

We perform simulations where we track a desired trajec-
tory for the tool UAV position coordinates z,y. To compute
the tension which is canceled in the control laws, we use
the quasi-static catenary equations presented in II-A. These
equations estimate the tension at both the ends of the
cable assuming these ends to be fixed and use the position
coordinates of the two ends. In these simulations, we keep
the base UAV end fixed and treat it as the origin, however,
a disturbance on the base UAV position is added to account
for more realistic conditions in which oscillations around
the hovering position occur. The position of the base UAV
is known to the tool UAV either through a central unit or
through a sensor. Note that in the quasi-static calculations of
cable tension, only the relative position of the two ends of
the cable matters. In order to simulate the dynamics of the
flexible cable, we use the discretized lumped mass model of

[32] with one end of the cable attached to the base UAV
and the other attached to the tool UAV. The cable length is
taken as 10 m with mass per unit length A = 0.5 kg/m. We
have considered equidistant discretization into 10 segments
where the mass of the segment is considered lumped at
the discretization points. We select a desired trajectory in
position coordinates from time t = 0 to 10 s, with 0—5 s as
9th order polynomial in time such that the tool end covers
a displacement of 2 m in each of the coordinates and have
derivatives upto Sth order as 0 at initial time ¢ = 0 s and
time t = 5 s. We keep the desired coordinates fixed at 2 m
from the start position for time 5 — 10 s. The trajectory is
chosen so as to have the smoothness requirement of upto
fifth order derivatives since the control law involves second
order derivatives of 3¢ which further involves fourth order
derivatives of the desired trajectory. The initial coordinates
of the tool UAV is set as x = 5 m, y = 0 m relative to the
base UAV. We also add a disturbance in the position of the
base UAV as a sinusoidal signal: 0.1sint¢ in both = and y
coordinates. We begin with simulations of full state feedback
control using control law as per (3a), (3b) and (5). Here, we
have assumed the difference in cable tension due to cable
dynamics, i.e., o, and oy as zero, while for computation of
¢ we have used numerical differentiation using backward
difference algorithm. The plots for trajectory tracking for the
case of state feedback (SF) as well as EHGO based control
are shown in Fig. 2. As can be seen from the plots, the
system is able to closely track the desired trajectory and the
tracking error goes to zero. Figure 2(b) and Fig. 2(c) show
the plots of tracking error for SF based control as well as
EHGO based control. The tracking in EHGO case can be
seen to be better than the state feedback control.

VI. CONCLUSIONS

We consider control of a team of two UAVs connected
through a flexible cable. We design an extended high gain
observer based output feedback control where the output
available through sensing are the UAV position and angular
coordinates. We use the catenary model to compute the quasi-
static cable tension and cancel it in our control law. The
difference between the quasi-static cable tension and the
actual tension is assumed to be a disturbance and is estimated
by the extended high gain observer. We numerically illustrate
the effectiveness of the proposed approach in the presence
of external disturbances. In this work, we have considered
the case where the system is restricted to move in a plane.
The future work includes extension of these results to three-
dimensional environments.
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