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Abstract— We design a novel multi-body Unmanned Aerial
Vehicle (UAV) to be used for long reach manipulation tasks. We
consider the modeling and control of a multi-body multi-rotor
system in which a horizontally actuated bi-rotor platform is
suspended from a larger multi-rotor through a passive revolute
joint. We provide dynamic modeling, feedback linearizing
control through the use of flat outputs, and an extended high-
gain observer (EHGO) based output feedback control design
assuming that the system operates in a plane. Simulation results
are provided to show the long reach manipulator platform
tracking a trajectory. The methods are rigorously analyzed and
stability of the closed-loop system under output feedback is
proven.

I. INTRODUCTION
Unmanned Aerial Vehicles (UAVs) have been developed

to perform a variety of tasks including remote infrastruc-
ture inspection, surveillance, tool operation, and package
delivery. As many fields become increasingly reliant on
UAVs, advanced systems are required which can actively
interact with the environment and perform challenging tasks
in unstructured environments.

Augmenting a UAV with another multi-body system, e.g.,
a manipulator, significantly increases its functionality. Sev-
eral UAV-manipulator systems, often referred to as aerial
manipulators, have been designed for aerial pick and place
[1], avian inspired grasping and perching [2, 3], mobile
manipulation [4–6], assembly [7], valve turning [8], and
aerial phytobiopsy [9]. Having a manipulator connected to a
UAV through an actuated joint is a typical design for such
systems. However, this limits the range of operation of the
end-effector with respect to the UAV.

In recent years a variety of alternate designs, in which a
UAV connected to another system through a passive joint,
have been considered. Using cables to suspend a load from
a UAV is one such example. Transporting a load using
suspended cables has been considered both in single-UAV
[10–12] as well as multi-UAV scenarios [13–16]. Several
researchers have also considered using a passive spherical
joint to attach a rigid link to the UAV. For example, the
authors in [17] consider a rigid rod suspended at one end
from a UAV through a spherical joint and study scenarios
with both a torque-actuated and an actuation-free joint. In
[18] a spherically connected multiquadrotor (SmQ) platform
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is designed in which multiple quadrotors are used as rotating
thrust generators for the platform.

Aerial manipulators specifically designed for long reach
manipulation have recently gained attention. In [19], a dual
arm connected at the end of a flexible link attached to a UAV
is designed. In [20] and [21], a manipulator arm is connected
at the end of a rod and a platform, respectively, which in turn
are attached to the UAV through a passive spherical joint and
act as a pendulum. In [22, 23], two methods of designing a
suspended platform from a larger aerial carrier using cables
are presented. The platforms are actuated through winches
and rotors and have manipulators mounted on the platforms
to be used for manipulation tasks. Another approach [24]
shows a dual arm manipulator suspended below a carrier
UAV for long reach manipulation and inspection tasks.
In these approaches, the manipulator is suspended directly
below the carrier UAV, whereas our approach allows the
manipulator platform to swing out from under the carrier
UAV to reach areas unaffected by downdraft.

Large UAVs may be required in situations where heavy lift
capabilities are needed. However, several applications require
access to locations where a large UAV is not well suited to
operate in close proximity to the manipulated object. This
can be due to factors such as heavy downdraft generated by
the UAV, confined work spaces, or higher required opera-
tional accuracy. One such example is remote crop sampling,
in which the downdraft from the UAV disturbs the crops
and makes sampling difficult. Cleaning high-rise windows or
solar panels is another example where it can be difficult to
get close enough with a large UAV, but heavy lift capabilities
are necessary to carry the cleaning products.

In this paper, we address these challenges by presenting a
novel aerial manipulator. The proposed system consists of a
bi-rotor actuated platform connected to a rigid rod which is
suspended from a carrier UAV through a passive revolute
joint. The presence of the passive revolute joint and the
actuation of the platform using rotor thrust form the novel
aspects of our design. The proposed aerial manipulator can
be used for the long reach manipulation tasks presented
above in which a larger UAV is required, however may not
be well suited. Consider the case of remote crop sampling.
Our design would allow the small suspended manipulator
platform to swing out to the side below the large carrier UAV
to escape the downdraft. The horizontal bi-rotor actuation of
the platform has the added benefit that it only produces air
currents perpendicular to the manipulator, leaving the work
space free from induced disturbances.

We analyze and control the system assuming its operations
are restricted to a plane. The system dynamics are formulated
using the Lagrangian approach and it is shown that the bi-



rotor platform pose, i.e., position and orientation, act as
differentially flat outputs. An extended high-gain observer
(EHGO) is designed to estimate states and disturbances
acting on the system, which is an extension of our earlier
work [25, 26]. An output feedback linearizing control law is
designed for flat output trajectory tracking considering the
coupled UAV-platform dynamics. The result is a feedback
linearizing control approach that is robust to modeling error
and disturbances. Simulation results are provided to illustrate
the effectiveness of the methods employed where external
disturbances are applied, estimated, and canceled through the
feedback linearizing control design. The system is rigorously
analyzed to prove stability.

The remainder of the paper is organized in the following
manner. Section II gives the design and modeling of the aerial
manipulator whereas Section III details the control design
using the EHGO. Section IV proves stability of the system,
and Section V provides simulation results. Finally, Section
VI concludes the paper.

II. SYSTEM MODELING

We study a rigid platform with bi-rotor actuation, rigidly
attached to a rigid rod connected at the other end to a
carrier UAV through a passive revolute joint. The suspended
platform is actuated with two rotors so as to provide a net
thrust perpendicular to the rod with no net moment. The two
rotors attached at both ends of the platform are operated with
angular velocity in opposite directions to generate viscous
torque in opposite directions while generating thrust in the
same direction. Thus, when operated at the same speed, the
rotors generate a net thrust along the axis of the platform with
no net moment. The resulting multi-body system is shown in
Fig. 1. For the analysis going forward, we restrict our case
to planar motion in the vertical plane.
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Fig. 1. Carrier UAV with suspended bi-rotor actuated platform.

A. Dynamic Model

We introduce the following notation. Unless otherwise
stated, all coordinates are expressed in the inertial frame:

mQ mass of the carrier UAV
mP mass of the platform
L length of the rod
(xQ, yQ) position coordinates of the carrier UAV center

of mass
(xP , yP ) position coordinates of the platform center of

mass
α angular position of the platform
β angular position of the carrier UAV
IQ Moment of Inertia of the carrier UAV in the

body-frame
IP Moment of Inertia of the platform in the

body-frame
u1 total rotor thrust on the carrier UAV
u2 torque on the carrier UAV about its center of

mass
u3 total platform thrust
g acceleration due to gravity

We assume the revolute joint and the connecting rod are
rigidly attached to the platform and are massless. The centers
of mass of the carrier UAV and the platform are assumed to
be at their geometric centers and are the same as the two
end-points of the connecting rod. The actuator forces are
the total carrier UAV thrust, u1, the carrier UAV moment,
u2, and the suspended platform thrust, u3. These forces are
shown in Fig. 1.

The equations of motion are written using xP , yP , α,
and β as generalized coordinates. The kinetic energy, T ,
and the potential energy, U , are given by

T =
1

2
(mP +mQ)(ẋ2P + ẏ2P )−mQL(ẋP α̇cα + ẏP α̇sα)

+
1

2
IQβ̇

2 +
1

2
(IP +mQL

2)α̇2,

U = mQg(yP + Lcα) +mP gyP .

The corresponding generalized forces are

FxP
= u3cα − u1sβ ,

FyP = u3sα + u1cβ ,

Fα = u1Ls(β−α),

Fβ = u2.

Here, cα and sα represent cosα and sinα respectively. The
equations of motion can be written compactly as

M(q1)q̈1 + C(q1, q̇1)q̇1 +G(q1) = τ , (1a)

IQβ̈ = u2, (1b)

where, q1 := [xP , yP , α]>, τ := [FxP
,FyP , Fα]>, and

M =

(mP +mQ) 0 −mQLcα
0 (mP +mQ) −mQLsα

−mQLcα −mQLsα (IP +mQL
2)

 ,
C =

0 0 mQLα̇sα
0 0 −mQLα̇cα
0 0 0

 ,
G =

[
0 (mP +mQ)g −mQgLsα

]>
.

(2)



B. Differential flatness

The system has four generalized coordinates at the position
level: xP , yP , α, and β, but only three independent control
inputs: u1, u2, and u3, thus resulting in one degree of
underactuation. It can be seen from (1a) and the expression
for τ that designing a trajectory in q1 uniquely determines
the trajectories of u1, u3, and β. Furthermore, a trajectory in
β uniquely determines u2. Thus, a trajectory in q1 uniquely
determines all state trajectories and control inputs. As a
result, q1 are the differentially flat outputs.

C. State-Space Model

The dynamics can now be written as two subsystems in
state-space form. Defining q2 := q̇1, q := [q>1 , q

>
2 ]>, the

platform dynamics become

q̇1 = q2,

q̇2 = M(q1)−1[−C(q)q2 −G(q1)] +M(q1)−1τ + σq,
(3)

where σq ∈ R3 is an added term to represent the lumped
disturbance in the platform subsystem, which satisfies the
following assumption.

Assumption 1 (Properties of Disturbances): For a control
system with state x ∈ Rn, expressed in lower triangular
form, such as (3), any disturbance term is assumed to enter
only the xn dynamics. The disturbance term is also assumed
to be continuously differentiable and its partial derivatives
with respect to states are bounded on compact sets of those
states for all t ≥ 0.

Defining β1 := β, β2 := β̇, and β = [β1, β2]> the carrier
UAV orientation dynamics become

β̇1 = β2,

β̇2 =
u2
IQ

+ σβ ,
(4)

where σβ ∈ R is an added term to represent the lumped dis-
turbance in the carrier UAV subsystem, which also satisfies
Assumption 1.

Let qd(t) = [xdP , y
d
P , α

d]> be the desired output trajectory
and let βc(t) be the desired orientation of the carrier UAV.
By making the following change of variables

e1 = q1 − qd, e2 = ė1 = q2 − q̇d, e = [e>1 , e
>
2 ]>,

β̃1 = β1 − βc, β̃2 =
˙̃
β1 = β2 − β̇c, β̃ = [β̃1, β̃2]>,

the system can be written in terms of tracking error as

ė1 = e2,

ė2 = f(q1, e, q̇
d) +M(q1)−1τ + σq − q̈d,

˙̃
β1 = β̃2,

˙̃
β2 =

u2
IQ

+ ςβ ,

(5)

where f(q1, e, q̇
d) = M(q1)−1[−C(q1, e2+q̇d)(e2+q̇d)−

G(q1)] and β̈c is lumped into the disturbance term ςβ =
σβ − β̈c. The advantage of this modification is we no longer
require higher-order derivatives of βc, however βc must be
third order differentiable to ensure ςβ satisfies Assumption 1.

III. CONTROL DESIGN

We begin by designing a state feedback control law for
each subsystem using feedback linearization, thus requiring
the assumption that all states and disturbances are known.
This assumption will then be relaxed by introducing an
EHGO to estimate all states and disturbances to arrive at
an output feedback control law.

A. State Feedback Control

Using the differentially flat outputs, q1, we design a
trajectory tracking controller by taking the control input
τ c := M(q1)[−k1e1−k2e2−σq + q̈d−f(q1, e, q̇

d)]. Take
βc as the desired orientation of the carrier UAV, and use the
expression for τ at β = βc to compute uc3, uc1, and βc from
the equation τ (β=βc) = τ c = [τ c1 , τ

c
2 , τ

c
3 ]>. This leads to the

following feedback linearizing control equations

uc3 = τ c1cα + τ c2sα + τ c3/L,

uc1 =
√

(uc3cα − τ c1 )2 + (τ c2 − uc3sα)2,

βc = atan2((uc3cα − τ c1 ), (τ c2 − uc3sα)).

(6)

Note that for βc to be third order differentiable, we require
the desired trajectory, qd, to be fifth order differentiable. If
we set the control actions u1 = uc1, u3 = uc3, and u2 =
IQ(−k3β̃1 − k4β̃2 − ςβ) the closed-loop system dynamics
become

ė = Aee+

[
03×1

eβ(t, q1, β̃1)

]
, (7a)

˙̃
β = Aβ̃β̃, (7b)

where

Ae =

[
03 I3
−k1I3 −k2I3

]
, Aβ̃ =

[
0 1
−k3 −k4

]
,

eβ(t, q1, β̃1) = M−1(q1)

 uc1(sβ − sβc)
uc1(cβc − cβ)

uc1L(s(βc−α) − s(β−α))

 ,
and I3 ∈ R3×3 is the identity matrix, 03 ∈ R3×3 is a
matrix of zeros, and 03×1 ∈ R3 is a vector of zeros. As
a result, the two closed-loop subsystems form a cascade
connection through eβ and the fact that eβ(t, q1, 0) = 0 is
important when analyzing stability of the cascaded system.
Note that β̃2 and ςβ contain β̇c and β̈c respectively. We do
not compute these derivatives directly, however the terms
containing them are estimated completely by the EHGO in
the output feedback control design.

B. Extended High-Gain Observer Design

We now present the design of an EHGO to estimate
unmeasured states as well as uncertainties in the form of
modeling error and external disturbances. These estimates
will be used to cancel out the uncertainties in the control
design, resulting in improved performance of the feedback
linearizing controllers. For the EHGO design we assume
only the position level states can be measured. We begin



by extending the tracking error dynamics (5) to include
disturbance dynamics

ė1 = e2,

ė2 = f(q1, e, q̇
d) +M(q1)−1τ + σq − q̈d,

σ̇q = ϕq(t, e),

˙̃
β1 = β̃2,

˙̃
β2 =

u2
IQ

+ ςβ ,

σ̇β = ϕβ(t, β̃),

(8)

where ϕq(t, e) and ϕβ(t, β̃) are unknown functions de-
scribing the disturbance dynamics and are assumed to be
continuous and bounded on any compact set in e and β̃ to
ensure Assumption 1 is satisfied.

To facilitate writing the observer dynamics in a
compact form, we define the state vector χ =
[e>1 , e

>
2 ,σ

>
q , β̃1, β̃2, σβ ]>, and the disturbance function vec-

tor ϕ(t, e, β̃) = [ϕq(t, e)>, ϕβ(t, β̃)]>, leading to the ob-
server dynamics

˙̂χ = Aχ̂+B
[
f̄(q1, ê, q̇

d) + Ḡ(q1)u
]

+Hχ̂e,

χ̂e = C(χ− χ̂),
(9)

where

A = ⊕2
i=1Ai, B = ⊕2

i=1Bi, C = ⊕2
i=1Ci, H = ⊕2

i=1Hi,

A1 =

[
03 I3 03
03 03 I3
03 03 03

]
, B1 =

[ 03
I3
03

]
, H1 =

[
ρ1/εI3
ρ2/ε

2I3
ρ3/ε

3I3

]
,

C1 = [ I3 03 03 ] ,

A2 =
[
0 1 0
0 0 1
0 0 0

]
, B2 =

[
0
1
0

]
, H2 =

[
ρ1/ε

ρ2/ε
2

ρ3/ε
3

]
,

C2 = [ 1 0 0 ] ,

f̄(q1, ê, q̇
d) =

[
f(q1,ê,q̇

d)
0

]
, Ḡ(q1) =

[
M(q1)

−1 03×1

01×3 1/IQ

]
,

u =
[
τc

u2

]
,

where ⊕ denotes the matrix direct sum, H is designed by
choosing ρ such that

s3 + ρ1s
2 + ρ2s+ ρ3 = 0,

is Hurwitz and ε ∈ R>0 is a sufficiently small tuning
parameter.

C. Output Feedback Control

We now define an output feedback controller to ensure
tracking of the desired trajectory, qd. The output feedback
controller is designed by replacing the states and disturbances
in the state feedback controller by their estimates from the
EHGO

τ̂ c := M(q1)[−k1ê1 − k2ê2 − σ̂q + q̈d − f(q1, ê, q̇
d)].

This leads to the following output feedback control equations

ûc3 = τ̂ c1cα + τ̂ c2sα + τ̂ c3/L, (10a)

ûc1 =
√

(ûc3cα − τ̂ c1 )2 + (ûc3sα − τ̂ c2 )2, (10b)

β̂c = atan2((ûc3cα − τ̂ c1 ), (τ̂ c2 − ûc3sα)), (10c)

û2 = IQ(−k3 ˆ̃
β1 − k4 ˆ̃

β2 − ς̂β). (10d)

The state and disturbance estimates must be saturated outside
a compact set of interest to overcome the peaking phe-
nomenon present in EHGOs, see Remark 1 in [26].

IV. STABILITY ANALYSIS

The stability of the state feedback control, observer esti-
mates, and output feedback controller will now be proven.
We begin by restricting the domain of operation by establish-
ing a compact positively invariant set in which the system
will operate. We then prove stability of the closed-loop
system under state feedback, convergence of the observer
estimates, and finally prove stability of the closed-loop
system under output feedback.

A. Restricting Domain of Operation
To ensure the angular position of the carrier UAV, β1,

satisfies −π/2 < β1 < π/2, we restrict the domain of
operation and make the following assumption.

Assumption 2: The rotational reference signal βc remains
in the set {|βc| < π/2− δ}, where 0 < δ < π/2.

It can now be shown that for sufficiently small initial
tracking error, β̃(0), the tracking error |β̃1(t)| < δ for
all t > 0. Together with Assumption 2, this ensures that
|β1| < π/2.

A Lyapunov function in the rotational error dynamics is
taken as

Vβ̃ = β̃
>
Pβ̃β̃, where Pβ̃Aβ̃ +A>

β̃
Pβ̃ = −I2. (11)

Since Aβ̃ is Hurwitz, a symmetric positive definite Pβ̃ as
defined above exists, and

λmin(Pβ̃)
∥∥∥β̃∥∥∥2 ≤ Vβ̃ ≤ λmax(Pβ̃)

∥∥∥β̃∥∥∥2 , V̇β̃ = −
∥∥∥β̃∥∥∥2 .

Define the positively invariant set Ωβ̃ = {Vβ̃ ≤ cβ̃}.
Choosing the positive constant cβ̃ = λmin(Pβ̃)δ2 implies

that
∥∥∥β̃(t)

∥∥∥ ≤ δ and hence |β̃1(t)| < δ as required.
A Lyapunov function for the platform tracking error can

be taken as

Ve = e>Pee, where PeAe +A>e Pe = −I6. (12)

Taking the derivative of (12) and considering the potential
for tracking error in β yields

V̇e = −‖e‖2 + 2[0>3×1, e
>
β ]Pee,

≤ −‖e‖2 + 2λmax(Pe) ‖eβ‖ ‖e‖ .
(13)

Since eβ(t, q1, β̃1) and its partial derivatives are continuous
on Ωβ̃ , and eβ is uniformly bounded in time, eβ is locally
Lipschitz in β̃1 on Ωβ̃ . Hence, in Ωβ̃∥∥eβ(t, q1, β̃1)− eβ(t, q1, 0)

∥∥ ≤ L∥∥β̃1∥∥ ≤ Lδ. (14)



This enables us to bound the Lyapunov derivative (13) by

V̇e ≤ −‖e‖2 + 2λmax(Pe)Lδ ‖e‖ . (15)

Therefore, for ‖e‖ > 2λmax(Pe)Lδ, V̇e < 0. Using the
bounds λmin(Pe) ‖e‖2 ≤ Ve ≤ λmax(Pe) ‖e‖2, we can
ensure Ωe = {Ve ≤ ce} is a positively invariant set with
the following choice of ce

ce ≥ λmax(Pe)(2λmax(Pe)Lδ)
2. (16)

This leads to the domain of operation Ω = Ωβ̃ × Ωe which
is compact and positively invariant under state feedback.

B. Stability under State Feedback

Lemma 1 (Stability under State Feedback): For the
closed-loop system under state feedback (7), with initial
tracking error (e(0), β̃(0)) ∈ Ω, the system states
(e(t), β̃(t)) remain in Ω for all t > 0 and exponentially
converge to the origin.

Proof: The closed-loop system (7) is a cascade system
of the form

ė1 = e2,

ė2 = −k1e1 − k2e2 + eβ(t, q1, β̃1),

˙̃
β1 = β̃2,

˙̃
β2 = −k3β̃1 − k4β̃2.

The Lyapunov functions for the platform tracking error (12)
and the carrier UAV rotational tracking error (11) can be
combined to form a composite Lyapunov function

V = dVe + Vβ̃ , d > 0. (17)

Following the generalized proof for cascaded system stability
in [26], the closed-loop state feedback system converges
exponentially to the origin and Ω is compact and positively
invariant for d chosen small enough.

C. Stability under Output Feedback

The system under output feedback is a singularly perturbed
system which can be separated into two time-scales. The
system dynamics and control reside in the slow time-scale
while the observer resides in the fast time-scale.

Lemma 2 (Convergence of EHGO Estimates): The esti-
mates, χ̂, converge to an O(ε) neighborhood of the true state,
χ, for any ε ∈ (0, ε∗) for sufficiently small ε∗ > 0.
The lemma follows from standard high-gain observer analy-
sis [27].

Remark 1: It follows from standard EHGO analysis that
the estimation error enters an invariant set contained inside
a ball of radius εc after some short time T (ε), where
limε→0 T (ε) = 0 and c ∈ R>0. Since the initial state resides
on the interior of Ω, choosing ε sufficiently small ensures that
the states will not leave Ω during the interval [0, T (ε)], thus
the system state will remain inside the domain of operation
under output feedback while the observer converges.

Theorem 1 (Stability under Output Feedback): The
closed-loop tracking error system under output feedback,
with initial conditions on the interior of Ω, exponentially

converges to an O(ε) neighborhood of the origin when ε is
chosen small enough.

Proof: The output feedback closed-loop system can be
written in singularly perturbed form. The system dynamics
form the reduced system and the observer dynamics form
the boundary layer system. This system has a two time-scale
structure as ε becomes small. The boundary layer system has
an exponentially stable equilibrium point at the origin from
Lemma 2. The reduced system also has an exponentially
stable equilibrium point at the origin as shown in Lemma 1.
Following Theorem 11.4 in [28], it can be shown that the
entire closed-loop output feedback system is exponentially
stable when ε is chosen sufficiently small.

V. SIMULATION

The estimation and control strategy presented above is
simulated to perform trajectory tracking in the flat outputs,
q1, i.e, platform pose. A simple task is chosen where the plat-
form is taken from an initial position and orientation, q1 =
[0, 0, 0]>, to a final position and orientation, q1 = [1, 1, 1]>.
The system then returns back to the initial configuration. As
the controller requires continuous derivatives of the desired
trajectory, qd, up to fifth order, the desired trajectory qd(t) is
taken as a 9-th order polynomial with given initial and final
values: qd(t = 0) = [0, 0, 0]>, and qd(t = 5) = [1, 1, 1]>.
The derivatives up to 5-th order are set to zero at t = 0 and
t = 5. The return trajectory is generated in the same manner,
but in the opposite direction. The simulation is conducted
with the disturbances σq = [sin(2t), sin(3t), sin(t)]> and
σβ = sin(4t) applied to the system dynamics. Plots of the
desired and actual trajectories under output feedback control
are shown in Fig. 2.

VI. CONCLUSIONS

We studied a novel long reach aerial manipulation system
in which a small horizontally actuated platform is suspended
from a larger carrier UAV. Modeling error and external
disturbances are considered in the control design. An EHGO
is designed to estimate unmeasured states and system uncer-
tainties which can be canceled through a feedback linearizing
control design. The method is shown to be effective in
simulation and is proven to be stable.

We plan to extend this work in a number of directions.
We will conduct experiments to show the viability of the
control design on a physical system. Furthermore, we plan
to extend the control methodology from the planar case to
the full three-dimensional case.
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