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Rotating Disk Vibration

Small amplitude, transverse vibration of a circular disk can be viewed as a super-
position of travelling waves each wave corresponding to a particular vibration

mode. When the plate damping is small, the transverse motion of the plate is often
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dominated by response in one mode [1]. The active control method discussed here
used an on-line FFT analysis of the rotating disk displacement to periodically
identify the dominant mode of the disk response in a changing operating en-
vironment. Active control forces were applied electromagnetically to the disk to

suppress the amplitude of that particular mode. In laboratory tests, the prototype
controller reduced the modal amplitude to less than 15 percent of the uncontrolled
value. Analytical predictions correlated well with these laboratory observations.

Introduction

Centrally-clamped rotating disks are the basic machine
element of steam and gas turbines, grinding wheels, circular
saws, and computer disk memorics. Large amplitude
transverse vibration of rotating disks can cause failure of
turbine wheels due to wheel-to-case contact, cutting inac-
curacy for grinding wheels and circular saws and head
tracking errors in computer disk memories.

The research in transverse vibration control reported herein
was motivated by the economic advantage to the wood in-
dustry of cutting with thin, stable circular saws. Cutting
residual resulting from a combination of saw blade transverse
vibration and tooth kerf accounts for more than 20 percent of
wood volume. The economic and natural resource loss on a
pational or worldwide basis is enormous. Active control of
transverse vibration can reduce cutting residual by decreasing
both the vibration amplitude and the minimum saw blade
thickness required for stable operation. Although focussed on
circular saws, the control method discussed here has wider
applications in rotating machinery.

Rotating disk vibration, though representable by an infinite
number of vibration modes, is usually dominated by the
response of a limited number of modes when disk damping is
small and excitation is over a limited frequency band. A
stability theory has been developed for circular saws which
assumes disk vibration to be dominated by response of a
single mode. This stability theory has been confirmed by
measurements in a production environment [1] which showed
a direct correspondence existed between total vibration
amplitude and the proximity of disk rotation speed to a
rotation speed where a constant, stationary traverse force
resonates a single mode of the disk.

The problem addressed is the active control of thin,
axisymmetric rotating disks with small internal damping using
external transverse control forces. Ellis and Mote [2]
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developed a contral system which generated a transverse force
in response to measured transversc displacement and velocity
of the disk. This system controlled low frequency vibration
(< 50Hz), but excited higher frequency instability abave the
bandwidth of their control system (> 8kHz). The resultant
instability limited the effectiveness of the control system
through saturation of the electromagnets used to generate
control forces. Balas, et al. [3] reported a similar instability
when modal control was employed on large scale structures
with small damping. High frequency errors contaminating the
observed modal amplitudes, termed “*observation spillover,”
when amplified by the control system, excited this instability
by “‘control spillover.” Controller stability was increased
through low-pass filtering of the observation signal {2, 3].
However, phase shifts in the filters resulted in eventual in-
stability of the control systems [2].

Guaranteeing stability of distributed parameter contral
systems is inherently more difficult than for lumped
parameter control systems. When contiolling a finite number
of modes in a distributed structure, the central stability
problem is the isolation of the control system action from
modes not under control. This isolation is accomplished
through elimination of either ‘‘observation spillover’ or
control spitlover.” That is, stability of uncontrolled modes
is assured when they are either not detected by the control
system or not excited by the control. The elimination of
spillover prevents control system excitation of the un-
controlled modes.

Control spillover can be prevented by developing a control
force distribution equivalent to the generalized force
distribution of the mode under control. Such a control force
cannot excite other modes. However, when a finite number of
discrete control forces are used to suppress the single mode,
orthogonality with all other modes is not possible, and
“‘control spillover’’ always resutls. Control spillover can be
reduced by increasing the number of control forces, and hence
the accuracy of the force distribution, and by ensuring the
control force only oscillates at the characteristic frequency of
the mode under control.
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Active Vibration Control Using Spectral Analysis

The application of spectral analysis to the active vibration
control of rotating disks was investigated. The spectral ob-
server loop shown in Fig. 1 identified the vibration modes of
dominant amplitude and selected one mode for control.
Control forces to suppress that mode were developed by the
amplitude control loop also shown in Fig. 1.

Modal distributions in a rotating axisymmetric disk are
represented by pairs of waves propagating in opposite
directions around the disk. The ‘“forward travelling’’ wave
propagates in the direction of disk rotation and the “‘back-
ward travelling”’ wave propagates in the opposite direction [4,
5]. The characteristic frequencies corresponding to the for-
ward travelling waves, as seen by the nonrotating observer,
are increased by disk rotation. Similarly the characteristic
frequencies corresponding to the backward travelling waves
are reduced by rotation. The lowest characteristic frequency
seen by a nonrotating observer always corresponds to a
backward travelling wave.

Nomenclature

The wave form
represented by

Uy (Fy B) = A gy (1) 5IN(16) (1)

in circular plate vibration can be

where the radial function, 4, (r), is a linear combination of
Bessel functions. The forms are identified by integer numbers
of nodal circles, m, and nodal diameters, n. On a rotating
disk, the transverse displacement, y,.(r, 6, f) of a single
backward travelling wave, viewed in a nonrotating reference
frame, becomes [5]:

Yo (7, 6, t)=Amn(r)Sin["(e_¢mn)+(wmn)’] (2)
Here, the disk rotates in a positive coordinate direction.
Forward travelling waves are represented by (2) with *‘n"’
replaced by *“—n."”’

Spectral analysis was employed to identify the single
backward travelling wave for control from the total
transverse response of a rotating disk. A Fourier transform of
the measured displacement yields the amplitude and phase
spectra, A{w) and 8(w). Local maxima in A(w) locate the
characteristic frequencies. At each characteristic frequency,
the number of nodal diameters, », defining the wave form and
wave propagation direction can be determined through two
phase spectra, &;(w) where { = 1, 2. These specira were
computed from two displacements recorded simuitaneously at
sensor locations (7, 8;) withi = 1, 2.

The phase spectrum is given by the phase in (2). At w,,, for
sensor location (7, 6;),

Bi (Wi ) =1(0; — bpun) @)

The relationship (3), evaluated at the two sensor positions, (7,
6;) can be used to compute the number of nodal diameters, n,

n=[8,(wmn ) = br(@ma})/ [61 — 2] @

Positive ““n’’ in (4) denotes a backward travelling wave and
negative ‘‘n’’ denotes a forward travelling wave.

Modes with one or more nodal circles have not been ob-
served to contribute significantly to disk vibration, and ac-
cordingly they have never been candidates for control in these
rotating disk problems. The number of nodal circles, m,
defining a mode can be determined from the amplitude
spectrum A;(v,,) by positioning the sensors at different
radii, ;. Nodal circle modes with m=1 were not identified
herein.

Once Apy, 1, and w,,, are determined, individual waves
were selected for conirol. Here, the lowest frequency wave
with amplitude greater than 75 percent of the maximum
spectral amplitude was selected for control. This criterion was

a = inner radius
Ay (r) = amplitude of wave (m, n)
b = peripheral radius
c;,c, = stationary and rotating damping
coefficients
Com (£) s Doy (1) = disk generalized displacement
coordinates
m = number of nodal circles
n = number of nodal diameters
qg(r,8,n nonconservative transverse load

stationary and rotating damping
forces

qs(r,8,0,4q.(r, 8,0

R, (r) = radial distribution of mode (m, n)
U, (r,0) = modal distribution of mode (m, n)
Umn = rotation velocity of mode (m, n}

Vo (1, 6,0 predicted transverse velocity of

mode (m, n)

y(r, 8, 1) = transverse displacement
Yma{r. 0,7) = transverse displacement of mode
i (m, n)
Ymn(r, 0,8} = approximate transverse displace-
ment of mode (m, n)
Y,.(r,0,f) = predicted transverse displacement of
mode (m, n)
6 = phaseangle
¢ = damping ratio
§ = angular coordinate
¢.. = initial angular position of mode
(m, n)
w = angular frequency
wae = characteristic frequency of mode
(m, n)
1 = disk rotation frequency
7 = 2n/w = filter recirculation time
{period)
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Fig.2 Comb filter used to observe wave motion in laboratory tests

chosen because of the observed importance of low frequency
waves to the disk response [1].

The separation (Fig. 1) of the spectral observer from the
control force generation was required by the time necessary to
compute a Fast Fourier Transform (i.e., approx. 30 seconds
on a PDP 8/E minicomputer). This time dalay was too long to
allow on-line control of the disk using only the results of the
spectral analysis. Instead, a wave amplitude control loop
tracked the position of the wave selected for control and then
applied the control forces. Extension to the control of
multiple waves can be accomplished by superposition of
contral forces developed for each wave.

The wave position observer in the wave amplitude control
loop measures the displacement of a single wave by filtering
the total disk transverse displacement. A first order, recur-
sive, digital, ‘‘comb filter*’ [6] was sclected for this purpose
because of its simplicity (Fig. 2}. The filter frequency was set
equal to the wave characteristic frequency as determined by

_ the spectral observer. The filtered signal is recirculated at the
characteristic frequency, with the weighing constant £ > 1; see
Fig. 2. Frequency components of the disk displacement at the
recirculation frequency and its harmonics are passed by the
filter while other components are not. The prediction of wave
displacement, Y., from the measured disk displacement
after filtering is

- Ym,,(f, Bi’ f)

=(1/k) 3 Lk = )AALY (7, 6, 1= i)} (6)
i=0

where: 7=2n/w,,,, recirculation time

The maximum attenuation of this filter for signals with
periods different from the recirculation interval is 1/(2k — 1).
The filter selectivity is improved by increasing 4. However,
increasing k also decreases the speed of response of the filter.
A reasonable compromise was found to be £ =8 and this value
was used for all analyses and laboratory tests.

~ The angular propagation velocity, v,,,, of a wave can be
calculated from its characteristic frequency [5].

Uty = o /11 Q)]
From measured Y, (r, 6;, 1) and v,,,, a predicted Y, (r;, 4,

1) for all § is obtained by delaying Y, (r;, §;, £) by the time
required for the mode to propagate from 6, to 9.

‘ Ymn (",’,0,’)= Ymn (f',,ﬂ,,f— T)
=(1/k) Y k= 1/kY y(r,, 0, t—ir—T)) ®)
i=0

where: T=(0—9,)/v,,,, propagation time

_ The predicted wave displacement at any 6 is given by the
amplitude of the signal in the comb filter’s serial delay
element at a point corresponding to the propagation time, 7.
In addition, the wave transverse velocity, d¥,,,/dt, can be
predicted from the recirculated signal in the delay element at a
point corresponding to a quarter period phase lead from the
_wave displacement;

Vinn (513 8, 8) =Y (11, 6, 14 (7/4))
=1/ wpy) dlY pa (r;, 0, D)/ dt 9

The wave amplitude controller used these predictions of
wave displacement and velocity to modulate control forces.
Forces opposing predicted Y, and V,,, increased the disk
stiffness and damping, respectively.

Analysis of Spectral Controller Performance

The equations of motion of the disk are derived from
Hamilton’s Extended Principle [7].

5? 5T -5+ [S L qaydA]dz=o (10)

!
where T* is the disk kinetic coenergy (see Appendix), V is the
potential energy and g are the external forces not derived
from V. Admissible distributions y are of class C' satisfying
the essential boundary conditions (order 0 and 1) and
periodicity conditions;
y(a, 9, t)=y)r(a) g, t)=0

yir 6, 0=y(r,0+2m,1) (11)

Yoo, 0, 0=y,(r, 0+2m, 1)

Discretization of the stationary value problem (10) is carried
out using the Ritz Method with the (M +1) x (N+1) term
admissible series

M N
Jun= 3, 3 [Cru(£)cos(nB)

m=0 n=0

+D,., () sin(n®]R .. (1) 12

with generalized coordinates C,,, (¢}, D,,, (¢),and R, (r) =
(r—a® [1+K, (r/B) + K,(r/b)*]. The constants, K, and K,
were calcutated from a rotating disk analysis [8].

The transverse forces g in (10) were modelled as the rotating
and stationary viscous forces in (13a) and (1354), respectively.

q-= =, [V + 0yl (13a)

gs= — [Vl (13b)

The coupled discrete differential equations of motion
obtained from (10)-(13) are

Lo [Conn + 209D 00 — 02 Q2 Cop]

+ic, +¢,)C s + Lom +J ) Con (14a)
+[nQc, 1D, ~ 5, =0
Lyn [ Dpn —20QC 1y —n?* 2D,y ]
+ e, + ¢ ) Dy + [ - 0, 1C,.0 (14b)

+ [Lmn +‘]mn]Dmn _'QIIZH =0

where the Appendix gives I,,, the inertia coefficients for
m=1, .. .M, n=1, .. .N; L,,, the bending stiffness coef-
ficients; J,,,, the membrane stress stiffness coefficients; and
Q.. and Q2,, the external control forces. Forces rotating
with the disk g,, always dissipate energy independent of €.
Stationary forces, ¢,, interact with disk transverse velocity at
their position. A critical disk rotation speed exists for each
wave [4, 9] which exactly equals the wave propagation
velocity as viewed in the stationary frame. At the Critical
Speed, the characteristic frequency and transverse velocity of
the wave are zero in the stationary reference frame and
stationary dissipative forces cannot increase the dissipation of
that wave. The separation of dissipative forces into moving
and stationary components is an open topic.

Stability of the axisymmetric disk response is predicted



Journal of Dynamic Systems, Measurement, and Control,
March 1983, Vol. 105, pp. 39-45

Flg. DB Froicehmes SR | DorTods 4 B Uhovng 1S S gns TodT

Protoype spectral controller with sensor/magnet mount
Above: controller sensor and magnet positions

from the eigenvalue problem derived from (14) and the
control forces Q2, and Qf,. Here the control forces are
proportional to the predicted Y,,, and V,,,

==K, Yo =Kp Vi (15)

The eigenvalue problem obtained from the Laplace
transform of (14) and (15) is

[P M+sC+P+Q(s, NIX(s) =Q (16)
where M is the incrtia matrix, C is the damping matrix, £ is
the disk stiffness matrix, Q(s, 7) is the control force matrix

and X7 (s) is the [C7, D7]. The eigenvalues s are roots of the
characteristic equation

det[s’M+sC+P+Q(s,1)] =0 (17

The roots of (17) were found using Muller’s Method [10].

Steady-state response of the controlled disk to constant
amplitude harmonic excitation was calculated using the
results of the eigenvalue analysis above. A modal mass for
each generalized coordinate was calculated from the
frequency response of an uncontrolled disk. These modal
masses allowed conversion of controlled disk cigenvalues to
predictions of mode response to external disturbance forces.
The direct calculation of forced response for the controlled
disk was avoided because of the complicated form of the
control force terms in the disk equations of motion.

Laboratory Implementation and Testing

A prototype control system was constructed to evaluate its

potential performance. The test disk was uniform and circular
with radii & = 203. mm and ¢ = 101.5 mm and thickness ¢ =
1.02 mm. The transverse displacements were measurcd with
two Bentley-Nevada non-contacting inductive sensors, and
active control forces were applied by cnergizing electro-
magnets. The magnet units were constructed in opposing
pairs, one on each disk surface. Two and four magnet pairs
were tested as shown in Fig. 3. An independent excitation
magnet simulated the transverse disturbances of the process.
Two minicomputers (DEC PDP 8/E) performed the spectral
observer and wave amplitude controller tasks.

The control system provided additional damping in all
laboratory tests by developing forces opposing V,,,. The
small structural damping of the steel disk tested could be
significantly increased by control forces less than 10 Newtons.
Control forces of this magnitude produced relatively small
stiffness increases. }

The steady-state response of the control system was
measured for combinations of rotation speed, wave under
control, and number of magnet pairs. Initially the rotating
disk was excited with broad band random transverse forces
and the spectral observer identified the waves with largest
amplitude. Typically, the five waves with largest amplitude
were identified. The spectral observer selected the wave for
control, as discussed earlier. To simulate adverse vibration
present in production sawing process and measure the effect
of the control on vibration dominated by the response of a
single wave, the excitation was then changed to a constant
amplitude harmonic force at the characteristic frequency of
the wave, the control system was energized, and the gain of
the controller increased incrementally while disk response was
monitored.

Results

An eigenvalue analysis (16) for a rotating disk under two
distributed control forces is shown in Fig. 4. The disk
stationary damping ratio was {, = 0.005 and the rotating
damping was zero in the analyses. The control force
distributions were separated by 45 degrees. Each was centered
at 7 = 160. mm and had an area of 294. sq mm.

As the control gain is increased from 0 to 1250
Newtons/meter, the real part of the controlled wave eigen-
value becomes increasingly negative. Most eigenvalues are
independent of the control. However, in this example the one
nodal diameter, zero nodal circle eigenvalue is shifted in a
positive, destabilizing direction and establishes the stability
gain limit for the control system. The destabilizing behavior
results from the comb filter algorithm, which passes all
harmonics of the recirculation frequency. In Fig. 4 the wave
(m, n) = (0, 1) is at the first harmonic of the recirculation
frequency, and it destabilizes the control. This cxample
iltustrates an inherent problem in the control of systems that
are rich in waves with low damping. It is likely that some
frequency will reside at an integer multiple of the control
frequency and it will be energized by the control because of
the force-response phase. The digital filter used here was
chosen for its simplicity and to demonstrate this type of in-
stability. Other digital filters can be designed which will in-
crease the maximum stable control gain, however, this in-
stability associated with aliasing will always occur at some
gain for all filters.

Analysis of four control forces in Table 1 shows a
proportional increase in damping at the gain limit for
stability. The improved controller effectiveness resulted from
orthogonality between the control force distribution and the
non-controlled wave eigenfunctions. The eigenvalue analysis
showed the spectral controller would increase damping of the
controlled waves resulting in a decrease in the steady-state
forced response.
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Fig.4 Typical eigenvalue analysis results

Laboratory test results in Table 2 and Figs. 5-7 show the
decrease in transverse amplitude response with increasing
control gain. The wave response is X/F, where X is the
measured average controlled wave amplitude under the two
sensors, and F, is the excitation force amplitude. The control
gain, G, is the ratio of control force amplitude at each control
magnet position to X. The data points in Figs. 5-7 result from
laboratory measurements and the solid curves are derived
independently from the analysis using measurements of
uncontrolled disk damping. The wave response at each G
decreased in proportion to the number of control forces
because total dissipation was proportional to the product of
control force amplitude and the number of control forces
applied. The wave amplitude is inversely proportional to
damping which was proportional to G. The principal benefit
of the control was obtained at small control gains.

The comb filter harmonic instability predicted analytically
in Fig. 4 occurred in one of the laboratory tests. Controller
test C in Table 2 and Fig. 7, was configured to encourage
harmonic instability. Harmonic instability in the (0, 1) wave
limited the minimum (0, 3) wave response to X/f, = 0.058
mm/N with two control forces and X/F, = 0.037 mm/N/
with four control forces. This increase in contro! from ad-
ditional control forces was similar to that predicted by
analysis. Additional instability observed with the prototype
system was attributed to inability of the wave observer to
track rapid changes in mode characteristic frequency resulting
from control.

Transient response of the control system was observed
under abruptly terminated external excitation, At small G, the
controlled wave amplitude decayed in proportion to G. At
large G, a limiting decay rate was observed. This behavior is
determined by the response speed of the comb filter. The roots
of the comb filter transfer function determine a decay rate
equivalent to a 2.1 percent damping ratio. Transient decay of
wave amplitude is limited to this value and a detailed analysis
is given in [11]. Filter designs with faster response would be

desirable.

Conclusion

Spectral analysis has been shown to be an effective means

of identifying modes represented by travelling waves on a
rotating disk. In laboratory tests with a steel disk, charac-
teristic frequencies were identified from local maxima in the
Fast Fourier Transforms of two transverse displacement
signals. At these maxima, the corresponding wave shapes
were identified from the phase relationship between the two
signals. In experiments four to six waves with largest am-
plitudes were reliably identified.

The system successfully tracked individual travelling waves
in experiments on rotating disks. Transverse control forces,
developed to increase damping, resulted in reductions in
response amplitudes between 84 and 93 percent of the un-
controlled amplitude.

Instabilities in the controller were of two types and both
were attributed to the comb filter behavior. First, harmonics
of the filter center frequency are passed thereby distorting the
wave estimation. Second, instability is associated with
inability of the filter to rapidly track changes in characteristic
frequency. Digital filter algorithms and frequency tracking
methods bypassing the limitations would be of significant
value.

The labaratory tests demonstrated that significant vibration
reduction can be achieved before the onset of instability.
Wave response reductions of 75 percent were achieved in
every test through increased damping from low frequency
control forces. Because relatively small additional benefit is
obtained at higher control gains, these stable levels of control
are reasonable expectations for single waves. Increased
vibration control can be realized through the control of many
waves. The extension of the spectral control algorithm to the
control of multiple waves only requires superposition of wave
amplitude controller outputs. The analytical predictions and
the laboratory observations of wave amplitude were within 10
percent of for stable operating gains. Observed instabilities of
the control system are also predicted by the analysis.

Implementation of the control method should be ac-
complished with dedicated circuitry. Digital filters and Fast
Feurier Transform technology are at the integrated circuit
“‘chip’® state. The post-FFT analysis is well suited to the
parallel processing microprocessors currently under
development.

The disk motion was dominated by low frequency waves so
only low frequency control forces were required. The types of
force generators which can be used by this control method are
many. For example, fluid pressure differential can be used to
control vibration in these systems.
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I
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where:
D=ER/[12(1 — %)) = disk plate rigidity
A = disk thickness
p=disk density
o, = radial stress
ay = hoop stress
7.5 = shear stress
Vo = 00781, ¥y = dy/30, etc.
The parameters in the equations of motion for the rotating
disk (14) result directly from application of the Ritz Method

on a variational problem derived from Hamilton’s Extended
Principle [1, 5]. They are given below.

b
I.= S ohR2, rdr
a

Lon= {L;rlzn +2L:r?rr —2n2L9,3,. +Lrlr:n ‘anLgvln +H4L%,,)

72(1 - U) (Lrlnln _nZL%n _nlelr}n +2”2L9nln —nzL(r)nOn)

b
L% = Sa D(Rp/r2Yr dr
&
L = SGD(R,",,/rZ)(R,’,,,,/r) rdr
b b
LY = L D(R, /PRy dr, L)L = Sa D(R;,/r)2r dr

b !
Jom=\ (ho,RE+n*ho,RY /r¥)rdr
a

5 P
L = L D(RL, /PR, rdr, LE, = Sa D{R.) rar
o4, = (l/r)g SA q(r, 8, ycos(n®)R,,, dA, control force term

Ohn = (l/'ir)j EA q(r, 8, Nsin(nd)R,,, dA, control force term

where: ¢y = 2N 00 (L +J,,), for convenience and
prime () denotes spacial derivative (i.e., 8/9r)



