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Abstract. Branch-and-bound (B&B) best-first search (BFS) is a widely applicable
method that requires the least number of node expansions to obtain optimal solutions to
combinatorial optimization problems (COPs). However, for many problems of interest,
its memory requirements are enormous and can far exceed the available memory capac-
ity on most systems. To circumvent this problem, a number of limited-memory search
methods have been proposed that are either based purely on depth-first search (DFS)
or combine BFS with DFS. We survey and compare previous sequential and parallel
limited-memory search methods, and discuss their suitability for solving different types of
COPs. We also propose a new limited-memory search method, iterative extrapolated-cost
bounded search (IES*), that performs a sequence of cost-bounded depth-first searches
from the root node of the search space. In this method, cost bounds for successive itera-
tions are set to an estimated optimal-solution cost obtained by extrapolating from search
experience in previous iterations. We provide accurate and fast, approximate methods
suitable for extrapolating the optimal-solution cost for lower-bound cost functions with
a range of growth rates. Finally, we propose an efficient approach to parallelizing ITES*
that is applicable, with minor modifications, to other iterative cost-bounded DFS meth-
ods like IDA* and DFS*. An important feature of this approach is the asynchronous
execution of the different iterations of IES* by processors to minimize idling. We provide
a method for determining cost bounds independently in different processors; these cost
bounds vary from processor to processor, and decrease from an initial larger value to
the true cost bound for the iteration. Further, to minimize unnecessary node expan-
sions that can occur because of the asynchronous operation and because of the initial
loose upper bounds, we propose an efficient load balancing technique. This technique
distributes work of earlier iterations with higher priority among processors. As a result,
different processors are likely to execute IES* iterations that are as close to each other
as possible, and also the individual cost bounds for the same IES* iteration in differ-
ent processors approach the true cost bound rapidly. This decreases the possibility of
unnecessary work in parallel IES*, thus leading to an efficient parallelization.
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1. Introduction. Branch-and-bound (B&B) is a widely used, gen-
eral method for solving combinatorial optimization problems (COPs) [32].
Given a COP P, B&B is used to find a least-cost solution to P.! Its opera-
tion can be viewed as a search through a tree 7 of subproblems in which the
original problem P occurs at the root—in this paper we restrict our atten-
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tion to tree search spaces which is a realistic model for problem solving in
practice [39]. The children of a given subproblem are those obtained from
it by breaking it up into smaller problems (branching). This branching
is such that the optimal solution to an internal subproblem node w is the
least expensive among the optimal solutions to the child subproblem nodes
of u. The leaves of 7 represent solutions to P. Further, each subproblem
node is associated with a cost f’ that is a lower bound on the cost f of an
optimal solution to that subproblem. We assume that f’ is nondecreasing
along any root-leaf path of 7. Consequently, any B&B search algorithm
that has expanded or branched from all nodes u with cost less than C*
without finding a solution, and has found at least one solution node v with
cost C'*, can conclude that v is an optimal solution.

Different B&B methods differ in the order they explore the search
space. Best-first search (BFS) B&B (also referred to as A*) expands nodes
in best- or least-cost first order among candidate nodes for expansion. Can-
didate nodes include all nodes that have been generated but not yet ex-
panded and are stored in an OPEN list which is usually implemented as a
heap to allow fast selection of the best node. As a result, BFS expands all
nodes with cost less than the optimal-solution cost C* and some nodes with
cost equal to C'* before it finds an optimal solution. This is the minimum
number of nodes (up to tie-breaking among nodes with cost C*) that any
B&B search algorithm guaranteeing optimality must expand [4]. Hence
these nodes are referred to as essential nodes.

Many hard COPs have a worst-case complexity that is exponential
in the input size, and their average-case complexities are also frequently
very high, for example, a polynomial of degree three or higher. Since BFS
stores all unexpanded, generated nodes, its memory requirement is simi-
larly high, and as a result, it runs out of main memory on many problems;
secondary storage access can be very slow, and it may or may not be avail-
able, especially, to processors of a parallel machine. Although the fact that
memory chip capacities quadruple every three years does help offset this
problem to some extent [1], there are two main reasons why alternative
search methods that use only limited memory are needed. First, in many
applications, there is a certain time period in which finding optimal solu-
tions to as large a problem as possible is useful. Since processor speeds
increase at the same rate as memory capacities [1], assuming a constant
amount of computation per node expansion, the time for BFS to run out
of memory remains more or less the same from year to year. If memory
is exhausted much before the useful time period, then this prevents the
possibility of solving larger problems. For instance, a good BFS implemen-
tation for solving the 15-puzzle problem can exhaust main memory on a
64MB workstation in under ten minutes [33]. Second, due to technological
and economic progress, the complexity of systems such as airplane traf-
fic, transportation systems, manufacturing systems, and VLSI chips, and
hence the size of COPs associated with them, is continually increasing. For
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example, the quadrupling of processor speeds every three years mentioned
above is due in good part to higher levels of integration, which implies a
corresponding increase in the number of devices per chip. This dramati-
cally increases the time required to solve VLSI-CAD related COPs used in
placement, routing, and floorplan optimization of these chips. As a result,
the memory requirement for solving COPs of interest using BFS increases
at a rate much higher than increase in memory capacity.

Due to the above reasons, limited-memory search methods are of great
importance. These methods fall into two categories. Methods in the first
category use solely depth-first search (DFS) and include depth-first B&B
(DFBB) [21, 20], iterative-deepening A* (IDA*) [13], DFS* [37], MIDA*
[38], and IDA*_CR [35]. To perform DFS, these methods employ a stack
which stores information regarding nodes on some root-leaf subpath in the
search space, where level 0 of the stack corresponds to the root node, and
level i to the ith descendent of the root along that path. Each level also has
information to keep track of the unexplored children of the corresponding
node. Thus the space complexity of these methods is only ©(bd), where b
is the average branching factor and d is the depth of the search-space tree.
Consequently, typically only a small fraction of the available memory is
used. Methods in the second category, in contrast, attempt to make use of
all available memory by first performing BFS, and then switching over to
DFS at the tip nodes of the generated search subspace when there is only
enough memory for the DFS stack. Examples of such methods are MREC
[36], MA* [3], SMA* [33], and RA* [8]. In the next section, we describe the
above methods and discuss their suitability for different types of COPs.

Since practical COPs solved by B&B are usually very hard, paral-
lel processing has been used as a means to making them tractable [2, 5,
6, 7, 11, 12, 16, 19, 22, 23, 24]. However, most of this work has con-
centrated on parallelization of pure BFS in which sufficient memory is
assumed to be available [2, 5, 6, 7, 16, 22, 23, 24]. Other related work
concerns parallelization of ordinary DFS (i.e., without using lower-bound
costs) [9, 15, 17, 18, 19, 27, 28, 34]. Very little research in parallel limited-
memory B&B search has been attempted [8, 19, 29, 30, 31]. In the next
section, we discuss and compare previous sequential and parallel limited-
memory search methods. Then in Sec. 3, we present a new sequential
limited-memory search method that can greatly improve upon previous
methods, and in the following section we discuss its efficient paralleliza-
tion. Finally, we conclude in Sec. 5.

2. Previous work. In this section, we describe previous sequential
and parallel limited-memory search methods.

2.1. Sequential limited-memory search methods. We first de-
scribe pure DFS-based methods like DFBB, IDA*, and DFS*, then discuss
combined BFS-DFS-based methods like MREC and MA*, and finally com-
pare the two types of methods.
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2.1.1. Pure DFS-based methods. DFBB starts with an upper
bound on the optimal-solution cost and explores the state space in a DFS
order [20]. Whenever a new solution is found that is better than the best
one known so far, the upper bound is revised to the cost of that solution.
Any node with cost equal to or exceeding the current bound is pruned.
The algorithm terminates when the entire state space has been searched
in this manner, and returns the best solution found during the search as
an optimal solution. The overhead of DFBB with respect to BFS, which
expands the least number of nodes of any search algorithm, is that it may
expand nonessential nodes. The key to reducing the nonessential work of
DFBB is to find tight upper bounds or good solutions early in the search.
To increase the possibility of finding good solutions early, the children of a
node are explored in a best-first order during DFS from the node [39]. An-
other possible approach to quickly locating good solutions is to search those
parts of the state space first that appear promising based on the results of
a search conducted in a simpler abstract search space to which the origi-
nal problem has been mapped [10]. An application-dependent approach to
quickly finding tight upper bounds is to execute an upper-bounding algo-
rithm on the partial solutions represented by low-cost nodes encountered
at relatively deeper levels during the search; this algorithm should be exe-
cuted more frequently earlier in the search and less frequently later. DFBB
is particularly suitable for solving COPs that have state spaces with high
solution density, such as TSP [37].

IDA* is another DFS-based algorithm that performs a series of cost-
bounded depth-first searches from the root node, pruning nodes when their
cost exceeds the cost threshold for that iteration [13]. The cost threshold
for the first iteration is equal to the root-node cost, and the threshold
for each succeeding iteration is the minimum cost of all nodes that were
generated but not expanded in the previous iteration. Thus, if ¢y < ¢; <
c2 < ... represent costs in increasing order that one or more nodes in
the search space have, where ¢q is the root-node cost, then IDA* performs
cost-bounded depth-first search with a cost bound of ¢; in the ith iteration.
IDA* terminates when it finds a solution, which it then returns as an
optimal solution. The drawback of IDA* is it that may have a high re-
expansion overhead, which was analyzed in [37] as follows. Let V; denote
the set of nodes with cost ¢;, ¢ > 0, let [Vg| = 1, and let ¢4 denote the
optimal-solution cost. Assume that |V;11| = b|V;|, where b > 1 is called the
heuristic branching factor [37]. Also, assume that BFS expands all nodes
with cost ¢g. Then the number of nodes expanded by BFS and IDA*,
respectively, are:

B i=d B i=d bz _ pa+l _ 1 ; )
WBFS-ZWH—Z = -7 for > 1,
i=0 =0
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and
i=d j=1 i=d pitl _ 1
WIDA*:ZZ"G':Zﬁ’ for b>1
=0 j=0 i=0

b bl —1 d+1 b
b—1 b-1 _b_le_leFS, for b>1.

The worst case for IDA* occurs when b = 1 and it expands just one new
node in every iteration. In this case:

i=Wsrs

Wipas = Z i = O(Whpg), for b=1.

i=1

Thus IDA* is suitable only for COPs with relatively large heuristic branch-
ing factors, such as the 15-puzzle problem for which b = 6 [37].

To reduce the re-expansion overhead of IDA*, an IDA*-type algorithm,
DFS*, has been proposed in [37] that increases cost bounds more generously
from iteration to iteration so that B > 1 times as many nodes expanded
in the previous iteration are expanded in the current one. Due to the non-
minimal cost-bound increases, the first solution found in DFS* will not
necessarily be optimal. To determine an optimal solution, when a solution
is found during an iteration, the remaining search space of that iteration is
explored using DFBB search. It is shown in [37] that the optimal value of B
that minimizes the worst-case complexity of DFS* is two—the worst case
occurs when the cost bound for the penultimate iteration of DFS* is one
less than the optimal-solution cost. Further, it is shown that in the worst
case using this value of B, DF'S* expands four times as many nodes as BF'S.
It can be also shown that for this optimal value of B, in the best case, when
the cost bound for the last iteration of DFS* is equal to the optimal-solution
cost, DFS* expands twice as many nodes as BFS. To achieve this optimal
value of B, the cost interval between root-node cost and a finite, reasonably
good upper bound on the optimal-solution cost, mazcost, is divided into
a fixed number of equal-sized cost ranges, and a counter associated with
each cost range. Each counter is used to keep track of the number of
nodes expanded in a given iteration in the corresponding cost range, and
thus the cost-wise distribution of nodes is determined. Then from this an
average heuristic branching factor is computed and used to estimate the
cost bound for the next iteration that will result in the expansion of twice
as many nodes. Note that if no good upper bound on the optimal-solution
cost is available, or if the upper bound is loose (in an extreme case, the costs
of all essential nodes lie inside the first few cost ranges), then suitable cost
bounds for successive iterations cannot be determined, and so DFS* cannot
be applied. Also, if the cost-wise distribution of nodes in the search space
does not fit well the heuristic-branching-factor model on which DFS* is
based, cost bounds determined in DFS* may be much smaller or larger than
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desired, resulting in excessive re-expansion or nonessential work overhead,
respectively. Two algorithms similar to DFS*, MIDA* [38] and IDA*_CR
[35], have been proposed independently.

2.1.2. Combined BFS-DFS-based methods. Next, we discuss
previous combined BFS-DFS limited-memory B&B methods. The MREC
algorithm performs BFS until memory is left only for a DFS stack, after
which it executes IDA* from the stored frontier nodes in the OPEN list
[36]. To reduce re-expansion overhead in MREC, one can use DFS* in-
stead of instead of IDA*. We call this algorithm BFS-DFS*. The MA*
algorithm similarly explores the search space like BFS until all memory is
exhausted, except that in addition to storing the frontier nodes in OPEN,
it also stores the expanded nodes in a CLOSED list.? Subsequently, MA*
prunes a node of highest cost in OPEN, updates the cost of its parent to
the minimum of its children’s values, and places the parent node back in
OPEN. Thus at any point, MA* may have partially expanded nodes. The
idea behind MA* is that it explores the most promising path at any given
instant while retracting nodes along least promising paths. Since nodes
costs are nondecreasing along any path, different paths will be explored to
different depths before being retracted, and then they will be explored to
a greater depth later when they again becoming relatively promising, and
50 on. Therefore the number of nodes expanded by MA* and MREC are
likely to be comparable. However, MA* is not as suitable for parallelization
as MREC. This is because if the search space is split across processors and
dynamic load balancing is employed, retraction in a processor may require
access to a parent node sitting on another processor. The algorithms RA*
[8] and SMA* [33] are similar to MA*.

2.1.3. Comparison of DFS-based and BFS-DFS-based meth-
ods. We now compare pure DFS-based methods and combined BFS-DFS
based methods, and in particular DFS* and BFS-DFS* which are the
best representative examples. Let m denote the memory capacity and
assume that both m and Wgpg, which we denote for simplicity by W,
are powers of two. The advantage of BFS-DF'S based methods over DFS-
based methods is that they make use of all available memory and hence
incur less re-expansion overhead. Specifically, BFS-DFS* avoids the re-
expansion of the m frontier nodes that it stores. Therefore, while Wpps. =
1424+...+4m+2m+...+ W = 2W (since both m and W are powers
of two), Wers—prs«x = m+ (2m —m)+ (dm —m)+ ...+ (W —m) =
2W —m(1+1og(%)). Pure DFS-based methods have two main advantages
over combined BFS-DFS-based methods [37, 14]. First, a child node in
the former can be generated by making simple changes to the state of its

2 Actually, MREC also stores the expanded nodes, but with the purpose of pruning
duplicate nodes that might be encountered while searching a state-space graph. Since
we are considering only tree search spaces, storing the complete expanded state space is
unnecessary in MREC.
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parent node, and the parent node’s state can be reconstructed by undo-
ing those changes. To allow this reconstruction, the modifications made
to the parent-node state are stored at the level of the stack corresponding
to the child node. Node generation in combined BFS-DFS-based methods
includes time for memory allocation and the time to make a copy of the
parent’s state, modified appropriately. This extra time overhead in BFS-
DFS* is proportional to the product of the number of nodes generated m
and the size of a state representation. Second, unlike DFS-based methods,
combined BFS-DFS-based methods incur an O(m logm) time overhead to
insert and retrieve the m nodes stored during the initial BFS part of the
search. These two advantages are significant only in applications for which
node generation and heap insertion/retrieval time dominate or are compa-
rable to lower-bound cost computation time. This is the case in COPs such
as the 15-puzzle. In other applications, such as TSP, for which node ex-
pansion (especially lower-bound computation) is more expensive, BFS-DFS
based methods are preferable.

2.2. Parallel limited-memory search methods. Next we discuss
previous parallel implementations of limited-memory search methods on
MIMD machines. In all these implementations, the basic parallelization
consists of having each processor search a disjoint part of the search-space
tree.

2.2.1. Parallel DFBB algorithms. In the parallel DFBB (PDFBB)
algorithm of [19], initially the root node of the search space is with one
processor which performs DFBB search from it. Work gets distributed
from this to other processors as idle processors request work from their
neighbors. The donor processor grants half of the untried alternatives
(branches) at each level of its local stack to the recipient processor. In
this manner, eventually all processors receive work and perform DFBB on
their local stacks, obtaining work from neighbors whenever they become
idle. Every processor stores the cost of the best solution it has found
in a variable best_soln, and broadcasts any improvements in it to other
processors, so that the global best-solution cost is known to all processors
and can be used for pruning. A termination detection algorithm is used to
detect the completion of the parallel DFBB search. There are two main
drawbacks to this scheme. First, there is an initial idle time during which
work gets distributed from one processor to all other processors. Second,
because all work originates at one processor and this work is recursively
split and distributed to other processors, there can be a wide disparity in
the amount of work that processors near the origin processor and those far
from it have. This will cause frequent idling of distant processors which
in turn will trigger frequent work distribution from the origin to other
processors, leading to a higher work-transfer overhead.

To circumvent the above problems, in the parallel DFBB algorithm of
[31], called FDFBB, the root node is broadcast to all other processors, and
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then subsequently all processors perform a replicated breadth-first search
until there are enough nodes for every processor (anywhere between 100-
3000 nodes depending upon node-expansion granularity). Then all proces-
sors pick different but equal number of nodes generated after breadth-first
search, and perform DFBB search from those nodes. The startup time for
DFBB search in this algorithm is the time to generate the initial nodes for
every processor using a replicated sequential breadth-first search on them.
Therefore the time saved compared to PDFBB is that required for work
distribution from the origin processor in PDFBB, and is more for larger
diameter machines. However, since the purpose of the startup phase in this
algorithm is to generate enough nodes so that the total work can be more
evenly divided among processors before the parallel DFBB phase and so
that little load balancing is required during the latter phase, the startup
overhead (as a percentage of the execution time time) can be consider-
able, especially for small- to medium-sized problems. Another feature of
the parallel DFBB algorithm of [31] is that during work transfer, nodes
are transferred instead of a split stack. This avoids the overhead of stack
splitting and also incurs less overhead since node storage is more compact
(generally of fixed size) than stack storage. Therefore this parallel DFBB
algorithm is referred to as Fixed-size DFBB or FDFBB [31]. Performance
results indicate that FDFBB performs much better than PDFBB

2.2.2. Parallel IDA* algorithms. In the parallel IDA* (PIDA*) al-
gorithm of [29], a startup phase similar to that of PDFBB is executed, after
which processors perform successive iterations of IDA* synchronously. In
each iteration, PIDA* behaves similar to PDFBB, performing work trans-
fer in the form of a split stack from a processor that has work to one that
is idling. The completion of an iteration is detected by a termination-
detection algorithm. A parallel IDA* algorithm that executes the different
iterations of IDA* asynchronously is given in [30, 31]; this algorithm is
called AIDA* for asynchronous IDA*. AIDA* executes a startup phase
similar to FDFBB, after which processors perform IDA* on their starting
nodes. When a processor completes an iteration of IDA*, it seeks work
from other processors (such as the processors in its row and column in a
2-D torus). If no work is available, the processor proceeds with the next
iteration of IDA*. So processors execute IDA* iterations asynchronously,
because of which the first solution found need not be an optimal one—
the solution may have been found by a processor executing an iteration
beyond the one in which the optimal solution lies. Again as in FDFBB,
work transfer in AIDA¥* is in the form of nodes and not split stacks. Per-
formance results presented in [31] for 15 puzzle problems with W ~ 10°
reveal that AIDA* performs much better than PIDA* and has an efficiency
of approximately 70% on 1024 processors of a 2-D torus system. We will
point out how IDA* and related algorithms like DFS* can be more effi-
ciently parallelized in Sec. 4 when we discuss the parallelization of our new
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limited-memory search algorithm that also performs iterative cost-bounded
searches like IDA*.

3. Iterative extrapolated-cost bounded search (IES*). Here we
propose an algorithm that has the potential of yielding significant improve-
ments over previous limited-memory search methods. The algorithm per-
forms iterative cost-bounded DFS like DFS*, estimating in each iteration
the optimal-solution cost from its search experience in previous iterations,
the estimates improving with successive iterations, and sets cost bounds to
these estimated optimal-solution cost levels. The effectiveness of the algo-
rithm depends upon the accuracy of the estimations which are obtained by
extrapolating from current knowledge of the search space. Hence we call
this algorithm Iterative Extrapolated-Cost Bounded Search (IES*). Below
we first describe how these extrapolations are performed, and then explain
their use in IES*.

3.1. Basis for solution-cost extrapolation. Consider a path (u1,
U2, .. ,Up) of maximum length in the search space from an internal node
u; to a leaf or solution node u,,, such that u; is a least- or best-cost child
of u;_q, for 1 < i < m. We call this path a best path. Further, we refer
to (u1,uz,...,u;) as a best subpath at a given time if v; is a leaf node
of the search subspace explored at that time. Note that the cost of u;_1
is a lower-bound estimate of the cost of the best solution reachable from
it. This best solution is likely to be a leaf of the subtree rooted at its best
child u; (or some other equal-cost child, if there are multiple best children).
Consequently, we may say that (f'(u1), f'(u2),-.., f'(um)) represents an
increasingly better sequence of estimates of the cost of the solution node u,,
in which the last estimate f’(u,,) is exact. The monotonicity of f' along
an internal-node-leaf path arises from the fact that every internal node
represents a partial solution, and with each node closer to the solution,
a level of “uncertainty” or ambiguity with regard to the optimal solution
reachable is removed as the partial solution increases by a unit size. For
example, while solving TSP, with each node closer to the solution, the
partial tour increases by the addition of one more edge and city [5]. Due
to this diminishing uncertainty, the lower bound estimate f’ improves as
we move towards a solution node.

For simplicity, we use f'(z) to mean f'(u,), where z is the position of
node u; on the best path. Further, we use f(’l) (z) to denote the slope of the
f'(z) versus z curve or the first derivative of f'(z) with respect to z, and
similarly f('2)(ac) to denote the second derivative of f'(z) with respect to
z. From our above discussion, f(’l)(:r) > 0. IES* is applicable to problems
with either one of the following additional characteristics: (1) f(’z)(ac) <0
(so that the increments in f'(z) decrease along a best path), and either
(a) solution nodes occur at a fixed depth D (this is the case in problems
such as TSP in which solution nodes lie at a depth equal to the number of
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cities [5, 6]), or (b) solution nodes may occur at any depth (as for example
in the case of MIP [24]), but occur where the increments in f'(z) become
vanishingly small or where f(’l) (z) = 0 and the f'(z) curve becomes flat. In
the former case, we estimate the solution cost by extrapolating the f'(z)
curve to the depth D, and in the latter case by extrapolating it to the
point where f(’l)(x) =0. (2 f(’z) (z) > 0 and solution nodes occur at a
fixed depth D. We estimate solution nodes in this case as in 1(a). In the
following, we consider only case 1; extrapolation in case 2 can be obtained
analogous to case 1(a), except for minor differences which we will note.
To allow reasonably good extrapolation, the best subpath from which an
extrapolated solution cost is to be determined should be of sufficient length,
say, of length at least three or four; we call such a best subpath a sufficient
best subpath. Before we describe specific methods of extrapolation, we first
briefly describe below how extrapolation is used in IES*.

3.2. Use of extrapolated costs in IES*. Initially, IES* performs
cost-bounded DF'S, increasing cost bounds minimally as in IDA*, until it
has completed an iteration in which it first explored a sufficient best sub-
path. In each succeeding iteration, it selects among sufficient best subpaths
encountered in the previous iteration that subpath which will yield (or is
very likely to yield) the least extrapolated solution-cost estimate. To keep
the overhead of extrapolation low, we perform this selection using a fast
and approximate, but reliable, extrapolation approach. We refer to the
selected best subpath as the least best subpath. Then a more accurate ex-
trapolation is performed using the least best subpath, and the extrapolated
solution-cost estimate obtained is used as the cost bound for the next it-
eration. When in an iteration it finds a solution, it explores the remaining
search space using DFBB search. The best solution found in this last it-
eration of IES* (in which DFBB is performed) is returned as an optimal
solution and the algorithm terminates. Next, we first describe the more
accurate extrapolation approach used to determine cost bounds for the dif-
ferent iterations of IES*, and then describe the approximate extrapolation
method used to select the least best subpath.

3.3. Accurate extrapolations via least-square curve fitting.
We perform extrapolation by curve fitting using the least-squares method
[26]. In this method, the curve y(z) to be fitted to the set of points
{1, f'(u1)), (2, f'(u2)),... ,(m, f'(um))} defined by a best subpath (uq,
U2,. .. ,Uny) consists of a linear combination of some n known functions
#j(z) (to be discussed shortly) as below.

n—1
y(z) =Y a;pi(z), z>1
=0
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The parameters a; are determined so that the sum R of the squares of the
deviations of y(x) from the data points is minimized, where R is given by:

m
12
R=Y[f'(w) —y@)] -
i=1
We minimize R by setting the partial derivatives g—lﬁ of R with respect to
the undetermined coefficients a;, { = 0,1, ... ,n—1, equal to zero, to obtain

the following set of n simultaneous equations in the n unknown q;’s.

m

i [Z ¢J(z)¢l(1’)‘| a; = Zfl(ui)qsl(i)a = Oa]-a"' = 1.

j=0 Li=1 i=1

These equations can be solved for the q;’s using Gaussian elimination in
©(n?®) time. The more appropriate the ¢;(z)’s, and the more the num-
ber of functions n and the number of data points m, more accurate will
be the extrapolation. The first two variables are under our control. We
discuss the issue of appropriate ¢;(z)’s to use in the next paragraph. The
number of functions is related to the ¢;(z)’s used, since the more appro-
priate the functions used, the less will be the number of them required
to obtain a given accuracy in extrapolation. Further, in applications with
higher node-expansion granularity, we can use more number of functions to
increase accuracy, since extrapolation overhead will be relatively smaller.
When node-expansion granularity is very small, we can use the approximate
extrapolation method to be described shortly. Normally, with appropriate
functions, n = 3 or 4 and m > 3 or 4 should suffice for reasonably good
extrapolation, so that curve fitting is not very compute intensive.

The appropriate ¢;(z)’s are those that best capture the behavior of
the lower-bound function f'(z). We already know two characteristics of
f'(z), viz., f(l1) (z) > 0 and f(’2) (z) < 0 (in case 2, f(’2) (z) > 0). Therefore,
we focus on those ¢;(z)’s which have different signs for their first and
second derivatives with respect to x—the correct signs for the first and
second derivatives of a;¢;(x) will then be automatically obtained by the
Gaussian elimination procedure which determines the a;’s and their signs.
Examples of such ¢;(z)’s include m, —=, 25, and —jz, which in
that order are suitable for f'(z)’s with increasing growth rates (in case 2,
the reciprocals of these functions will be suitable); note that for all these
¢j(x)’s, a; will be negative so that a;¢;(z) has the correct sign. One
can also form a versatile or more general-purpose curve fitting function by
combining functions with different growth rates, for example, by combining
the five functions: ¢o(z) = 1, ¢1(z) = m, d2(z) = #, ¢s(z) = 1,
and ¢4(z) = L. If the behavior of f'(z) for a given lower-bound function
and application is known from prior experience, then appropriate ¢;(z)’s
can be used. Otherwise, we perform a “binary search” for the best fitting
¢;(z) as follows.
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First, we pick a set of k& candidate ¢§-(a:)’s, 1 <[ < k, that are
appropriate for f'(z)’s with different growth rates, and arrange them in
order of their growth rates. For example, for & = 4, we can choose:
qﬁ;(a:) = m, (j)?(w) = I}T, ¢?(w) = %, ¢;‘(m) = e:l‘z’ which in that
order represent increasingly higher growth-rate families of functions. Dur-
ing the initial IDA* part of IES* when we first encounter a sufficient best
subpath, we explore further along the corresponding best path until we
have extended the subpath by a reasonable length, say, by 10-20 nodes.
Then we determine a best fit for the first half of the points of the extended
subpath using ¢f/ ?(x) that lies in the middle of the ordering of the ¢h(z)’s.

f/ %(z) at the tail of the extended subpath

exceeds the actual value, then we try to find a best fit using ¢f/ @) (a

If the extrapolated value of ¢

lower growth-rate family of functions); otherwise, we consider ¢§k/ “(z) (a
higher growth-rate family of functions). In this manner, we recursively ex-
plore the ¢§. (z)’s until we find one that best predicts (has the least error
at) the tail of the extended subpath. This takes ©(n®logk) time. If the
heuristic branching factor is reasonably large, it is better to underestimate
the optimal-solution cost than to overestimate it, to avoid too much non-
essential work in the last iteration of IES*. Therefore, in these cases, we
try to find a ¢g (z) that not only minimizes the error in prediction, but also
underestimates the actual value. Note that this extended search along a
best subpath is performed only once to determine an appropriate ¢§(ac) to

use. Subsequently, we use this best qﬁé(:c) to fit best subpaths and compute
extrapolated costs.

3.4. Fast, approximate extrapolations. We now describe an ap-
proximate extrapolation method that is suitable for finding the least best
subpath to which the more accurate extrapolation method described above
is to be applied, and that may be used instead of the latter when the
node-expansion granularity is very small. In this method, we assume sim-
ply that the slope f(’l)(ac) of the lower-bound estimate f’'(z) along a best
subpath (u1,us,...,un) either decreases toward zero in a geometric se-
ries (s, = L0220 — f/(uy) — f/(ur), g7 = f'(us) = f'(uz), 5,73 =
f'(ua) — f'(u3),...) or arithmetic series (s, = f'(u2) — f'(u1), 84 + 74 =
f'(us) — f'(u2), 84 +2rq = f'(ua) — f'(u3), . ..) with increasing = depending
upon whether the observed decrease in slope is drastic (close to exponential)
or gradual (close to linear), where 7, < 1 and r, < 0 are the common ratio
and common difference of the two series, respectively (in case 2, 7y > 1 and
7o > 0). Which assumption is more appropriate for a lower-bound function
is either known from past experience or is determined in the beginning of
IES* in the same manner as the appropriate ¢;(z)’s to use as described
earlier. Here we just discuss the case in which along a best subpath the
slope varies in a geometric series. An average r, that takes the actual val-
ues of all the f'(u;)’s of the path into account is given by the geometric
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mean:
m— 1/(m-2)
7, = Hl f'(uir1) — f'(us)
! iy f1(wi) = £ (uio1)
and an average s, also by the geometric mean:
m 1/(m—1)
o ln f'{us) - f’(ui_l)]
%9 = _(m—2)(m—1)/2
Tg

The extrapolated solution cost can then be readily computed as follows. In
applications where solution nodes occur at a fixed depth D (case 1(a)), the
estimated solution cost is f/(u;)+ %ﬁmm)), where D(u;) is the depth
at which u; occurs. In applications where solution nodes may occur at any
depth, but at a point where increments in f’(z) becomes vanishingly small
(case 1(b)), the estimated solution cost is equal to the asymptotic value
of f(z) as z approaches co. This asymptotic value is f'(u;) + lfgfg. Thus
extrapolations can be made using the above method with a small constant
overhead per node of a best subpath.

3.5. Fruitfully utilizing available memory. Next, we consider the
issue of fruitfully utilizing the available memory. In Sec. 2.1.3, we had
discussed the reduction in re-expansion overhead obtained by storing m
nodes, and the overheads of generating and inserting/deleting these nodes
in OPEN. Clearly, there is an optimal value of m (within the available
memory capacity) which gives us the maximum savings, and this value
depends upon the node-expansion granularity and the size of the state
representation of a node. Therefore in IES*, we initially execute BFS until
the optimal number of nodes are formed, and then perform cost-bounded
search as described above from these nodes. Further, these nodes need not
be sorted in any order, so that node retrieval takes constant time.

Actually, the reduction in re-expansion overhead can be increased be-
yond just avoiding the re-expansion of the m nodes stored, as follows.
When we perform cost-bounded search from a stored node » in any given
iteration of IES*, we keep track of the cost of the best or least-expensive
child v of leaf nodes of the subtree explored under the node u. Node v is
the best unexplored descendent of u and its cost represents a more tighter
lower-bound estimate for the true cost of u. Therefore we update u’s cost
to f'(v). Thus the cost of stored nodes will (most likely) increase with ev-
ery iteration of IES*. As a result, during an iteration of IES*, some stored
nodes may have costs exceeding the cost bound for that iteration. We can
avoid performing cost-bounded search from these nodes, since they do not
have any unexplored descendent node within the cost bound. This type
of bound strengthening will be most useful in IDA* since it has minimally
spaced successive cost bounds.
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3.6. Comparison with DFS*. Here we compare IES* to the best
previous limited-memory search method DFS*. Recall from Sec. 2.1.1 that
IDA* performs well only when the heuristic branching factor b is high,
otherwise it incurs significant re-expansion overhead. DFS* was proposed
to reduce this overhead by artificially increasing b when it is small to an
optimal B value by appropriately adjusting cost bounds for successive iter-
ations. However, as stated in Sec. 2.1.1, it still incurs appreciable overheads
of 100% to 300% due to re-expansions (in iterations preceding the last it-
eration) and non-essential work (in the last iteration). Although IES* also
perform cost-bounded DFS like DFS*, but since IES* attempts to set cost
bounds as close as possible to the optimal-solution cost level right from the
beginning, it requires fewer iterations, and hence incurs less re-expansion
overhead, and performs less non-essential work in the last iteration. Re-
call also from Sec. 2.1.1 that DFS* is effective only when a reasonable
upper bound on the optimal-solution cost is available and when the prob-
lem search-space fits the heuristic-branching-factor model reasonably well.
TES*, on the other hand, is applicable to problems with characteristics iden-
tified in Sec. 3.1, which are not very restrictive, and is effective when the
behavior of f'(z) can be predicted reasonably closely by good extrapola-
tion methods as described earlier. In future research, we will compare DFS*
and IES* by applying them to solve several real and randomly-generated
problems.

4. Parallel IES*. In this section, we describe our approach to the
parallelization of IES*; this approach can be applied with minor modifi-
cations to parallelize other cost-bounded search algorithms like IDA* and
DFS*.

4.1. Parallel startup phase. Initially, the root node is broadcast
to all processors. Then in log P steps all P processors execute a parallel
startup phase that we developed in [5, 6] to obtain their unique starting
nodes. The startup phase is briefly described as follows. At the beginning of
step 7, 0 < i < P, there are 2! disjoint processor sets, and each processor in
a set has a copy of the same node which is unique to that set. Then during
step 4, processors in a set execute BF'S to form two nodes, and then the set is
split into two equal smaller sets with each smaller set picking up one of the
newly generated nodes. Thus after log P steps every processor will have its
unique node. The startup phase entails no communication and processors
execute their steps asynchronously. Since the starting nodes for processors
are generated using local BFS in the different processor sets, they are of
good quality. To further improve the static load balance at the end of the
startup phase, we can generate more than two nodes (a multiple of two) in
each step and distribute them equitably among the smaller processor sets.
We prove in [6] that, under reasonable assumptions, our parallel startup
phase performs optimal load balance across processors.

Subsequently, each processor executes BFS until it has the optimal
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number of nodes which fruitfully utilize its memory as discussed in Sec. 3.5.
Then, each processor asynchronously executes the different iterations of
TIES* on its stored nodes, interacting with other processors primarily for
load balancing; we will shortly discuss how load balancing is performed
and how cost bounds for successive iterations in different processors are
determined. When a processor first finds a solution, it broadcasts it to
all other processors. All processors thenceforth perform DFBB search,
broadcasting any new better solutions found to other processors. The best
solution found in this last iteration of IES* is returned as the optimal
solution.

4.2. Load balancing. Due to the asynchronous execution of parallel
IES*, different processors may be executing different iterations. Indeed,
due to load balancing, a processor may have different sets of nodes on which
a different iteration needs to be executed next—we will see later that not
more than two such sets of nodes are likely to be present in a processor.
Each processor stores these different sets of nodes in separate OPEN lists.
We denote by OPEN (i) the OPEN list in processor p that has nodes
on which iteration i is to be executed next. Moreover, to facilitate load
balancing, a “load value” equal to the size of the search subspace explored
in iteration (¢ — 1) from a node in OPEN,(i) is stored with the node.
Also, processor p stores the cumulative load value wy(7) associated with the
nodes in OPEN ,(3); if a node in OPEN (i) is currently being processed,
then wy(7) will continuously decrease to reflect the number of descendents
of the node that have been explored in iteration ¢ that were also explored
in iteration (i — 1). We define W, (i) = 22:1 wp(j), and A\p = min(j) such
that W,(j) > 0.

Ideally, we would like the startup phase to result in perfect load bal-
ance so that even when all processors execute IES* independently, they
will be performing the same iteration. Since this is unlikely, we should let
processors proceed asynchronously with their iterations in order to max-
imize processor utilization. However, processors that are ahead of others
may end up expanding too many nonessential nodes if the optimal solu-
tion node is in the search subspace of the latter processors. Therefore we
need a load balancing scheme to ensure that processors are not only kept
busy, but kept busy executing iterations that are as close to each other as
possible. For this, we employ an efficient, recipient-initiated near-neighbor
quantitative load balancing scheme we developed in [5, 6], modifying it
appropriately so that nodes on which earlier iterations are to be executed
are processed with higher priority than those on which later iterations are
to be executed. Simply described, the scheme is applied as below.

Each processor p reports any significant percentage changes (say, a
10% change) in the loads wy(4) for its different OPEN lists to its neighbors.
Whenever it notices that for some neighbor ¢, A, > Ay and Wp(},) is less
than a certain a threshold, it requests nodes from the neighbor ¢ with
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the least )\;, and among all such neighbors, the one with the maximum
wg(Ag). The reason work is requested whenever a processor is about to
process rather than when it has started processing nodes of lower priority
than neighboring processors, is to avoid low priority work during the time
it takes to procure the required higher priority work. The threshold used
for requesting work depends upon the node-expansion granularity and is
larger for low granularity problems.

On receiving the work request, processor ¢ grants a fraction of its
wq(Ag) load by transferring an appropriate set of nodes (whose cumulative
load value equals the desired fraction of wq(\;)) from OPEN ;();) to pro-
cessor p. If processor p does not have space to store the received nodes,
it gives away an equal number of lower priority nodes to processor ¢q. In
the unlikely case that processor p has begun processing a low priority node
before it receives higher priority nodes from g, it suspends its former work
and processes the higher priority nodes received. To enable a processor to
suspend low priority work and pursue higher priority work in this manner,
we reserve space for multiple stacks in each processor instead of just for one
stack as in sequential IES*, so that suspended work can be later resumed.
Since, as we shortly argue, all processors are likely to be executing the
same iteration, reserving space for three stacks will suffice. Note that when
processor p receives work as above, it in turn can grant a fraction of the
received higher priority work to its other neighbors that are also processing
low priority nodes. As a result of such load balancing, high priority work
gets distributed throughout the parallel system, and all processors are very
likely to be executing the same iteration of IES*.

4.3. Determining cost bounds for different iterations. Next, we
explain how cost bounds for successive iterations are determined in differ-
ent processors. Recall from Sec. 3.2 that in sequential TES*, we determined
first the least best subpath in an iteration using a fast, approximate ex-
trapolation method, and then computed the actual cost bound for the next
iteration from this best subpath using an accurate extrapolation method.
Since in parallel IES* processors proceed with the next iteration with-
out waiting for the current iteration to complete in other processors, cost
bounds have to be determined differently. Specifically, our approach is as
follows. Let c,(i) denote the cost bound for iteration ¢ in processor p, let
tp(i) denote the time when processor p comes to know that all iteration
(¢ — 1) nodes in all processors have been processed (i.e., when it comes to
know that iteration (i — 1) is complete and there are only iteration j, where
j > (i — 1), nodes with processors), and define ¢(:) = max(¢,(¢)) ¥V p. We
will shortly discuss how p comes to know when iteration (i — 1) is complete.

The cost bound c,(i) is initialized to +oo and has a “tentative” dy-
namic value until time ¢,(¢). At any time before ¢,(7), whenever a processor
communicates with other processors, say, when it communicates load infor-
mation to neighbors as described earlier, it piggybacks onto the message all
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its cost bounds for iterations j > (i — 1) that have been set to finite values
from their initial value of +0c0. Also, at any time before t,(4), c,(¢) is set to
the minimum extrapolated solution cost obtained by extrapolating along
sufficient best paths encountered while processing iteration (: — 1) nodes
in processor p till that time. For this we use a fast, approximate extrap-
olation method that gives a higher (but not much different) extrapolated
cost compared to that obtained from an accurate method. Apart from the
above updates, c,(¢) is revised to any piggybacked c¢4(i) value of smaller
magnitude that it receives from another processor g. Between times ¢(i —1)
and (i), we run a delay-optimal and message-efficient termination detec-
tion algorithm that we developed in [25] to detect and inform all processors
of the completion of iteration (i — 1). We use this algorithm to simulta-
neously determine the processor p that has the minimum cost bound for
iteration ¢ and also the corresponding best subpath. Note that this best
subpath in p will be the same as the least best subpath (or one yielding the
same extrapolated cost) determined in iteration (i — 1) of sequential TES*.
Processor p is notified of this, and it then uses an accurate extrapolation
method on its least best subpath to compute the true cost bound ¢(7) for
iteration ¢, and broadcasts it to all other processors. All processors then
revise their iteration i cost bounds to this final value.

4.4. Summary. We can summarize the operation of parallel IES* as
follows. After an initial parallel startup phase, processors execute differ-
ent iterations of IES* asynchronously. Initially, the cost bounds for any
iteration ¢ differ from processor to processor and are greater than the true
cost bound for that iteration. These cost bounds are independently de-
termined by processors from their own search experience in the previous
iteration and from cost-bound information received from other processors
that communicate with them (say, for load balancing). As search expe-
rience increases and more and more information becomes available, these
cost bounds decrease toward the true cost bound. The cost bounds stabi-
lize at the true value when the previous iteration (i — 1) is complete in all
processors. During the time that cost bounds take to stabilize, any pro-
cessor pursuing iteration ¢ with a greater than true cost bound may end
up exploring more nodes than necessary (nodes with cost exceeding the
true cost bound, some of which may be nonessential). However, because of
prioritized load balancing, any iteration (i — 1) nodes will be quickly dis-
tributed and processed before iteration ¢ nodes are processed. This means
that the time gap between the beginning of iteration ¢ in any processor
and the completion of iteration (¢ — 1) in all processors (when the true cost
bound for iteration ¢ becomes known to all processors) will be very small.
This greatly reduces the likelihood of exploring unnecessary nodes in itera-
tion 7, and by extension, in any other iteration. Thus the number of nodes
expanded by parallel IES* will be similar to that expanded by sequential
TIES* minus the savings in re-expansion overhead obtained by storing m
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nodes per processor in all P processors; from Sec. 2.1.3, this saving will be
mP(1 + log(-%%)).

4.5. Comparison with AIDA*. As noted in the beginning of this
section, our approach to the parallelization of IES* can be applied with
minor modifications to parallelize other cost-bounded search algorithms.
Here we compare our approach to that adopted in the best previous par-
allel cost-bounded search algorithm AIDA* [30, 31] discussed in Sec. 2.2.2.
Although, like parallel IES*, ATDA* also executes cost-bounded search it-
erations asynchronously, there are some significant differences. First, the
startup phase in AIDA* is completely replicated and executed sequentially
in all P processors thus taking ©(P) time as opposed to the @(log P) time
that our parallel startup phase takes. Moreover, the starting nodes in
AIDA* are generated from breadth-first search as opposed to local BFS
in our algorithm, so that the starting nodes in the former case are likely
to be of much more disparate quality, leading to a poorer initial static
load balance. Next, processors in AIDA* proceed with the next iteration
when they do not find nodes of the current iteration in the few processors
they request work from. Thus, essentially, processors always move from
one iteration to the next, even though work in earlier iterations might be
available at processors that they do not request work from. This can lead
to some processors racing ahead of others, and such processors are likely
to perform non-essential work. Furthermore, the cost bounds for an itera-
tion are determined by different processors independently from their local
search experience and hence will be different. Consequently, processors
with bad search spaces will likely set much larger cost bounds than that
in the sequential case, and hence these processors will end up performing
non-essential work. Finally, our load balancing algorithm is much more
sophisticated and efficient in that it performs anticipatory, prioritized load
balancing taking into account load values of nodes.

5. Conclusions. In this paper, we surveyed previous DFS-based and
BFS-DFS based limited-memory search methods and discussed their suit-
ability for different types of COPs. We proposed a new method, iterative
extrapolated-cost bounded search (IES*), that can dramatically reduce the
re-expansion overheads incurred in previous cost-bounded search methods
like DFS*. We also developed an efficient asynchronous approach to paral-
lelizing TES* that can also be applied to other cost-bounded search meth-
ods. We discussed how our approach addresses the problems associated
with that used in the best previous parallel cost-bounded search algorithm
AIDA*. Our parallel IES* algorithm incorporates a parallel startup phase,
a method for independently determining cost bounds in different proces-
sors, and a prioritized load balancing technique to reduce initial startup
time and unnecessary node expansions arising from asynchronous opera-
tion. In future research, we will study the performance of IES* by applying
it to solve several real and randomly-generated problems in both sequential
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and parallel settings.
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