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ABSTRACT: A stochastic theory is developed for longitudinal dispersion in natural streams. Irregular variations
in river width and bed elevation are conveniently represented as one-dimensional random fields. Longitudinal
solute migration is described by a one-dimensional stochastic solute transport equation. When boundary varia-
tions are small and statistically homogeneous, the stochastic transport equation is solved in closed-form using a
stochastic spectral technique. The results show that large scale longitudinal transport can be represented as a
gradient dispersion process described by an effective longitudinal dispersion coefficient. The effective coefficient
reflects longitudinal mixing due to flow variation both within the river cross section and along the flow and can
be considerably greater than that of corresponding uniform channels. The discrepancy between uniform channels
and natural rivers increases as the variances of river width and bed elevation increase, especially when the mean

flow Froude number is high.

INTRODUCTION

Numerous investigations, beginning with Taylor (1953,
1954) and continuing with, for example, Aris (1956), Elder
(1959), Fischer (1967, 1968, 1973), Sayre and Chang (1968),
Sooky (1969), Atesman (1970), and Miller and Richardson
(1974), have contributed to a good understanding of the mech-
anism of longitudinal dispersion in prismatic open channels.
The cloud of a dispersing material is spread over the channel
cross section by turbulent and convective mass transfer, and
at the same time stretched longitudinally due to the variation
of velocity with position within the cross section. Given the
velocity profile and turbulent mass transfer coefficients in a
longitudinally uniform flow, the existing dispersion theories
are capable of predicting the dispersion coefficient and lon-
gitudinal transport with a high degree of accuracy over the
entire span of the process.

In natural streams, however, comparable progress has not
been achieved. The existing theories based on the classical
Taylor’s analysis have long been recognized as being inade-
quate (Seo 1990; Smith 1983). The observed longitudinal dis-
persion coefficient often seems much larger than the theoreti-
cal predictions, in some cases by a factor of ten or more
(Mossman et al. 1991; Graf 1987; El-Hadi and Davar 1976;
Day 1975; Nordin and Sabol 1974; Godfrey and Frederick
1970; Sooky 1969; Bansal 1970; Chatwin 1971). Even for
some nominally straight natural rivers, predicted dispersion
from existing theories may still sometimes differ significantly
from the observed. Evaluation of the longitudinal dispersion
coefficient in practice therefore must rely in most cases on the
in-situ field observations and tracer studies, or calibration on
a trial-and-error basis (Nordin and Sabol 1974; Godfrey and
Frederick 1970; Thackston and Krenkel 1967). These empir-
ical or calibrated values, however, do not have any generality
for geometric and flow conditions other than those for which
data are collected or calibrations are performed, because ge-
ometric variabilities of natural rivers, varying from one to an-
other, are not explicitly accounted for.

The discrepancies between the existing theories and field
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results are not surprising, as natural streams probably never
meet the required assumption of uniform cross section except
for short stretches. Flow in an irregular stream accelerates and
decelerates in response to the constantly and naturally chang-
ing river cross-sectional area. Predicting longitudinal disper-
sion in natural streams can be far more difficult than predicting
such in uniform open channels.

Recognizing the importance of stream variability on large-
scale solute transport and the apparent analytical intractability
in actually quantifying its impact within the traditional fra-
mework of a determinsitic analysis, we adopt in this paper a
probabilistic view point and present a systematic, physically
based stochastic analysis of solute transport. Specifically, the
paper aims at quantifying the effects of natural stream varia-
bility and predicting longitudinal dispersion in real streams.

STOCHASTIC APPROACH

The approach we adopt here for analyzing irregular stream
dispersion is based on the theory of random fields. The well-
established continuum description of small-scale physics,
which is captured by the classical solute transport equation, is
combined with a realistic but relatively simple probabilistic
description of the stream geometric variability. The longitu-
dinal variations of river width and bed elevation are both rep-
resented as one-dimensional spatial random fields or stochastic
processes. These stochastic processes are characterized by
their first two spatial moments, or the mean and autocovari-
ance that can be determined from sample field measurements.
The first moments represent the mean condition of stream ge-
ometry. The second moments, characterized by the variances
and the correlation scales, describe the natural variability
around the means and their statistical spatial structures. The
stochastic process is thought of as the collection of all possible
records of the variation of river geometry consistent with the
given statistics. This collection is called the ensemble. The
real-world situation can be considered as one possible reali-
zation of the stochastic process.

To analyze data from a single realization and predict solute
transport in a real stream, it is assumed that expected values
or ensemble averages can be replaced by the spatial averages
of the realization. This assumption is referred to as ‘‘ergodic
hypothesis’’ (Yaglom 1962; Lumley and Panofsky 1964). In
essence, we try to represent solute transport in a natural river
with complex longitudinal variabilities in cross-sectional ge-
ometry (one realization of the stochastic process) by an en-
semble average over a large number of realizations of the pro-
cess, the latter being represented by the stochastic theory.
Ergodicity requires, in this case, that the ensemble average be
equivalent to the spatial average over some distance of the






