Additional Exercises for Chapter 4

. For each of the following systems, use a quadratic Lyapunov function candidate to show that the origin
is asymptotically stable. Then, investigate whether the origin is globally asymptotically stable.

(1) &y = —x + 23, dp=—1
(2) @1 =(x1 —w2)(a] +23 —1), d2= (21 +a2)(a] +25—1)
(3) &1 =—x1 + (ﬂ%l’g, Tog = —Tg + T1
. Using V(z) = 22 + 23, study stability of the origin of the system
iy =1 (k* — 23 — 23) + 2o(2] + 23 + k%), @2 = —x(k* + 25 +23) + 2o(k* — 2] — 23)
when (a) k=0 and (b) k#0.

. Using the variable gradient method, find a Lyapunov function V' (z) that shows asymptotic stability of
the origin of the system
T = o, To = —(371 + 372) — Sin(.’lﬁl + .’172)

. Consider the system
1“1 = T2, i‘g =1 —sat(2x1+x2)

Show that the origin is asymptotically stable, but not globally asymptotically stable.
. Show that the origin of the following system is unstable.

: 6 . 3 6
T = —x1+ Ty, To2=x5+ 2y

. Consider the system
m

Z= 7Za¢ym Ui = —h(z, )y + big(z), 1=1,2,....m
i=1

where z is a scalar, y© = (y1,...,ym). The functions h(,-) and g(-) are continuously differentiable for
all (z,y) and satisfy zg(z) >0, V 2 # 0, h(z,y) > 0, V (z,y) # 0, and [ g(0) do — oo as |z| — oo,
The constants a; and b; satisfy b; # 0 and a;/b; > 0, Vi = 1,2,...,m. Show that the origin is an
equilibrium point, and investigate its stability using a Lyapunov function candidate of the form

Vi) =a [ glo) dot Yt
=1

. Consider the system

Ty =2, To9=—T]— To sat(x% — x%), T3 = T3 Sat(az% — x%)
where sat(-) is the saturation function. Show that the origin is the unique equilibrium point, and use
V(x) = 27 to show that it is globally asymptotically stable.

. The origin « = 0 is an equilibrium point of the system
iy = —kh(x)x) + 20, Do = —h(x)20 — T3

Let D = {z € R? | ||lz||> < 1}. Using V(z) = 121 + 223, investigate stability of the origin in each of
the following cases.

(1) k>0, h(z) >0,VoxeD; (2)k>0, h(z) >0,V x e R

(3) k>0, h(x) <0,YVzeD; (4) k>0, h(z)=0,Yz € D;

(5) k=0, h(z) >0,YVxeD; (6)k=0, h(z)>0,Vxec R%
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Consider the system

i1 = —x1 +g(x3), do=—g(x3), &3=—axs+bxry—cg(zs)
where a, b, and ¢ are positive constants and ¢(-) is a locally Lipschitz function that satisfies

g(0) =0 and yg(y) >0, VO<|y| <k, k>0
(a) Show that the origin is an isolated equilibrium point.
(b) With V(z) = az? + 3ba3 + [, g(y) dy as a Lyapunov function candidate, show that the origin
is asymptotically stable.

(c) Suppose yg(y) >0V y # 0. Is the origin globally asymptotically stable?
Consider the system

T1 = X9, X9 = —asinx, —kxry —dxy —cr3, I3=—T3+ T
where all coefficients are positive and k > a. Using V(z) = 2a fowl siny dy + kx? + x3 + pz2 with some
p > 0, show that the origin is globally asymptotically stable.
Show that the system
1
143
has a unique equilibrium point in the region x; > 0, i = 1,2, 3, and investigate stability of this point
using linearization.

i’l T, .’k2:$1—2$2, i’3:$2—3$3

For each of the following systems, use linearization to show that the origin is asymptotically stable.
Then, show that the origin is globally asymptotically stable.

(1) i’l = —T1 +£L’2 (2) fCl = 795?4’.%2
Zo = (w14 z2)sinzy — 3z Ty = —axy—bxry, a,b>0
Consider the system
. .3 L 3
1 = —a] + a(t)ze, do=—a(t)r — x5

where «/(t) is a continuous, bounded function. Show that the origin is globally uniformly asymptotically
stable. Is it exponentially stable?

Consider the system
1 =x9, da=—x1— (1+bcost)zry
Find b* > 0 such that the origin is exponentially stable for all |b] < b*.
Consider the system
1 =xp — g(t)ar (2] +23), @2 = —a1 — g(t)za(af +a3)

where ¢(t) is continuously differentiable, bounded, and g(t) > k > 0 for all ¢ > 0. Is the origin
uniformly asymptotically stable? Is it exponentially stable?

Consider two systems represented by
= f(z) (1)
= h(x)f(x) (2)

where f : R® — R"™ and h : R™ — R are continuously differentiable, f(0) = 0, and h(0) > 0. Show
that the origin of (1) is exponentially stable if and only if the origin of (2) is exponentially stable.

Investigate input-to-state stability of the system

i = (21 —xo +u)(a? + 23— 1), do= (21 +x2+u)(a?+23-1)



