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Nonlinear Systems and Control
Lecture#41

Integral Control



- i = fz,u,w) o
Yy h(z,w)
Yn — hm(wv w)

x € R" state, u € RP control input

y € RP controlled output, y,,, € R™ measured output

w € R' unknown constant parameters and disturbances

Goal:
y(t) > r as t — oo

r € RP constant reference, v = (r,w)

e(t) =y(t) —r

o

—p. 21



fAssumption: e can be measured

Steady-state condition: There is a unique pair (xss, tss)
that satisfies the equations

0 = f(wssaussaw)
0 = h(xs,w) — 7

Stabilize the system at the equilibrium point x = x4

Can we reduce this to a stabilization problem by shifting the
equilibrium point to the origin via the change of variables

Ty =T — Lgsy, Uy —U— Ugg !

o
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~ Integral Action:

O —¢€
Augmented System:
z = f(x,u,w)
o = h(z,w)—r

Task: Stabilize the augmented system at (zgs, 0ss) Where
oss produces ug

r —o| Stabilizing| u Y

Controller Plant
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Integral Control via Linearization

fState Feedback:
u = —Klaz — KzO’ — ng
Closed-loop system:

z = f(x,—Kix — Koo — Ks(h(x,w) — 1), w)

o = h(zx,w)—r

Equilibrium points:

0 = f(i:,ﬁ,w)
0 = h(Z,w)—r
u = —Kix — Koo

Unique equilibrium pointat x = x55, 0 = 055, U = Uss
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fLinearization about (xgs, oss):

w_wss

&5 =

O-_O-SS

& = (A — BK)¢s

0 of
0 ,A:%(w,u,w) ,C:%(a) w)
1 eq Ox , eq
.
B = oF
’ B = —
eq
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HA, B) is controllable if and only if (A, B) is controllable

and ] ]

rank A B —n+p
C 0

Task: Design IC, independent of v, such that (A — BK) is
Hurwitz for all v

(zss, Oss) IS an exponentially stable equilibrium point of the
closed-loop system. All solutions starting in its region of
attraction approach it as t tends to infinity

e(t) — 0 as t — oo

o
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fPendqum Example:
0 = —asin — bo + cT
Regulate 0 to §
x1 = 60 — 0, wzzé, u="1"T

:i:l = T2
o = —asin(xy + 0) — bxs + cu
0 a |
Lgs = , Ugs — — SiNo
0 C

o"::vl
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0 1 0| 0
A= | —acosd —b 0|, B=
I 1 0 O_ _O_

K1 = k1 k2], Kz=ks, K3z3=0
(A — BK) will be Hurwitz if

b+koc >0, (b+kac)(acosd+kic)—ksc >0, ksc>0

a 1
Suppose — < p1, — < p2
C

L ko >0, k3>0, ki>p1+p2-—
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- Output Feedback: We only measure e and y,

e = y—r
Z Fz+ Gio+ Gaym
u = Lz+ Mijo+ Msy,, + Mse

o

Task: Design F, G1, G2, L, M4, Ms, and Mgy,
Independent of v, such that A, is Hurwitz for all v

" A4+ BM>C,, - BM3C BM,; BL |
Ac — C O O
_ G2Cm Gl F |
oh,,
Crpn = —(z,w)

\_ ox eq
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Integral Control via Sliding Mode Design

f n = fo("?» 3 w) o
&1 = &
ép—l — fp
ép — b(na f,U,’w) + a’(na £,fw)u
y = &

a’(nagaw) > ag > 0

Goal:
y(t) — r as t — oo

£s = [r,0,...,0]T
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fSteady-state condition: There Is a unique pair (7ss, tss)
that satisfies the equations

0 = fO('rIssaéssvw)
0 = b("?ssaéssaussa w) +a(77$sa£ssaw)uss

€0 =Y —T

el §&1— 1
) &2
Z =1 —Tlssy € = . —
- €p &
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T
|

def

fo(n,§,w) = fO(Z, e,w,r)
€p = e
él = €9
€p—1 = €p
ép — b(nasvuaw) + a(nvsvw)u
Partial State Feedback: {e1,...,e,} are measured

s = koeo + k1e1 + -+ + kp—1€e,-1 + €,

ko to k,—1 are chosen such that the polynomial

B AN+ kp 1 AP oo Bi X+ Ko is Hurwitz
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f § = koer + -+ kp—lep =+ b(n7€7 u, w) + a’(na 57 w)u

§ = A("?» €9uvwar) + a'(nv €7w)u

A(na £, u, w, r)
a(n, &, w)

< o(e) + kolul, 0< ko <1

What about the other state variables?

o
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fO(zv €, W, ’l“)

( = AC+ Bs (AisHurwitz)
$ = —a(-)B(e) sat (;) + A(-)

]T

¢ =legy.--r€p—1

ai(llz]]) < Vi(z,w,r) < az(]|2]])

oV -

—_fo(ze;w,m) < —és(llz1)s V12l = F(llell)

V2(¢) =¢'P(, PA+ATP=-1



= {s|<n{Va<Em}n{Vi <ol o

= {|s| < p}n{Va < p’p1} N {Vi < &2(7(np2))}

All trajectories starting in €2 enter €2,, In finite time and stay
In thereafter

Inside €2,, there Is a unique equilibrium point at

3 3 3 S
(=0, e=0, eg =€), 5=koég, uss = —3(0) —

Under additional conditions (the origin of 2 = fo(z, 0, w, 7)
IS exponentially stable), local analysis inside €2,, shows that

for sufficiently small p all trajectories converge to the
equilibrium point as time tends to infinity

o
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fOutput Feedback: Only e; Is measured

High-gain Observer:

€o

€1

— (3 sat (

koeo + k1e1 + koéz2 + -+ €,

)

)

8.7} .
+( )(el—él), 1<:1<p—1

£t
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