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ẋ = Ax+Bφ(x, z, u)

ż = ψ(x, z, u)

y = Cx

ζ = q(x, z)

u ∈ Rp, y ∈ Rm, ζ ∈ Rs, x ∈ Rρ, z ∈ Rℓ

A,B,C are block diagonal matrices

Ai =






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

0 1 · · · · · · 0

0 0 1 · · · 0
...

...
0 · · · · · · 0 1

0 · · · · · · · · · 0
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ρi×ρi
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












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0

0
...
0

1

















ρi×1
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Ci =
[

1 0 · · · · · · 0
]

1×ρi

, ρ =
m
∑

i=1

ρi

Normal form

Mechanical and electromechanical systems

Example: Magnetic Suspension

ẋ1 = x2

ẋ2 = g −
k

m
x2 −

L0ax
2

3

2m(a+ x1)2

ẋ3 =
1

L(x1)

[

−Rx3 +
L0ax2x3

(a+ x1)2
+ u

]
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Stabilizing (partial) state feedback controller:

u = γ(x, ζ)

ϑ̇ = Γ(ϑ, x, ζ), u = γ(ϑ, x, ζ)

Closed-loop system under state feedback:

Ẋ = f(X ), X = (x, z, ϑ)

The origin of Ẋ = f(X ) is asymptotically stable

Observer:

˙̂x = Ax̂+Bφ0(x̂, ζ, u) +H(y − Cx̂)
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H is block diagonal

Hi =

















αi
1
/ε

αi
2
/ε2

...
αiρi−1

/ερi−1

αiρi
/ερi

















ρi×1

sρi + αi
1
sρi−1 + · · · + αiρi−1

s+ αiρi

is Hurwitz and ε > 0 (small)
φ0(x, ζ, u) is a nominal model of φ(x, z, u), which is
globally bounded in x
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Theorem 14.6 (Nonlinear Separation Principle:
Suppose the origin of Ẋ = f(X ) is asymptotically stable
and R is its region of attraction. Let S be any compact set
in the interior of R and Q be any compact subset of Rρ.
Then,

∃ ε∗
1
> 0 such that, for every 0 < ε ≤ ε∗

1
, the solutions

(X (t), x̂(t)) of the closed-loop system, starting in
S × Q, are bounded for all t ≥ 0

given any µ > 0, ∃ ε∗
2
> 0 and T2 > 0, dependent on

µ, such that, for every 0 < ε ≤ ε∗
2
, the solutions of the

closed-loop system, starting in S × Q, satisfy

‖X (t)‖ ≤ µ and ‖x̂(t)‖ ≤ µ, ∀ t ≥ T2
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given any µ > 0, ∃ ε∗
3
> 0, dependent on µ, such that,

for every 0 < ε ≤ ε∗
3
, the solutions of the closed-loop

system, starting in S × Q, satisfy

‖X (t) − Xr(t)‖ ≤ µ, ∀ t ≥ 0

where Xr is the solution of Ẋ = f(X ), starting at X (0)

if the origin of Ẋ = f(X ) is exponentially stable, then ∃
ε∗
4
> 0 such that, for every 0 < ε ≤ ε∗

4
, the origin of the

closed-loop system is exponentially stable and S × Q is
a subset of its region of attraction.
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Key ideas of the proof:

Representation of the closed-loop system as a
singularly perturbed one with X as the slow and η
(scaled estimation error) as the fast

Use of a converse Lyapunov theorem to construct
positively invariant sets

Use of global boundedness in x̂ to show that η reaches
O(ε) while X is inside a positively invariant set

Nonlocal versus local analysis

Novel Feature: Performance recovery

– p. 8/11



Example 14.19:

mℓ2θ̈ +mg0ℓ sin θ + k0ℓ
2θ̇ = u

Stabilization at (θ = π, θ̇ = 0). From Section 14.1

u = −k sat

(

a1(θ − π) + θ̇

µ

)

Suppose we only measure θ

˙̂θ = ω̂ + (2/ε)(θ − θ̂)

˙̂ω = φ0(θ̂, u) + (1/ε2)(θ − θ̂)

φ0 = −â sin θ̂ + ĉu

– p. 9/11



u = −k sat

(

a1(θ̂ − π) + ω̂

µ

)

or

u = −k sat

(

a1(θ − π) + ω̂

µ

)
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OFB  ε = 0.05
OFB  ε = 0.01

– p. 11/11


