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Observers

High-Gain Observers
Motivating Example
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ẋ1 = x2, ẋ2 = φ(x, u), y = x1

Let u = γ(x) stabilize the origin of

ẋ1 = x2, ẋ2 = φ(x, γ(x))

Observer:

˙̂x1 = x̂2 + h1(y − x̂1), ˙̂x2 = φ0(x̂, u) + h2(y − x̂1)

φ0(x, u) is a nominal model φ(x, u)

x̃1 = x1 − x̂1, x̃2 = x2 − x̂2

˙̃x1 = −h1x̃1 + x̃2, ˙̃x2 = −h2x̃1 + δ(x, x̃)

δ(x, x̃) = φ(x, γ(x̂)) − φ0(x̂, γ(x̂))
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Design H =

[

h1

h2

]

such that Ao =

[

−h1 1

−h2 0

]

is Hurwitz

Transfer function from δ to x̃:

Go(s) =
1

s2 + h1s + h2

[

1

s + h1

]

Design H to make supω∈R ‖Go(jω)‖ as small as possible

h1 =
α1

ε
, h2 =

α2

ε2
, ε > 0

Go(s) =
ε

(εs)2 + α1εs + α2

[

ε

εs + α1

]
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Go(s) =
ε

(εs)2 + α1εs + α2

[

ε

εs + α1

]

Observer eigenvalues are (λ1/ε) and (λ2/ε) where λ1 and
λ2 are the roots of

λ2 + α1λ + α2 = 0

sup
ω∈R

‖Go(jω)‖ = O(ε)
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η1 =
x̃1

ε
, η2 = x̃2

εη̇1 = −α1η1 + η2, εη̇2 = −α2η1 + εδ(x, x̃)

Ultimate bound of η is O(ε)

η decays faster than an exponential mode e−at/ε, a > 0

Peaking Phenomenon:

x1(0) 6= x̂1(0) ⇒ η1(0) = O(1/ε)

The solution contains a term of the form
1

ε
e−at/ε

1

ε
e−at/ε approaches an impulse function as ε → 0
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Example

ẋ1 = x2, ẋ2 = x3

2
+ u, y = x1

State feedback control:

u = −x3

2
− x1 − x2

Output feedback control:

u = −x̂3

2
− x̂1 − x̂2

˙̂x1 = x̂2 + (2/ε)(y − x̂1)

˙̂x2 = (1/ε2)(y − x̂1)
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ε = 0.004
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u = sat(−x̂3

2
− x̂1 − x̂2)
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Region of attraction under state feedback:
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Region of attraction under outputfeedback:
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Analysis of the closed-loop system:

ẋ1 = x2 ẋ2 = φ(x, γ(x − x̃))

εη̇1 = −α1η1 + η2 εη̇2 = −α2η1 + εδ(x, x̃)
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What is the effect of measurement noise?

The high-gain observer is an approximate differentiator

Transfer function from y to x̂ (with φ0 = 0):

α2

(εs)2 + α1εs + α2

[

1 + (εα1/α2)s

s

]

→

[

1

s

]

as ε → 0

Differentiation amplifies the effect of measurement noise

y = x1 + v, kn = sup
t≥0

|v(t)| < ∞
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, kd = sup
t≥0

|ẍ1(t)|, kn = sup
t≥0

|v(t)|
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	small $eps = 0.004$

