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Nonlinear Systems and Control
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Second-Order Systems
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fi(x)
f2(x)

Let x(t) = (x1(t), x2(t)) be a solution that starts at initial
state x¢9 = (10, x20). The locus in the x1—x2 plane of the
solution x(t) for all ¢ > 0 is a curve that passes through the
point xqg. This curve is called a trajectory or orbit

The x1—x2 plane is called the state plane or phase plane
The family of all trajectories is called the phase portrait

The vector field f(x) = (f1(x), f2(x)) Is tangent to the
trajectory at point x because

drz  fa(x)

dr1  fi(x)

1 = fi(x1,T2)
t2 = fa(x1,T2)
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fVector Field diagram

Represent f(x) as a vector based at «x; that is, assign to «
the directed line segment from x to « + f(x)

L2

r+ f(x) = (3,2)
f(z

x = (1,1)

L1

Repeat at every point in a grid covering the plane
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fNumericaI Construction of the Phase Portrait:
#® Select a bounding box in the state plane

# Select an initial point g and calculate the trajectory
through it by solving

= f(x), x(0) = =g

In forward time (with positive t) and in reverse time (with
negative t)

= —f(x), x(0) =mxg

#® Repeat the process interactively
LUse Simulink or pplane
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fQualitative Behavior of Linear Systems

r = Ax,

A1 O
0 Ao

x(t) = M exp(J,t)M 1xzg

or

Als a2 x 2real matrix

o

0 A

or

SR

0 A

x(t) = Mz(t)
z = Jyz(t)

or
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fCase 1. Both eigenvalues are real: A1 £ A2 #£ 0
M = [v1,v2]
v1 & vo are the real eigenvectors associated with A1 & -
Z1 = 121, Z9 = 929

<1 (t) — ZloeAlt, Zz(t) — 2206)\2t

22 = e ™, ¢ = za0/(210) N

The shape of the phase portrait depends on the signs of A\
and -
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et and e*2t tend to zero as t — oo

A < A1 <O

ezt tends to zero faster than e*tt

Call A2 the fast eigenvalue (v2 the fast eigenvector) and \q
the slow eigenvalue (vq the slow eigenvector)

The trajectory tends to the origin along the curve
2 = ez} M with Az /A1 > 1

d A _
az2 c—zz[()‘z/)‘l) 1]

L le )\1 1
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Stable Node

A2 > A1 >0

L Reverse arrowheads
Reverse arrowheads — Unstable Node




(a) (b)

Stable Node Unstable Node
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f o
A2 < 0 < A\

et — oo, while e*2t — 0ast — oo

Call A2 the stable eigenvalue (v, the stable eigenvector)
and \q the unstable eigenvalue (v, the unstable
eigenvector)

zZ9o = CZi\z/)\l, )\2/)\1 <0

Saddle

—p. 11/~



L

Z1

(b)

Phase Portrait of a Saddle Point




fCase 2. Complex eigenvalues: A1 2 = a % 50

Z21 = az1 — Bz2, Z2 = ([Bz1 + azs

z
r = \/z% + 23, 0 = tan~! (z—z)
1

r(t) = roe® and 6(t) = 6y + Bt

a<0 = r(t) -0ast — oc©
a>0 = r(t) > ocoast — oo

a=0 = r(t)=roVt
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fEffect of Perturbations
A— A+ J6A (0A arbitrarily small)

The eigenvalues of a matrix depend continuously on its
parameters

A node (with distinct eigenvalues), a saddle or a focus is
structurally stable because the qualitative behavior remains
the same under arbitrarily small perturbations in A

A stable node with multiple eigenvalues could become a
stable node or a stable focus under arbitrarily small
perturbations in A
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fA center Is not structurally stable

w1
—1 pu

Eigenvalues = u £+ 3
pn < 0 = Stable Focus
pu >0 = Unstable Focus
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