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Nonlinear Systemsand Control
L ecture# 23

Controller Form



fDefinition: A nonlinear system is in the controller form if
T = Az + By(z)[u — a(x)]
where (A, B) is controllable and ~(x) Is a nonsingular
u=ox)+~v (z)v = &= Ax+ Bv
The n-dimensional single-input (SI) system
= f(x) +g(r)u
can be transformed into the controller form if 3 h(x) S.t.
= f(x) +g(x)u, y=h(z)
Lhas relative degree n. Why?
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- Transform the system into the normal form
z2=Acz+ By (2)|u—a(z)], y=C.xz

On the other hand, if there is a change of variables
¢ = S(=x) that transforms the Sl system

= f(x) +g(r)u
Into the controller form
¢ = AC + By(¢)[u — a(Q)]
then there is a function h(x) such that the system
= f(z) +g(x)u, y=h(x)

Lhas relative degree n. Why?
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fFor any controllable pair (A, B), we can find a nhonsingular
matrix M that transforms (A, B) into a controllable
canonical form:

MAM-'=A.+B)', MB=B,

2= M¢=MS(z) ¥ T(x)

z=Ac.z+ Bc7(')[u — a()]
h(x) = Ti(x)
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ﬁn summary, the n-dimensional Sl system

= f(x) +g(r)u

IS transformable into the controller form if and only If 3 h(x)
such that

= f(z) +g9(x)u, y=h(z)

has relative degree n
Search for a smooth function h(x) such that

LyLY 'h(z) =0, i =1,2,...,n—1, and LyL} 'h(z) # 0

T(z) = | h(z), Lsh(z), -+ L} 'h(z)

.
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- The Lie Bracket: For two vector fields f and g, the Lie
bracket [ f, g| is a third vector field defined by

Frol@) = 52 f(@) — o2 g(a)
Notation:
adrg(x) = g(x), adpg(x) = [f,g](x)

adig(z) = [f,ad} 'g](z), k> 1
Properties:

» [fvg] — _[gaf]

L.o For constant vector fields f and g, [f,g] = 0
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[fvg] —

L2

—sinxT] — T2

L2

—Ssinaxr] — To

adfg — [.fag] —

L1
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- 2 - adrg = - —h
—sinxzy — xy | 9= xr1 + a2

fg — [fa a'dfg]

10| | 5 '

1 1 —SsinxT] — T2
0 1] | —zp
—cosxy1 —1 r1 + T2
i — L] — 2:132 ]

Tr1 + xo — SInaxy — T1 COS I
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fDistribution: For vector fields f1, fo, ..., fron D C R", let
A(x) = span{ fi(x), f2(x),..., fr(x)}

The collection of all vector spaces A(x) for x € D is called
a distribution and referred to by

A = Span{f19f27° . 7fk}

If dim(A(x)) = k for all x € D, we say that A Is a
nonsingular distribution on D, generated by f1, ..., f&
A distribution A Is involutive if

g1 €A and go € A = [g1,92] € A

.
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fLemma: If A is a nonsingular distribution, generated by
fi, ..., fx, then itis involutive if and only if

[.fivfj] EA? Vi S%] Sk

Example: D = R3; A = span{fi, f2}

2:132 1
fl — 1 . f2 — 0 . dim(A(CB)) = 2, Vax € D
i 0 i i 45 1

0 0
|f1, f2] = B—J;zﬁ — 8—J;1f2 =10
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rank [fl(ff?)a f2(x), [f1, f2](z)] =

rank

2:132
1
0

A IS not INnvo

1 0
0O O
45 1_

=3, Ve e D

utive
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fExampIe: D ={x € R® |z + 3 # 0}; A = span{fi, f2}

fi =

9f2:

—2:132

3

0 f2 0 f1

[ f1, f2] = %Jﬁ — %fz

rank

2:133 — L1 —4:133
—1 —2x 2
0 I3 0 i

A IS Involutive

—4333

, dim(A(x)) =2,V € D
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fTheorem: The n-dimensional Sl system

= f(z) + g(x)u

IS transformable into the controller form if and only if there is
a domain Dg such that

rank|[g(x),adsg(x), ... d" lg(x)] =n, Vo e Dy

and

span {g,ad+g,...,ad? ?g} isinvolutive in Dg
f f
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fExampIe .

. a sin o 0
€Tr = 2 -+ 1 u
L 1 — L —
of . _acos To _
adsg = [f,g] = — 559 = 0

lg(x),adrg(x)] = ) 0

rank|[g(x),adsg(x)] = 2, V x such that cosxzz # 0
span{g} Is involutive
L Find h such that Lyh(x) =0, and LyL¢h(x) # 0
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Oh Oh .
—g = ——=0 = hisindependent of x2
ox 8:132
L:h(x) Oh s
L) — —asin o
! 8:131 2
d(Lh) d(Lsh)  Oh
L,L:sh = — -
gtf (CIZ) Ox g 8332 8;31&008 o
LyLsh(x) #0in Do = {x € R?|coszy # 0} if 5% # 0
T o
Take h(x) =1 = T(x) = = :
L¢h a sin s

.
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fExampIe (Field-Controlled DC Motor)

adrg =

[g(il?), adfg(m)a ad?g(m)] —

.

CI3
—9332

—arxri

9$1€E2

—bxo+k—cxrixzg | + | 0 | u

1
- — O —
] 2 _
(a + b)cxs
(b—a)fxz — Ok
1 a a?

0 cx3 (a 4+ b)cxs
0 —O0x2 (b—a)lfxs — Ok
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|7 det|:| = cO(—k + 2bxs)xs

rank [-] = 3 for 2 # k/2band x3 # 0
span{g,ad¢g} Is involutive If [g, adrg| € span{g,adsg}

0 0 0] [1 0

_B(adfg) B B
g, adrg| = 5 g=10 0 vc O|=1]0
* 0o 60| |0] |o0

= span{g, adsg} IS involutive
3 k
Doz{m€R|m2>2—bandm3>0}

LFind h such that Lyh(x) = LyLh(x) = 0; LgL3h(x) # 0
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|7 z* = [0,k/b, WO]Tv h(z*) =0

oh Oh .

—g = ——=0 = hisindependent of x,

ox 3:131

L¢h(x) Oh [—bxo + k ] Oh 0
r) = ——|—0x — CI |

f 9z 2 1L3] 524 T1I2
Oh Oh

O(Lth)/0xz]g =0 = cxrz— = 0xa—
L2 0xs3

h = c1[0x2+ cz3] +ca, LgL?ch(:B) = —2c1c0(k —2bxa)xs

h(z*) = c1[0(k/b)* + cwg] + co

\— c1 =1, ca = —0(k/b)? — cw?
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