- .

Nonlinear Systems and Control
Lecture# 21

Lz Galn
&

The Small-Gain theorem



fTheorem 5.4: Consider the linear time-invariant system T
r = Ax + Bu, y = Cx + Du

where A is Hurwitz. Let G(s) = C(sI — A)"'B + D.
Then, the £, gain of the system is sup_cg ||G(Gw) ||
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fLemma: Consider the time-invariant system T

= f(z,u), y = h(z, u)

where f is locally Lipschitz and h is continuous for all
x € R" and u € R™. Let V(x) be a positive semidefinite
function such that

: oV
V= "= f@u) < a(y?lul® - lyl®),  ay >0

Then, for each 2(0) € R"™, the system is finite-gain Lo
stable and its £, gain is less than or equal to ~. In particular

. lyrllcs < llurlle, + \/ Vi) .
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fProof T
V(a(r)-V(@(0) < av* [ u(®)])? dt— a / Ny (@) de



fProof T
V(a(r)-V(@(0) < av* [ u(®)])? dt— a / Ny (@) de
V() >0

/T ly(&)II* dt < +* /T lu ()| dt - V(z(0))
0 0 -




fProof T
V(a(r)-V(@(0) < av* [ u(®)])? dt— a / Ny (@) de
V() >0

/T ly(&)II* dt < +* /T lu ()| dt - V(z(0))
0 0 -

V(z(0))
lyrllc, < Yllurllc, + \/ :




fLemma 6.5: If the system T
= f(z,u), y=h(z,u)
IS output strictly passive with
uly >V +oyly, >0

then it is finite-gain L, stable and its £2 gain is less than or
equalto 1/6

—p. 5/1



fLemma 6.5: If the system T

r = f(x,u), y = h(z,u)

IS output strictly passive with
uly >V +oyly, >0

then it is finite-gain L, stable and its £2 gain is less than or

equalto 1/6

Proof
v uly — dyTy

—25(u — 8y)T (u — 6y) + 55uTu — SyTy

2 (pulu—yTy)

o -
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fExampIe T

Tr1 = T2, izz—awi’—sz—l—u, y=1x3, a,k >0



fExampIe T

Tr1 = T2, izz—awi’—sz—l—u, y=1x3, a,k >0

Vix) = %w‘ll + %az%
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fExampIe T

Tr1 = T3, izz—aa}i’—sz—l—u, y=1x3, a,k >0

Vix) = %w‘ll + %azg

V = awi’mz + wz(—awi’ — kxo + u)

— —kmg + xou = —ky2 + yu
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fExampIe T

. . 3
r1 = T2, T2 = —axry—kxs+u, y=x2, a,k >0

Vix) = %33‘11 + %azg

V = awi’mz + wz(—awi’ — kxo + u)

= —kmg + xou = —ky? + yu

The system is finite-gain L, stable and its £5 gain is less
than or equal to 1/k

o -

—p. 6/1



fTheorem 5.5: Consider the time-invariant system T
= f(x) + G(x)u, y=h(x)

f(0) =0, h(0)=0

where f and G are locally Lipschitz and A is continuous
over R™. Suppose 3~ > 0 and a continuously
differentiable, positive semidefinite function V' (x) that
satisfies the Hamilton—Jacobi inequality

oV | 1 oV oV
%f(a:) P (

G(z)G" ) BT (2)h(z) <
3 C@ET@) (5] +h @h(@) <0

V x € R™. Then, for each £(0) € R", the system is
Lfinite-gain L+ stable and its £5 gain < ~ J
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W @) + Y @ =
8 xIr 8 rjyu —=
1 1 avhT|* av
_ 2= —qgT <_> -
1 8V ovT 1
G GT - 2 2
+ o g G@GET(@) (o) + 57 lul
V < ~22|ful? — =yl
- 2 2
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fExampIe

r = Ax + Bu, y =Cx



fExampIe T

r = Ax + Bu, y =Cx
Suppose there is P = P > 0 that satisfies the Riccati
equation

1
PA1L ATP 1 —2PBBTP +ctc =0
)7

for some v > 0.
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fExampIe T

r = Ax + Bu, y =Cx
Suppose there is P = P > 0 that satisfies the Riccati
equation

1
PA1L ATP 1 —2PBBTP—|— ctc =0
)7

for some v > 0. Verify that V(z) = 22T Pz satisfies the
Hamilton-Jacobi equation

o -
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fExampIe T

r = Ax + Bu, y =Cx

Suppose there is P = P > 0 that satisfies the Riccati
equation

1
PA1L ATP 1 —2PBBTP—|— ctc =0
)7

for some v > 0. Verify that V(z) = 22T Pz satisfies the
Hamilton-Jacobi equation

The system is finite-gain L, stable and its £5 gain is less
than or equal to ~

o -
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The Small-Gain Theorem
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The Small-Gain Theorem

Y

U; €1 Y1
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1
€y Uu
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”leHE < '71”617'”L + B1, Vel € L:?ena V1 €& [0,00)
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The Small-Gain Theorem
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Theorem: The feedback connection is finite-gain £ stable if

Y1v2 < 1
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y:

Y1
Y2

=

Theorem: The feedback connection is finite-gain £ stable if

Y1v2 < 1

Proof

eir = uir — (Haez)r,

e2r = uzr + (Hiel)s
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y:

Y1
Y2

=

Theorem: The feedback connection is finite-gain £ stable if

Y1v2 < 1

Proof

lexr|lc

<
<

eir = uir — (Haez)r,

w1zl -
luar]lc -

e2r = uzr + (Hiel)s

- || (Hze2)r||c
- va2||e2r || 2 + B2

—p. 1171



=

|uirlle + 2 (luer|lc + y1llerr|lc + B1) + B2
’)’1’)’2||61T||£
+ (||lw1r ||l + v2l|uer||c + B2 + v261)

lexrlc

A
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=

leirlle < ||uirlle + 2 ([[uerlle +71llerr|lc + B1) + B2
— ’)’1’)’2||61T||£
+ (Jluir||lz + Y2||uer|lc + B2 + v281)
leir|lc < (lwir||lz + Y2||uzr|lc + B2 + v281)
I — 7172
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=

leirlle < ||uirlle + 2 ([[uerlle +71llerr|lc + B1) + B2
— ’)’1’)’2||61T||£
+ (Jluir||lz + Y2||uer|lc + B2 + v281)
leir|lc < (lwir||lz + Y2||uzr|lc + B2 + v281)
I — 7172

1
lear||c < T 7172(||U27||£ + v1||lwir ||l + B1 + 7132)
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=

leirlle < ||uirlle + 2 ([[uerlle +71llerr|lc + B1) + B2
— ’)’1’)’2||61T||£
+ (Jluir||lz + Y2||uer|lc + B2 + v281)
leir|lc < (lwir||lz + Y2||uzr|lc + B2 + v281)
I — 7172

1
lear||c < T 7172(||U27||£ + v1||lwir ||l + B1 + 7132)

lerlle < llerrllc + llezrllc
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