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Nonlinear Systems and Control
Lecture# 2
Examples of Nonlinear Systems



fPendqum Equation
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Equilibrium Points:
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Nontrivial equilibrium points at (0,0) and (=, 0)
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fPendqum without friction:

T1 = T2
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Pendulum with torque input:

1 = o2

]

|

|
<
-
8
o

|
8
(\V)
_|_
~

T2

—p. 4l



[lunnel-Diode Circuit
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ic+ip—1; =0 = iC:—h(w1)+$2

ve —F+ R +vp =0 = vy =—x1 — Rxas+u

£i31 = é [—h(a:l) —|— :132]

, 1
To = 7 |[—x1 — Rxo + uj
Equilibrium Points:
0 = —h(x1) + x2
0 = — L1 — sz + u

o
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fl\/lass—Spring System
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Sources of nonlinearity:
# Nonlinear spring restoring force Fs, = g(y)

L.o Static or Coulomb friction



- P

sp = 9(y)

g(y) = k(1 — a’y?®y, |ay| <1 (softening spring)

g(y) = k(1 + a?y?)y (hardening spring)

F; may have components due to static, Coulomb, and
viscous friction

When the mass is at rest, there Is a static friction force F
that acts parallel to the surface and is limited to +usmg
(0 < pus < 1). Fs takes whatever value, between its limits,
to keep the mass at rest

Once motion has started, the resistive force F is modeled
s a function of the sliding velocity v = v
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(a) (b)

(© (d)

(a) Coulomb friction; (b) Coulomb plus linear viscous friction; (c) static, Coulomb, and linear

iIscous friction; (d) static, Coulomb, and linear viscous friction—Stribeck effect —
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~ Negative-Resistance Oscillator

1
et i = h(v)
L

Resistive

Element

(a) (b)

h(0) =0, hA’(0) <O

\— h(v) - coasv — o0, and h(v) - —ocoas v — —o©
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tc+1iL+1=0

c 1S (s) ds + h(v) = 0
E_I_E v(s) ds V) =

— OO

Differentiating with respect to ¢ and multiplying by L:

C’Ld% + v + LRh'( )dv 0

— 4 v vV)— =

dt? dt
T=t/vVCL

d d d? d?

dv _ epde A d

dr dt dT? dt?
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fDenote the derivative of v with respect to = by v

b+eh (V)0 +v=0, e=+/L/C
Special case: Van der Pol eqguation
h(v) = —v + %vg
b—e(l—v3)0+v=0
State model: 1 =v, xo2 =7

1 = o2

$.2 = —wl—eh'(wl)wz

o
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fAnother State Model:

Change of variables:

L1

L2

Z1

Z2

z1 =1L, 22 =VC
1
p— —Z2
€
= —6[21 + h(ZQ)]
z =T(x)

\/7[—’% — h(vc)]

T 1(2) =

z2

—ez1 — eh(z2)
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fAdaptive Control
Plant : Yp = apyYp + kpu
ReferenceM odel : YUm = AmYm + kmT
u(t) = 077 (t) + 65y, (t)

m am — QG
0] = — and 65 = L
D kp

When a,, and k, are unknown, we may use

u(t) = 01(t)7(t) + 02(t)yp(1)

where 01 (t) and 02(t) are adjusted on-line

o
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fAdaptive Law (gradient algorithm):

él = —’Y(yp — Ym)T
02 = —v(WYp — Ym)Yp, ¥ >0

State Variables: e, = yp — ym, ¢1 = 01— 07, ¢p2 = 02— 05
Ym = QpYm + kp(HI’r‘ + H;ym)
Up = apYp + kp(017 + O2yp)
€o = apeo+ kp(61 — 07)r + kp(B2yp — 05ym)

= e + kplO3yp — 039y
L — (a’p + kaZ)eo + kp(gl — HI)T‘ -+ kp(HQ — H;)yp
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fCIosed-Loop System:

€o = Qm€o + kp¢1r(t) + kp¢2 [eo + Ym (t)]
b1 —~eor(t)
b2 —~eoleo + Ym(t)]




