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Nonlinear Systemsand Control
L ecture# 16

Feedback Systems. Passivity
Theorems
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fPassivity Theorems

Theorem 6.1: The feedback connection of two passive
systems is passive

Theorem 6.3: Consider the feedback connection of two
dynamical systems. When u = 0, the origin of the
closed-loop system is asymptotically stable if each
feedback component is either

# strictly passive, or
& output strictly passive and zero-state observable

Furthermore, If the storage function for each component is
radially unbounded, the origin is globally asymptotically

Lstable
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fTheorem 6.4. Consider the feedback connection of a
strictly passive dynamical system with a passive
memoryless function. When v = 0, the origin of the
closed-loop system is uniformly asymptotically stable. if the
storage function for the dynamical system is radially
unbounded, the origin will be globally uniformly
asymptotically stable

Prove using V = V; + V5 as a Lyapunov function candidate
Proof of Theorem 6.3: H;y IS SP; H5 I1Is OSP & ZS0O

elys > Vi +i(x1), Y1(x1) >0, Va; #0

| elys > Vo +ylpa(y2),  vyip(y2) >0, Vyz #0
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f -
et y1+esyz = (u1—y2) y1+ (u2+y1) y2 = vl y1+uz y2
V(x) = Vi(x1) + Va(x2)

V <uly — i(z1) — y3 p2(y2)
u=0 = V < —9i(z1) — y3 p2(y2)

V=0 = z;=0andys; =0
y2(t) =0 = e1(t) =0 (&x1(t) =0) = y1(t) =0
y1(t) =0 = ea(t) =0
By zero-state observability of Ha: y2(t) =0 = x2(t) =0

LAppIy the invariance principle
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Example
Tr1 = T2 Tr3 = T4
To = —am?—kmg—l—el Tq4 = —bazg—mi—l—ez
Yyr = T2t ex Y2 = X4
Hl H2
a, b, Kk >0
1.4, 1.2
Vl—zaa:1—|-§:c2
Vi = ax3zo — ax3x —sz—l—me = —k 2—|— e
1 = 1L2 1L2 2 2€1 = Y, T yi€

With e; = 0, yl(t) =0 & CEz(t) =0 > a:l(t) =0
H is output strictly passive and zero-state observable

.
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Vz = bxgxry — brgry — wi + 460 = —yg + yaes
With ez = 0, yz(t) =0 & 334(15) =0 = iBg(t) =0
H, Is output strictly passive and zero-state observable

V1 and V5 are radially unbounded

The origin is globally asymptotically stable
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fLoop Transformations

Recall that a memoryless function in the sector [K;, K]
can be transformed into a function in the sector [0, oo] by

Input feedforward followed by output feedback
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H, is a dynamical system

H, is a memoryless function in the sector [ K, K3]

.
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fExampIe
T1

= I2
To = —h(wl) + bxs + eq Y2 = 0'(62)1
Y1 = X2 H,
H,

O'E[OK,,B], hE[Oﬂl,OO], b>0, a1 >0, k=—a>0

:i?l = I2
o = —h(x1) —axz + € gz = 5’(é2)J
Y1 = kx2+ e i,

i,

\— o€ [0,00], a=a—b
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fAssume a = a — b > 0 and show that Hj is strictly passive

Vi = k/ h(s) ds + ! Px
0
L1
Vi = k/ h(s) ds + p11x? + 2p12T122 + P22Ta
0

V = kh(xzi)zs + 2(p11x1 + praza) T
2(p12x1 + p22x2)[—h(x1) — ax2 + é1]

Take P22 = IC/Z, P11 = api2
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= —2pisxih(x1) — (ka — 2p12):13§
+ kx2e1 + 2pi12x1€1
= —2pioxi1h(x1) — (ka — 2p12):13§
+ (kx2 + €1)é1 — €2 + 2p12x1€1
161 = V +2piazih(x1) + (ka — 2p12)w3
+ (€1 — p1221)? — Py
> V + p12(20q — plz)fl?% + (ka — 2P12)$g

. (ak > 5
Take 0 < P12 < min ?, 2@1 — p12 < 2p12§ — P11D22

H;, is strictly passive. By Theorem 6.4 the origin is globally
~ asymptotically stable (when u = 0)
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fExampIe o

Hy: yo = h(62), h € [O, OO]

1
C(sI —A)™'B = Not PR
(s2+s+1)

(as+ 1)
=
as + 1 (s2+s+1)
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(as+ 1)

(s2 +s+1)
[ 1+ jwa ] 1+ (a—1)w?
Re , —
1 — w? + jw (1 — w?)? 4+ w?
14
lim w?Re —|—jwa. ]:a—l
W— 00 1 — w? + jw
1
a>1 = 5D iogpR
(s2 +s+1)

1Pz, PA+ATP=—LTL—cP, PB=CT
2
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I:Iz . aéz = —e2 + éz, Yo — h(ez), h € [O, OO]
H, is strictly passive with V2 = a [5* h(s) ds. Use
V=Vi4+4V, = %wTPw—I—a/ h(s) ds
0

as a Lyapunov function candidate for the original feedback
connection

.
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vV = %acTP:ic + %d:TPCI: + ah(e2)é2
= %a:TP[Aa: — Bh(e2)] + %[Aw — Bh(e3)]! Px
+ ah(e2)C[Ax — Bh(es)]
= — %wTLTLm — (e/2)xl Pz — T CTh(es)
+ ah(ez)CAx
— %wTLTLa? — (e¢/2)z! Px
— 2 [C + aC AT h(ez) 4+ ah(e2)C Ax
— 2z’ L' Lz — (¢/2)z" Pz — ej h(es)
< —(e/2)x! Px

LThe origin is globally asymptotically stable
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