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Nonlinear Systemsand Control
Lecture# 13
Perturbed Systems



fNominal System:

= f(x), [f(0)=0
Perturbed System:

t = f(x) + g(t,x), g(t,0) =0

Case 1: The origin of the nominal system is exponentially
stable

cifzl|* < V(z) < ezl
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ste V (x) as a Lyapunov function candidate for the
perturbed system

Vit,e) = 2 f@) + 5 g(t,w)

Assume that

lg(t,x)|| < ~v|lx|]l, ~>0
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B o
v< 2
C4

V(t,z) < —(c3g — vea)||z|?

The origin is an exponentially stable equilibrium point of the
perturbed system
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r1 = I
2 = —4x1 —2x2+ Bx3, B >0
= Ax 4+ g(x)
0 1 0
A = 9 g(w): 3
—4 —2 Bxs
The eigenvalues of A are —1 + j+v/3
C. -
2 8
PA+ATP=—-T = P=
1 5
L L 8 16

—p. 5/7




oV
V(z)=a'Pz, —Ax=—zlx
o

c3 =1, c4 =2 ||P|| = 2Amax(P) = 2 X 1.513 = 3.026
lg(z)|| = Bla=2|?

g(x) satisfies the bound ||g(x)|| < ~«||x|| over compact sets
of . Consider the compact set

Q.={V(z)<c}={z'Pzx<c}, ¢>0
ko = max |x3| = max [[0 1]z

T Px<c T Px<c
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fFact: -

max || Lz| = v ||LP~"/?||
T Px<c

Proof

1 1
tlPr<c o “2lPx<1 & = T pl/2 pl/24 <1

C C
1
= —— Pl/zw
V=7
max |[Lal| = max |[LVE P~/2y|| = v |[LPV?
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ke = max |[0 1]z| = +/c||[0 1]P~Y2|| = 1.8194v/¢c

T Px<c

lg(z)|| < B c(1.8194)%|z|, Va € Qe

lg@)|| < ~llzll, V&€ Qe v=08c(1.8194)°

< C3 o [3<: 1 0.1
TS s 3.026 x (1.8194)2¢ ¢

B<0.1/c = V(z) < —(1-108c)|z|?

Hence, the origin is exponentially stable and €. is an
estimate of the region of attraction

.

—p. 8/~




fAIternative Bound on 3

V(a:) = —||lx 2—|—2:13TPg(ac)
< —llz||® + Bz} (]2 5]z)
< —lzl|? + Y2822 x|

Over Q., =5 < (1.8194)%c

Viz) < —(1—@@(1.8194)%) |||2

_ (1 _ Oﬁjg) |2

If 3 < 0.448/c, the origin will be exponentially stable and
Lﬂc will be an estimate of the region of attraction
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fRemark: The inequality 8 < 0.448/c shows a tradeoff
between the estimate of the region of attraction and the
estimate of the upper bound on 3
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fCase 2. The origin of the nominal system is asymptotically
stable

oV A% H oV

V(ta T) = 8—f(m)+8—g(t ) < —Wja(x)A g(t,x)

Under what condition will the following inequality hold?

H—g<t z)| < Wa(z)

Special Case: Quadratic-Type Lyapunov function

oV
S @ < —adi@), |G| < av@
Ir

.
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C3
with v < cn
M| < v (x),
t, )| <
It Jlg(

¢* (x)
) < —(e3 — ca)
Vit,z) <



fExampIe
&= —x° + g(t,x)

V(z) = x* is a quadratic-type Lyapunov function for the
nominal system & = —x?

oV
—(—x%) = ‘ = 4|x|®
ox

(]5(%) | 9 c3 = 4, cqag =4

Suppose |g(t, z)| < v|z|®>, YV, with~y <1

V(t,z) < —4(1 — v)d*(z)

Hence, the origin is a globally uniformly asymptotically
stable
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fRemark: A nominal system with asymptotically, but not
exponentially, stable origin is not robust to smooth
perturbations with arbitrarily small linear growth bounds

Example
&= —x° + vy

The origin is unstable for any v > 0
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