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Useful Formulae for Electromagnetics

By:  Leo Kempel (kempel@egr.msu.edu)

Coordinate Transformation

Cylindrical-to-Cartesian and Spherical-to-Cartesian
( ) ( ) ( )φθ=φρ= cossinrcosx
( ) ( ) ( )φθ=φρ= sinsinrsiny
( )θ= cosrz

Cartesian-to-Cylindrical and Spherical-to-Cylindrical

( )θ=+=ρ sinryx 22
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Component Transformation

To-Cartesian: ẑAŷAx̂A zyx ++=A

( ) ( ) ( ) ( ) ( ) ( ) ( )φ−φθ+φθ=φ−φ= φθφρ sinAcoscosAcossinAsinAcosAA rx

( ) ( ) ( ) ( ) ( ) ( ) ( )φ+φθ+φθ=φ+φ= φθφρ cosAsincosAsinsinAcosAsinAA ry

( ) ( )θ−θ= θ sinAcosAA rz

To-Cylindrical: ẑAˆAˆA z+φ+ρ= φρA
( ) ( ) ( ) ( )θ+θ=φ+φ= θρ cosAsinAsinAcosAA ryx

( ) ( )φ+φ−=φ cosAsinAA yx

( ) ( )θ−θ= θ sinAcosAA rz

To-Spherical:  φ+θ+= φθ
ˆAˆAr̂A rA

( ) ( ) ( ) ( ) ( ) ( ) ( )θ+θ=θ+φθ+φθ= ρ cosAsinAcosAsinsinAcossinAA zzyxr

( ) ( ) ( ) ( ) ( ) ( ) ( )θ−θ=θ−φθ+φθ= ρθ sinAcosAsinAsincosAcoscosAA zzyx

( ) ( )φ+φ−=φ cosAsinAA yx
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Unit Vector Transformation

To-Cartesian:
( ) ( ) ( ) ( ) ( ) ( ) ( )φφ−φθθ+φθ=φφ−φρ= sinˆcoscosˆcossinr̂sinˆcosˆx̂

( ) ( ) ( ) ( ) ( ) ( ) ( )φφ+φθθ+φθ=φφ+φρ= sinˆcossinˆsinsinr̂cosˆsinˆŷ

( ) ( )θθ−θ= sinˆcosr̂ẑ

To-Cylindrical:
( ) ( ) ( ) ( )θθ+θ=φ+φ=ρ cosˆsinr̂sinŷcosx̂ˆ

( ) ( )φ+φ−=φ cosŷsinx̂ˆ

( ) ( )θθ−θ= sinˆcosr̂ẑ

To-Spherical:
( ) ( ) ( ) ( ) ( ) ( ) ( )θ+θρ=θ+φθ+φθ= cosẑsinˆcosẑsinsinŷcossinx̂r̂

( ) ( ) ( ) ( ) ( ) ( ) ( )θ−θρ=θ−φθ+φθ=θ sinẑcosˆsinẑsincosŷcoscosx̂ˆ

( ) ( )φ+φ−=φ cosŷsinx̂ˆ

Differentiation

Cartesian: ( )z,y,xw  and ẑAŷAx̂A zyx ++=A
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Cylindrical: ( )z,,w φρ  and ẑAˆAˆA z+φ+ρ= φρA
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Spherical: ( )φθ,,rw  and φ+θ+= φθ
ˆAˆAr̂A rA
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Vector Identities
AA ⋅=2A

ABBA +=+
ABBA ⋅=⋅

ABBA ×−=×
( ) CBCACBA ⋅+⋅=⋅+
( ) CBCACBA ×+×=×+

BACACBCBA ×⋅=×⋅=×⋅
( ) ( ) ( )CBABCACBA ⋅−⋅=××

( ) wvwv ∇+∇=+∇
( ) BABA ⋅∇+⋅∇=+⋅∇
( ) BABA ×∇+×∇=+×∇

( ) vwwvvw ∇+∇=∇
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( ) ( ) ( ) ABBAABBABA ×∇×+×∇×+∇⋅+∇⋅=⋅∇
( ) www ∇⋅+⋅∇=⋅∇ AAA
( ) www ∇×−×∇=×∇ AAA

( ) BAABBA ×∇⋅−×∇⋅=×⋅∇
( ) ( ) ( ) ( ) ( )BAABABBABA ∇⋅−∇⋅+⋅∇−⋅∇=××∇
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Metric Coefficients, Surface Elements, and Volume Elements for Different Systems

Relations Cartesian ( )z,y,x Cylindrical ( )z,, φρ Spherical ( )φθ,,r
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ẑ

ˆ
ˆ
φ
ρ

φ
θ
ˆ
ˆ
r̂

Metric Coefficients

1
1
1

1

1
ρ

( )θsinr
r
1

Surface Elements
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