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Abstract— A phase locked loop basedsystemthat tracks
the resonancefr equency of a series RLC circuit is investi-
gated.Assuming that the RLC circuit parametersare slowly
time-varying, a linear time-invariant model that accurately
predicts the performance of the system is developed. The
results are illustrated by examples.

1. I NTRODUCTI ON

Ultrasonicmotors,piezoelectrictransducers,induction
heating loads and certain loads for power inverterscan
be modeled as a series RLC circuit [1]–[4]. In order
to maximizepower conversionef�ciency, it is necessary
to drive theseloads at their resonancefrequencies[1]–
[4]. However, due to disturbances,such as temperature
changes,load variationsand manufacturing variabilities,
the element values in these loads change.Thus, even
if these loads are driven initially at their resonance,
their resonantfrequenciesshift in time andreducepower
conversion ef�ciency. This mandatesemployment of a
control systemthat tracks the resonancefrequenciesof
suchloadsanddrivesthemaccordinglydespitevariations
in load elementvalues.

This problemhasbeeninvestigatedin literature[1]–[4]
in the context of the speci�c applicationslisted above. In
eachcase,a phaselocked loop is employed for tracking
theresonancefrequency of the load.However, no analysis
anddesignmethodsfor the resonancefrequency tracking
systemare offered. Instead,only qualitative explanations
andexperimentalresultsarepresented.

The purposeof this paper is to investigate a phase
locked loop basedsystemthat tracks the resonancefre-
quency of a seriesRLC circuit. A phaselocked loop with
a digital phasecomparatoris considered.Assumingthat
the RLC circuit parametersare slowly time-varying, a
linear time-invariant model that accuratelypredicts the
performanceof the system is developed. The results
presentedcan be used for both analysisand design of
suchsystems.

This paper is organizedas follows. In Section2, the
phaselockedloop is reviewed.In Section3, theresonance
frequency trackingsystemis introduced.In Section4, the

analysismethodis developed.In Section5, theresultsare
illustrated.In Section6, conclusionsaregiven.

2. PHASE L OCK ED L OOP

A phaselocked loop [5], [6] is a feedbacksystemthat
is composedof a phasecomparator(PC),a low-pass�lter
(LPF) anda voltagecontrolledoscillator(VCO) asshown
in Figure1. The phasecomparatorcomparesthe phaseof
the input signal vs(t) with that of the voltagecontrolled
oscillator output vo(t) and generatesthe error voltage
vp(t) that is relatedto the phasedifferencebetweenthese
signals.This errorvoltageis, then,�ltered by thelow-pass
�lter that removesthehigh frequency componentsto gen-
eratethe control voltagevf (t) for the voltagecontrolled
oscillator. This control voltage,in turn, forcesthe voltage
controlledoscillator frequency to vary in a direction that
reducesthe frequency differencebetweenthe input signal
and the voltagecontrolledoscillatoroutput.
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Figure1. Block diagramof the phaselocked loop.

In this paper, the digital phase locked loop model
shown in Figure 2 is considered.In this model, PC is
the exclusive-NOR phasecomparatorin which logic 0
and 1 levels are � V and + V , respectively, HL is the
hardlimiter with limiting levels � V , F (s) is the transfer
function of the low-pass �lter , ! 0 is the free running
angularfrequency of the voltagecontrolledoscillatorand
kw is theangularfrequency gain of thevoltagecontrolled
oscillator.

Assumingthat the input vs(t) is in the form

vs(t) = A cos[! 0t + � 1(t)] ; (1)
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Figure2. Model of the phaselocked loop.

where A is the amplitude,! 0 is the angular frequency
and � 1(t) is the instantaneousphaseof the input signal,
the signalv1(t) canbe expressedas

v1(t) = V sgn(cos[! 0t + � 1(t)]) : (2)

De�ning
_� 2(t) = k! vf (t); (3)

the signalv2(t) canbe written as

v2(t) = V sgn(cos[! 0t + � 2(t)]) : (4)

The phasecomparatorcompares� 1(t) with � 2(t) and
producesthe output

vp(t) = ' [� 1(t) � � 2(t)] + r (t); (5)

where ' [� (t)] as a function of � (t) = � 1(t) � � 2(t) is
as shown in Figure 3 and the term r (t) includes the
higher order harmonicsthat occur at 2! 0, 4! 0, and so
on. Assuming that the low-pass �lter F (s) completely
removes the high frequency term r (t), the output of the
low-pass�lter is given by

vf (t) = f (t) � ' [� 1(t) � � 2(t)] ; (6)

wheref (t) is the impulseresponseof the low-pass�lter
and � is the convolution operation. Combining equa-
tion (6) with (3), it follows that

_� 2(t) = k! f (t) � ' [� 1(t) � � 2(t)] : (7)

Note that � 1(t) � � 2(t) = � � =2 areequilibrium pointsof
this equation.
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Figure3. Phasecomparatorcharacteristic.

Equation (7) governs the dynamic operation of the
phase locked loop. Detailed analysis of this equation
includingits nonlinearbehavior andtransientresponsecan
be found in [6].

3. FREQUENCY TRACK I NG SYSTEM

Motivated by the previous discussion,the feedback
systemshown in Figure 4 is considered.In this �gure,
PLL is thephaselocked loop whosemodelis givenabove
and BF is the buffer with supply voltagelevels � U that
drives the RLC circuit. It is assumedthat the resistance
R = R(t), the inductanceL = L(t) and the capacitance
C = C(t) are slowly time-varying abouttheir respective
nominalvalues.In addition,it is assumedthat the quality
factor Q(t) =

p
L(t)=C(t)=R(t) of the RLC circuit

is suf�ciently high (greater than 10) and the capacitor
voltageis available for feedback.
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Figure4. Resonancefrequency trackingsystem.

For a given time t, it is easyto show that theresonance
frequency of the RLC circuit is

! r (t) = ! n (t)
p

1 � 2� 2(t); (8)

where ! n (t) = 1=
p

L(t)C(t) is the natural frequency
and � (t) = 1=[2Q(t)] is the dampingratio of the RLC
circuit. Since Q(t) is assumedto be very large, the
resonancefrequency ! r (t) is practically equal to the
naturalfrequency ! n (t).

Noting that the instantaneous(fundamental)frequency
of va(t) is given by

! a(t) = ! 0 + _� 2(t); (9)

the resonancefrequency trackingproblemis to designthe
phaselocked loop so that the driving frequency ! a(t)
tracks the natural frequency ! n (t), which varies slowly
due to variationsin L(t) or C(t).

4. ANALYSI S

In this section, an approximateanalysis method for
the system shown in Figure 4 is developed. For this
purpose,the frozen time approach[7]–[9] is adoptedto
the presentproblem. Since it is assumedthat the RLC
circuit parametersare slowly time-varying comparedto
the variationof its excitation, this approachis justi�ed.

For a frozentime t, letting ! n (t) = 1=
p

L(t)C(t) and
� (t) = R(t)

p
C(t)=L(t)=2, the transfer function from

va(t) to vs(t) canbe written as

H (s) =
Vs(s)
Va(s)

=
! 2

n (t)
s2 + 2� (t)! n (t)s + ! 2

n (t)
: (10)



Assumingthat vo(t) is of the form

vo(t) = V sgn(cos[! 0t + � 2(t)]) ; (11)

the driving voltageva(t) canbe expressedas

va(t) = Usgn(cos[! 0t + � 2(t)]) : (12)

Since� 2(t) in this equationis time varying, it is impossi-
ble to �nd the voltagevs(t) analytically. However, since
it is assumedthat R(t), L (t) and C(t) are slowly time-
varying, so is � 2(t). Hence,expandingva(t) into Fourier
seriesby treating� 2(t) asconstant,the voltagevs(t) can
be approximatedas

vs(t) = A(t) cos[! 0t + � 1(t)] + e(t); (13)

where A(t) = 4 U jH [j ! a(t)]j =� , � 1(t) = � 2(t) +
\ H [j ! a(t)] ande(t) includesthehigherorderharmonics
that occur at 3! a(t), 5! a(t), and so on. Since Q(t)
is assumedto be suf�ciently high, the secondterm in
equation(13) canbeneglected.Then,thesignalv1(t) can
be written approximatelyas

v1(t) = V sgn(cos[! 0t + � 1(t)]) : (14)

Thus, it follows that

� 1(t) � � 2(t) = \ H [j ! a(t)]: (15)

Usingequation(15) in equation(7) andnoting that � � �
� 1(t) � � 2(t) � 0 yield

_� 2(t) = k! f (t) � k� (\ H [j ! a(t)] + � =2) ; (16)

where k� = 2V=� is the gain of the phasecomparator.
Hence,using

\ H [j ! a(t)] + � =2 = arctan
�

! 2
n (t) � ! 2

a(t)
2� (t)! n (t)! a(t)

�
(17)

togetherwith _� 2(t) = ! a(t) � ! 0, equation(16) can be
rewritten as

! a(t) � ! 0 = k� k! f (t) � arctan
�

! 2
n (t) � ! 2

a(t)
2� (t)! n (t)! a(t)

�
: (18)

Equation(18) describesthe responseof the resonance
tracking systemapproximately. From this equation,it is
easy to see that ! a(t) asymptotically tracks any step
changein ! n (t) provided that the �lter F (s) contains
at least one integrator and the closed-loop system is
asymptoticallystable.

Although simulationshows that equation(18) charac-
terizesthe frequency tracking systemvery accurately, it
is nonlinear and time-varying, and thus, it has limited
value from a designpoint of view. Hence,this equation
is linearizedbelow to obtaina moretractablelinear time-
invariantmodel.

Let � ! n (t) = ! n (t) � ! 0 and � ! a(t) = ! a(t) � ! 0

be the deviations of ! n (t) and ! a(t) from the nominal

naturalfrequency ! 0, respectively. Then,equation(18)can
be linearizedabout! 0 as

� ! a(t) = k� k! f (t) �
1

� (t)! 0
[� ! n (t) � � ! a(t)] : (19)

Moreover, letting � 0 be the nominal value of � (t), equa-
tion (19) canbe further approximatedby the linear time-
invariantsystem

� ! a(t) = k� k! f (t) �
1

� 0! 0
[� ! n (t) � � ! a(t)] : (20)

Taking the Laplacetransformof both sidesof this equa-
tion, it follows that

�
 a(s) =
k� k!

� 0! 0
F (s) [�
 n (s) � �
 a(s)] ; (21)

where �
 n (s) and �
 a(s) are the Laplacetransforms
of � ! n (t) and � ! a(t), respectively. Thus, the transfer
function from � ! n (t) to � ! a(t) is

�
 a(s)
�
 n (s)

=
kF (s)

1 + kF (s)
; (22)

wherek = (k� k! )=(� 0! 0).
Theblock diagramdescribedby equation(22) is shown

in Figure 5. Having obtainedthis simpli�ed model, the
resonancefrequency tracking system can be designed
using standardcontrol system design methods.In the
design,the goal is to �nd the “controller” F (s) so that
the “output” � ! a(t) tracksthe “reference”� ! n (t).PSfragreplacements
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Figure5. Simpli�ed model.

It follows from equation(22) that the linearizedsystem
is stable if all the roots of the characteristicequation
1 + kF (s) = 0 have negative real parts. Under this
condition, it canbe concludedthat the original nonlinear
and time-varying systemgiven in Figure 4 is also stable
providedthat therateof variationsof R(t), L (t) andC(t)
aresuf�ciently small [7]–[9].

It shouldbepointedout thatunlike thelinearizedmodel
of the phaselocked loop in usualfrequency synchroniza-
tion application, the simpli�ed model of the resonance
frequency tracking systemdoesnot containan integrator
in the loop. Hence,in order to achieve zero steady-state
trackingerrordueto astepchangein resonancefrequency,
the �lter F (s) mustcontainat leastone integrator.

In the discussionabove, it is assumedthat the capac-
itor voltage is available for feedback.However, in some
cases,eitherthe inductorvoltageor the resistorvoltageis
more conveniently available for this purpose.The results
presentedabove canbe easilymodi�ed to thesecases.



5. EXAM PL ES

In this section,theresonancefrequency trackingsystem
and its simpli�ed model are simulatedwhen the natural
frequency of theRLC circuit undergoesa smoothstep-like
change.Thesesimulationresultsillustratetheperformance
of the frequency trackingsystemandverify the accuracy
of the proposedsimpli�ed model.

Assumethat thenominalvaluesof R(t), L (t) andC(t)
are R0 = 0:2 
 , L 0 = 0:01 H and C0 = 0:0001 F,
respectively, so that thenominalvaluesof ! n (t), � (t) and
Q(t) are ! 0 = 1000 rad/s, � 0 = 0:01 and Q0 = 50,
respectively. Moreover, assumethat V = 2:5 V so that
k� = 1:592V/radandlet k! = 200rad/s/V. Notethatwith
this choice of k! , the angular frequency of the voltage
controlledoscillatorcanvary between500and1500rad/s.
Assumefurther that R(t) = R0, L (t) = L 0 for all t,
but C(t) varies with time as C(t) = 1:000 � 10� 4 for
0 � t < 3, 9:132� 10� 5 + 0:868� 10� 5 cos[� (t � 3)=4]
for 3 � t < 7 and 8:264� 10� 5 for 7 � t so that the
naturalfrequency of the RLC circuit undergoesa smooth
step-like changeasshown in Figure6.
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Figure6. Variationof the naturalfrequency.

First, let F (s) be

F (s) =
1
s

: (23)

With this F (s), the simpli�ed systemshown in Figure 5
is stable.The simulationresultsfor the driving frequency
areshown in Figure7, wherethe top plot is for the exact
systemshown in Figure 4 and the bottom plot is for the
simpli�ed systemshown in Figure 5. Thesesimulation
resultsshow that the driving frequency tracksthe natural
frequency quitewell andtheresponseof simpli�ed system
is almostidenticalto thatof theexactsystem.In addition,
note that the steadystateerror betweenthe natural fre-
quency andthe driving frequency is zero,aspredictedby
the previous analysis.

Next, let F (s) be

F (s) =
1

s + 1
: (24)

This F (s) also stabilizesthe simpli�ed systemshown in
Figure5. Thesimulationresultsfor this caseareshown in
Figure8, whereagain the top plot is for the exact system

and the bottom plot is for the simpli�ed system.Similar
to thepreviouscase,theresponseof thesimpli�ed system
is almost identical to that of the exact system.However,
for this case,the steadystateerror betweenthe natural
frequency and the driving frequency is not zero but it is
approximatelyequalto 3:046rad/s,which is in agreement
with the previous analysis.
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Figure7. Simulationresultswith F (s) = 1=s.
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Figure8. Simulationresultswith F (s) = 1=(s + 1).

Thesesimulationresultsshow thatthedevelopedmodel
accuratelypredictsthe performanceof the resonancefre-
quency trackingsystem.



6. CONCL USI ONS

In this paper, a phaselocked loop basedsystemthat
tracks the resonancefrequency of a slowly time-varying
seriesRLC circuit is investigated.A simple linear time-
invariant model that describesthe systemis developed.
Simulation resultsshow that the developedmodel accu-
ratelypredictstheperformanceof theresonancefrequency
trackingsystem.
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