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A rapid method for calculating the nearfield pressure distribution generated by a rectangular piston
is derived for time-harmonic excitations. This rapid approach improves the numerical performance
relative to the impulse response with an equivalent integral expression that removes the numerical
singularities caused by inverse trigonometric functions. The resulting errors are demonstrated in
pressure field calculations using the time-harmonic impulse response solution for a rectangular
source 5 wavelengths wide by 7.5 wavelengths high. Simulations using this source geometry show
that the rapid method eliminates the singularities introduced by the impulse response. The results of
pressure field computations are then evaluated in terms of relative errors and computational speeds.
The results show that, when the same number of Gauss abscissas are applied to both approaches for
time-harmonic pressure field calculations, the rapid method is consistently faster than the impulse
response, and the rapid method consistently produces smaller maximum errors than the impulse
response. For specified maximum error values of 10% and 1%, the rapid method is 2.6 times faster
than the impulse response for pressure field calculations performed on a 61 by 101 point grid. The
rapid approach achieves even greater reductions in the computation time for smaller errors and
larger grids. ©2004 Acoustical Society of America.@DOI: 10.1121/1.1694991#
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I. INTRODUCTION

The impulse response approach popularized
Stepanishen1 and derived by Lockwood and Willette for
rectangular source2 provides a general method for calculatin
the nearfield of uniformly excited acoustic radiators with e
act closed-form expressions. This approach defines the
pulse response for each spatial coordinate as the respon
an impulse velocity evaluated across the surface of a vib
ing piston. The expression for the impulse response is c
volved with the time derivative of the piston velocity, and t
result describes the pressure output as a function of time.
pressure fields produced by time-harmonic excitations,
simulated field is directly proportional to the Fourier tran
form of the impulse response. Impulse response solutions
available for transducers with a wide variety of shapes,
cluding standard circular,1 rectangular,2,3 and spherical shell4

geometries. The impulse response is also applicable to s
lations of transducers with nonuniform surface excitations5,6

Unfortunately, acoustic field computations with the im
pulse response sometimes encounter numerical difficult7

These numerical problems arise in response to rapid cha
in the impulse response in regions above the edge of
piston. Numerical problems in these regions are typica
addressed with high sampling rates. By increasing the n
ber of samples and compensating for the increased frequ
content of the impulse response, the computation time
therefore also increased.

With a new rapid integral formulation, the numeric
problems with impulse response calculations are solved

a!Electronic mail: mcgough@egr.msu.edu
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uniformly excited rectangular pistons. In time-harmonic n
merical calculations, the edge artifacts are eliminated w
analytically equivalent integrals are derived and singularit
are subtracted from the equivalent integrals. The equiva
integral improves the numerical performance both in
neighborhood of the edge and throughout the nearfield.
improved performance is demonstrated in numerical calc
tions which show that the integrals with the subtracted s
gularities converge much more quickly than integrals t
evaluate the impulse response. Comparisons between t
two methods show that the impulse response produces la
numerical errors and requires more computation time. Th
the rapid formulation simultaneously reduces the compu
tion time and decreases the numerical error relative to
impulse response.

II. THEORY

The impulse response formulation for a rectangular
diator is derived from the time-domain Green’s functio
analysis presented in Lockwood and Willette,2 which defines
the steady-state acoustic field produced by a rectangula
diator for a time-harmonic excitation as

p~x,y,z;t !52 j vrvej vtH~x,y,z;k!. ~1!

In Eq. ~1!, v is the excitation frequency in radians per se
ond, r is the density of the medium,v is a constant norma
velocity evaluated at the surface of the rectangular radiatok
is the wavenumber, andH(x,y,z;k) is the Fourier transform
of the impulse response. The center of the rectangular ra
tor is the origin of the spatial coordinates (x,y,z), and the
positivez direction is defined by the normal evaluated at t
center of the rectangular source. When computed in term
115(5)/1934/8/$20.00 © 2004 Acoustical Society of America
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the wavenumberk for a rectangular radiator with lateral d
mensionss3 l , the Fourier transform of the impulse re
sponse evaluated directly above one corner is

Hs,l~z;k!52
1

2p S j p

2k
@e2 jkAz21s21 l 22e2 jkz#

2E
Az21s2

Az21s21 l 2
cos21H s

Ab22z2J e2 jkb db

2E
Az21 l 2

Az21s21 l 2
cos21H l

Ab22z2J e2 jkb db D .

~2!

After applying the change of variablest5b/c and replacing
the wavenumberk with v/c, wherec represents the speed o
sound, this expression is equivalent to that presented
Lockwood and Willette.2 In Eq. ~2!, the subscriptss and l
contain the lengths of the lateral dimensions of the rectan
lar radiator measured in thex andy directions, respectively
The notationHs,l(z;k) emphasizes that the expression in E
~2! is only valid along the normal evaluated at the corner
each rectangular subelement. Therefore, this expressio
only evaluated as a function of thez coordinate and the
wavenumberk.

At all other field coordinates, the Fourier transform
the impulse response is determined by superposition acc
ing to the approach presented in Lockwood and Willett2

The superposition approach, which is adopted here, su
vides a rectangular radiator into four smaller rectang
whenever the (x,y) coordinates of the field point fall within
the lateral (x,y) extent of a rectangular radiator that defin
the z axis in the direction of the element normal. In Fig.
the source is divided into four smaller rectangles that sha
corner at (x0 ,y0) for all points satisfyinguxu,a and uyu

FIG. 1. Definition of coordinate axes and rectangles for superposition
culations. The center of the element defines the origin~O! of the coordinate
system, and the vertices of the rectangular radiator are specified by
intersections of the linesx56a andy56b. Thez axis is coincident with
the element normal. In this coordinate system, the borders of the recta
defining the subelements required for superposition calculations are s
fied by the linesx5x0 , y5y0 , x56a, andy56b. All of these lines are
located in thez50 plane. The rectangles defined by these boundaries s
a common corner at (x0 ,y0), and the Fourier transform of the impuls
response at (x0 ,y0 ,z0) is determined by superposing the results for re
angles that share the vertex (x0 ,y0).
J. Acoust. Soc. Am., Vol. 115, No. 5, Pt. 1, May 2004
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,b, where the element half-width is defined bya and the
element half-height is defined byb. After the rectangular
source is subdivided into subelements labeled 1, 2, 3, an
the sum of the individual contributions in front of the com
mon corner point is then evaluated above the common co
of the four sources. Thus, the contributions of the four re
angular subelements are superposed and the Fourier t
form of the total impulse response is evaluated as

H~x,y,z;k!5(
i 51

4

6Hsi ,l i
~z;k!. ~3!

In Eq. ~3!, the subscripts ofs and l specify the subelemen
number as in Fig. 1. The sign of each contribution in Eq.~3!
depends on the location of the field coordinate (x,y,z) rela-
tive to the outer boundary of the source. Four contributio
are added together whereuxu,a anduyu,b, and, in general,
whenuxu.a and/oruyu.b, two contributions are added an
two more are subtracted. The exceptions to these rules o
wherever only one equality~either uxu5a or uyu5b) is sat-
isfied, in which case only two rectangular sources are su
posed. Whereuxu5a and uyu5b, the field coordinate is lo-
cated directly over a corner of the rectangular source so
~2! is applied directly.

III. METHODS

The numerical performance of the integral presented
Eq. ~2! is improved in three steps. The first improvement
obtained after equivalent integrals are derived and a sin
larity is subtracted from each integrand. The resulti
equivalent analytical expression demonstrates superior
merical properties relative to the impulse response in te
of both computation time and numerical error. The seco
improvement further reduces the computation time by iso
ing repeated calculations that are unique to the new inte
expression. Instead of evaluating the same expression re
edly, values are computed once and then stored in mem
for subsequent evaluations. The third step consolidates
tain integrals that share the same integrand and a com
upper or lower integration limit. After all of these steps a
combined, the resulting integrals are evaluated with Ga
quadrature and normalized numerical errors are compute

A. Equivalent integral formulation

When the integrals in Eq.~2! are evaluated numerically
the results are hampered by poor convergence characteri
For these two integrals, the numerical convergence is lim
by the slope of the integrand, which is dominated by t
inverse cosine term in Eq.~2!. The inverse cosine term pro
duces slopes that are particularly large in all locations wh
x'a and/ory'b. These large slopes cause considerable
ficulty when standard quadrature techniques~trapezoidal
rule, Simpson’s rule, Newton–Cotes formulas, Romberg
tegration, Gauss quadrature, etc.! are employed. The numeri
cal problems encountered by Eq.~2! motivate the derivation
of an equivalent formulation that avoids excessive slo
within the integrand.
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An equivalent integral is obtained from the first integr
in Eq. ~2! after cos21(s/Ab22z2) is replaced with
tan21(Ab22z22s2/s) and then the order of integration
exchanged as follows:

E
Az21s2

Az21s21 l 2
cos21H s

Ab22z2J e2 jkb db

5E
Az21s2

Az21s21 l 2F E
0

Ab22z22s2 s

s21s2
dsGe2 jkb db

5E
0

l F EAs21z21s2

Al 21z21s2

e2 jkb dbG s

s21s2
ds. ~4!

After the innermost integral is evaluated, the same proced
is repeated for the second integral in Eq.~2!. The two result-
ing integral expressions are then inserted into Eq.~2!, and
the result is

Hs,l~z;k!5
j

2pk S p

2
e2 jkz2sE

0

l e2 jkAz21s21s2

s21s2
ds

2 l E
0

s e2 jkAz21s21 l 2

s21 l 2
ds D . ~5!

Equation~5! is analytically equivalent to the integral expre
sion in Eq.~2!.

In Eq. ~5!, a singularity is encountered in each integra
whenevers or l approaches zero. The singularity arises if t
corresponding integrand is evaluated at or near the lo
limit. When the singularity is encountered in this locatio
the denominator becomes very small, and therefore the q
tient becomes very large. This singularity is easily elimina
when a series expansion is evaluated for the numerato
each integrand.8 The resulting term,e2 jkz, is then subtracted
from and added to the numerator of each integrand. The t
that is subtracted from each numerator is retained for
merical calculations, and the term that is added to each
merator is evaluated analytically. This yields

Hs,l~z;k!52
j

2pk S sE
0

l e2 jkAz21s21s2
2e2 jkz

s21s2
ds

1 l E
0

s e2 jkAz21s21 l 22e2 jkz

s21 l 2
ds D . ~6!

Thus, an expression that is analytically equivalent to the
pulse response is obtained, and by subtracting the singul
from the numerator of each integrand, the numerical con
tioning of each integrand is further improved.

B. Shared integrands

In the region whereuxu.a and uyu.b, superposition
dictates that contributions from two subelements are ad
and two subelements are subtracted according to Eq.~3!.
When these responses are superposed, integrals shar
common integrand are combined to improve numerical p
formance. In this region, the pairs (s1 ,l 1) and (s2 ,l 2) are
defined as the sides of the smallest and largest rectan
1936 J. Acoust. Soc. Am., Vol. 115, No. 5, Pt. 1, May 2004
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such that s15uxu2a, l 15uyu2b, s25uxu1a, and
l 25uyu1b, wherea is half of the element width andb is half
of the element height defined in Fig. 1. The Fourier tra
form is then evaluated asH(x,y,z;k)5Hs1 ,l 1

(z;k)
1Hs2 ,l 2

(z;k)2Hs1 ,l 2
(z;k)2Hs2 ,l 1

(z;k). Ordinarily, this
would require the evaluation of two integrals for each su
element, resulting in a total of eight integral evaluation
however, combining the limits for shared integrands redu
the number of integrals from eight to four. Two of the fo
integrals are evaluated froms1 to s2 , and the two remaining
integrals are evaluated froml 1 to l 2 .

Combining integrals that share integrands reduces
total number of integrals evaluated, and this in turn decrea
the computation time. The combined integrals also impro
the accuracy of the computed acoustic field, since each i
gral is evaluated over a smaller range of values as spec
by the limits. This approach is applicable whenever tw
terms share the same integrands, which occurs wh
uxu.a and/oruyu.b. If only one of these two inequalities i
satisfied, then two pairs of integrals are combined. The co
putation times and numerical errors are simultaneously
duced whenever either one or two pairs of integrals are c
bined.

C. Gauss quadrature

Each integral is evaluated numerically with Gau
quadrature.8 The Gauss quadrature rule was obtained fr
the FORTRAN routine GRULE.8 The Gauss rule compute
the abscissasgi and weightswi of the n point Gauss–
Legendre integration rule for the interval@21,1# in two it-
erations for double precision accuracy. The abscissas are
converted with a linear mapping function9 that is defined for
an arbitrary interval@u,v#. The mapping function is defined
for the abscissas as

s i5
v2u

2
gi1

v1u

2
~7!

and the Gauss weightswi are scaled by (v2u)/2. Gauss
quadrature is applied in all of the simulation results p
sented here.

D. Repeated calculations

In Eq. ~6!, the limits of integration and the denominato
of each integral are independent of thez coordinate. Further-
more, the same limits of integration are repeated in cer
integrals, and certain expressions are repeatedly evalu
within the same integral. These features of Eq.~6! are ex-
ploited for numerical calculations with careful bookkeepin
If the field coordinate system is defined parallel to the pla
wherex50 or y50 ~or both, as in the coordinate system
Fig. 1!, the terms in the numerator and denominator conta
ing s21 l 2 and/ors21s2 are computed once and then stor
in memory for calculations using subsequent values of thz
coordinate. This option is not available with the impulse
sponse, which updates the limits of integration and reco
putes the integrand with each new value ofx, y, andz. Fur-
Robert J. McGough: Rapid calculations for rectangular pistons
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thermore, the abscissas appear in Eq.~6! only as square
terms, and this is exploited by squaring the mapping funct
in Eq. ~7!, yielding

s i
25

~v2u!2

4
gi

21
v22u2

2
gi1

~v1u!2

4
. ~8!

Thus, the squared Gauss abscissasgi
2 are evaluated in ad

vance, and the values fors i
2 are then determined from th

linear combination of precomputed Gauss abscissasgi and
squared Gauss abscissasgi

2. Additional simplifications are
possible when the lower integration limit is zero, as in E
~6!, allowing the reduction of Eq.~8! to (v2/4)(gi11)2,
which is an expression that is further accelerated by prec
puting (gi11)2. Precomputed values ofgi

2 are available for
both Eq.~2! and Eq.~6!; however, in Eq.~2!, the integrand
contains both squared (b2) and unsquared~b! abscissas, and
the impulse response requires additional time to calcu
both of these terms.

E. Error calculations

The spatial distribution of numerical errors in the com
puted acoustic field is obtained after the absolute value of
difference between two beam patterns is computed and
result is normalized. This error calculation, when presen
in a mesh plot, highlights the regions where singularities
encountered. The errorh(n,z) describes the normalized dif
ference between a complex pressure field,P(x,z), and a ref-
erence beam pattern,Pref(x,z). The normalization factor is
defined here as the maximum absolute value of the refere
beam patternPref(x,z). This scalar normalization factor wa
selected to prevent division by zero and to avoid exagge
ing the error values where the field amplitudes are relativ
small. The spatially varying errorh(x,z) is thus defined as

h~x,z!5
uP~x,z!2Pref~x,z!u

maxx,zuPref~x,z!u
, ~9!

and the maximum error is then

hmax5
maxx,zuP~x,z!2Pref~x,z!u

maxx,zuPref~x,z!u
. ~10!

Thus, plots ofh(x,z) show the spatial distribution of erro
values, andhmax condenses all of the errors for each press
field calculation into a single value.

IV. RESULTS

An example of a simulated beam pattern produced b
rectangular piston is presented in Fig. 2. This rectang
piston, which has a width of 2a55l and a height of
2b57.5l, is equivalent to that simulated in Fig. 13 of Loc
wood and Willette2 with an aspect ratiob/a51.5 and half-
width a52.5l. In Fig. 2, the acoustic field is evaluated
the half-plane defined byy50 andx>0, which is located
across the middle of the rectangular piston in the height
rection and halfway across the face of the radiating pisto
the width direction.

The half-plane in Fig. 2 is obtained when Eq.~2! is
superposed with the appropriate choice of signs in Eq.~3!. In
this figure, Eq.~2! is evaluated with 200 000-point Gaus
J. Acoust. Soc. Am., Vol. 115, No. 5, Pt. 1, May 2004
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quadrature. This result is demonstrated as a reference
cause the maximum normalized error between this beam
tern and other beam patterns that are computed with a gre
number of Gauss abscissas ishmax'10215. Larger errors are
encountered if the Fourier transform of the impulse respo
in Eq. ~2! is obtained using a substantially smaller number
Gauss abscissas. When the 200 000-point Gauss quadr
results using Eq.~2! are compared with 200 000-point Gau
quadrature applied to the rapid integral expression in Eq.~6!,
the mesh plots are indistinguishable, and the value ofhmax

for each is'10215. In other words, the impulse response
Eq. ~2! and the analytically equivalent formulation in Eq.~6!
have converged to the same value at all points in space w
each integral is evaluated with 200 000-point Gauss qua
ture.

A. Spatial error distribution

Figure 3 shows the normalized differenceh(x,z) be-
tween the reference beam pattern in Fig. 2, which was c
puted with 200 000-point Gauss quadrature, and the Fou
transform of the impulse response described by Eq.~2!
evaluated with 9-point Gauss quadrature. In Fig. 3, the s
tial error distributionh(x,z) consists of a peak value nea
the edge coordinates of the rectangular source (x,z)5(a,0)
and a numerical artifact that begins near the location of
peak error value and continues out in the1z direction in-
definitely along the linex/a51. The artifact is barely notice
able on either side of the linex/a51 in the nearfield region
for calculations using fewer Gauss abscissas because th
rors that the impulse response encounters elsewhere in
field are initially very large. Once the integrand is suf
ciently sampled, the edge artifact emerges, and for thel
37.5l rectangular source geometry considered here,
edge artifact becomes evident in this nearfield grid o
when the impulse response is evaluated with nine or m
Gauss abscissas.

Figure 4 contains the normalized difference between
reference beam pattern in Fig. 2 and the results of 9-p

FIG. 2. Simulated time-harmonic pressure field for a 5l wide and 7.5l high
rectangular source. The wavelength of the acoustic excitation is represe
by l, so the element half width is 2.5l, and the aspect ratio isb/a51.5. This
simulated pressure distribution, which serves as the reference for subse
error calculations, is obtained when Eq.~2! is evaluated with 200 000-poin
Gauss quadrature for each of the subelements and then superposed a
ing to Eq.~3!.
1937Robert J. McGough: Rapid calculations for rectangular pistons
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Gauss quadrature applied to the rapid integral expressio
Eq. ~6!. Throughout the computed field, the error values
Fig. 4 are smaller than those encountered Fig. 3, sugges
that the rapid formulation converges more quickly than
impulse response. Figure 2 also shows that the rapid
proach eliminates the singularity in the impulse response
was demonstrated in Fig. 3 along the linex/a51. Although
some numerical errors remain in Fig. 4 nearz50, these are
confined to a small region next to the face of the rectang
source. The spatial error distribution in Fig. 4 is represen
tive of that obtained with four or more Gauss abscissas.
the number of Gauss abscissas increases, the error ra
decreases everywhere in the pressure grid.

B. Error values and computation times

Figures 5 and 6 contain a summary of the errors ca
lated and times measured when results using the imp
response in Eq.~2! and the rapid formulation in Eq.~6! are
evaluated numerically. In Figs. 5 and 6, the errors and
times are evaluated as the number of Gauss abscissa
creases from 1 to 200. The computations are performed
an 800 MHz Intel Pentium III personal computer running t
Red Hat Linux operating system version 7.1. On this co
puter, all simulations are run sequentially with the intent
maintaining similar load conditions for outside process
Each simulation is written in the C programming langua
All simulation routines, including those involving Eq.~2!,
apply every available numerical acceleration technique.

Figure 5 demonstrates that the peak errors obtained f
the rapid integral expression in Eq.~6! are consistently
smaller than those computed using the impulse respons
Eq. ~2!. In Fig. 5, the reference beam is again defined in F
2 as the result of 200 000-point Gauss quadrature applie
Eq. ~2! and the maximum error is computed with Eq.~10!.
Figure 5 shows that the impulse response converges slo

FIG. 3. Normalized difference between the reference beam pattern in F
and the results of 9-point Gauss quadrature applied to the impulse resp
calculation in Eq.~2!. A peak error value of 2.431022 is indicated at the
edge of the rectangular source. A numerical artifact, located on both sid
the line x/a51, also extends across the mesh. If the number of Ga
abscissas is increased, the peak error in the neighborhood ofz50 disap-
pears, but the remaining errors on either side of the linex/a51 are only
diminished slightly. The remaining errors that start near each edge o
source and continue outward in the1z direction beyond the far edge of th
mesh are produced by the inverse cosine terms in the impulse respon
1938 J. Acoust. Soc. Am., Vol. 115, No. 5, Pt. 1, May 2004
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at first, then accelerates over a short range until the singu
ity near the linex/a51 is encountered. The impulse re
sponse again converges slowly once the singularity is
served. Figure 5 also demonstrates that the rapid formula
in Eq. ~6! achieves a consistent reduction in the error as
number of Gauss abscissas increases and that no singu
is present along the linex/a51.

Figure 6 shows that the computation time is linea
proportional to the number of Gauss abscissas. Figure 6
dicates that, for a 61 by 101 point rectilinear grid layout a
a 5l wide by 7.5l wide rectangular source, the computatio
time required for calculations using the rapid integral form
lation in Eq. ~6! is only half that required for the impuls
response. This comparison, which is evaluated indepen
of the respective maximum error values, only considers
time required to evaluate each expression for a certain n
ber of Gauss abscissas applied to this grid and source ge
etry.

If these computation time comparisons are normaliz
with respect to the peak error values, the rapid formulat
demonstrates even better performance. For example,
rapid integral method of Eq.~6! first achieves a peak erro
value below 10% with six Gauss abscissas, and the imp
response in Eq.~2! first reaches a peak error less than 10
with nine Gauss abscissas. After the computation time for
rapid method using six Gauss abscissas is divided into
computation time for the impulse response using nine Ga
abscissas, the result indicates that the rapid approach is
times faster than the impulse response for an error va
target of 10%. Likewise, the peak error calculated for t
impulse response drops below 1% with ten Gauss abscis
and the peak error for the rapid method falls below the sa
peak error target with eight Gauss abscissas. This yield
ratio of computation times equal to 2.6, so the rapid a
proach is 2.6 times faster for a desired peak error of 1%
peak error value of 0.1% is reached when 25 Gauss absc

FIG. 4. Normalized difference between the reference beam pattern in F
and the results of 9-point Gauss quadrature applied to the rapid formula
in Eq. ~6!. At the edge of the rectangular source, the peak error value rea
5.031023, which is smaller than the error computed with the same num
of Gauss abscissas demonstrated in Fig. 3 for the impulse response. Fu
more, the numerical artifact on both sides of the linex/a51 in Fig. 3 is
eliminated by subtracting the singularity in Eq.~6!. As the number of Gauss
abscissas is increased, the computed error values throughout the fiel
rapidly reduced.

. 2
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are applied to the impulse response, and this same err
achieved when only 14 Gauss abscissas are applied to
rapid method. The quotient of the two run times is ag
evaluated, and the result indicates that the rapid approa
3.6 times faster for a peak error of 0.1%. The computat
times and peak errors are functions of the source and
geometry, so some variations in these values are expecte
the input parameters change.

V. DISCUSSION

A. Computation times

Although the overall structure of the routines tested
Eqs. ~2! and ~6! was generally the same, certain features
the integrals in Eq.~6! are responsible for the shorter ru
times achieved by the rapid formulation for the same num
of Gauss abscissas. This result is demonstrated in Fig. 6.
impulse response Eq.~2! contains an inverse trigonometr
function, and evaluating the inverse cosine term in Eq.~2!
requires more computation time than division by a seco
order polynomial in Eq.~6!. Other inverse trigonometric
functions such as inverse sine and inverse tangent are
slower than division by a second-order polynomial. If any
these inverse trigonometric functions are applied to pres
calculations using the impulse response approach, then
rapid method is consistently faster, even if the pressur
only evaluated at a single point.

After each integral sharing an appropriate common in
grand is combined for Eqs.~2! and ~6!, a reduction in the
computation time is achieved for both methods. Addition
reductions in the computation time are realized for the ra
method when the shared terms in Eq.~6! are exploited. The
expressionss21s2 ands21 l 2 appear twice in Eq.~6!, but
each is only evaluated once and then stored in memory
subsequent calculations. The values ofs and l remain un-
changed as the computational grid is traversed in the1z
direction for a constant value of (x,y), and this allows the

FIG. 5. Comparison of the maximum normalized errorshmax obtained from
the rapid approach~solid line! and the impulse response~dashed line! as a
function of the number of Gauss abscissas. This figure shows that, fo
source and grid geometry evaluated here, the maximum errorhmax com-
puted with the rapid approach is consistently smaller than that obtained
the impulse response. With the rapid formulation in Eq.~6!, the computed
errors at individual grid locations are also typically smaller than those
culated with the impulse response.
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repeated use of the stored values fors21s2 ands21 l 2. The
value ofe2 jkz is also computed once for each value ofz in
the computational grid and then stored. When the co
spondingz value is encountered in the evaluation of Eq.~6!,
the stored value fore2 jkz is inserted. Individually, each ste
reduces the computation time somewhat, but by combin
all of these steps, the rapid method achieves a signific
overall time savings.

For both the impulse response and the rapid method,
Gauss weights and abscissas are calculated in advance
stored in a file. These are the only values that remain
changed as the grid and source geometries are varied,
these are the only values that are common to both pres
field calculation methods. These values are loaded prio
each calculation, so the time required to calculate the Ga
parameters is not included in Fig. 6. However, the Ga
weights and abscissas are the only values that are calcu
in advance. After the complete mesh of pressure field val
is calculated for a certain number of Gauss abscissas
values in memory are cleared, and the next calculation st
from scratch. Therefore, each time value shown in Fig
includes the time required for a complete pressure field
culation along with all of the associated overhead. In ot
words, by clearing memory after each pressure field mes
calculated, each time value shown in Fig. 6 for a cert
number of Gauss abscissas represents the computation
that is required for a entire mesh of pressure field val
calculated from start to finish.

Although the rapid method reduces the computat
time by factors of 2.6, 2.6, and 3.6 relative to the impu
response for 10%, 1%, and 0.1% peak errors, respectiv
this result is specific to the grid and source geometry sho
in Figs. 1 and 2. Other grid and source geometries can ei
reduce or increase the relative computation time. A sma
decrease in the computation time is expected for redu
grid sizes, whereas the rapid method is significantly fas
when applied to larger three-dimensional~3D! grids. A larger

he

ith

l-

FIG. 6. Comparison of measured computation times required for sim
tions of a 5l37.5l rectangular source using results obtained from the i
pulse response in Eq.~2!, indicated with a dashed line, and the rapid fo
mulation Eq.~6!, indicated with a solid line, as a function of the number
Gauss abscissas. This result, along with the result of Fig. 5, shows tha
rapid formulation in Eq.~6! simultaneously reduces the errors and the r
times relative to those obtained with the impulse response.
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grid enables more shared calculations, and this in turn
duces the computation time required for the rapid metho

Computations of pressure fields on very large 3D gr
are commonly performed in simulation studies of ultrasou
phased arrays designed for thermal therapy. These ultras
phased arrays consist of hundreds or thousands of inde
dent elements, and the computed 3D pressure grid can r
hundreds of wavelengths on each side. Computations of
pressure fields generated by ultrasound therapy arrays
clude a substantial nearfield component. These calculat
are also very time-intensive. Simulations of thermal thera
arrays and other large phased array systems will ben
greatly from the fast computation times and small numer
errors achieved by the rapid pressure field calculat
method in Eq.~6!.

B. Numerical errors

The numerical errors in Figs. 3–5 are caused by
aliasing or undersampling of each integrand. The prim
source of aliasing in pressure field calculations using the
pulse response is the inverse cosine function in Eq.~2!. The
inverse cosine term produces slopes that are particu
large wherex/a'1 and/or y/b'1, and, in these regions
finite sampling rates amplify aliasing problems caused by
impulse response. The inverse tangent function encoun
the same aliasing problems in these regions. In fact, the
rors shown in Fig. 3 are produced by every pressure fi
calculation formula that uses inverse trigonometric functio
Along the linex/a51 in the y50 plane, the numerical er
rors are particularly severe in Fig. 3. As indicated by t
result in Fig. 3, large slopes even cause numerical probl
for Gauss quadrature, which provides additional samp
near the upper and lower limits of integration. In the tw
dimensional result shown in Fig. 3, the numerical errors p
duced by the impulse response are concentrated along a
tangent to the edge of the rectangular source, and in t
dimensions, these errors are adjacent to the planes tange
the edge of the source. The tangents to the four edges o
rectangular source are defined byx56a andy56b in the
coordinate system described in Fig. 1, so the errors produ
by the impulse response are found immediately adjacen
these four planes. In two-dimensional pressure fields, the
rors are observed along lines as demonstrated in Fig. 3.

Equation ~6! eliminates these errors by subtracting
term from the numerator of each integrand, therefore avo
ing problems that are otherwise encountered when each
nominator grows small. Thus, the singularity disappears a
thee2 jkz term is subtracted in Eq.~6!. The numerical error in
Eq. ~6! is generally dominated by the frequency compone

in the complex exponential terme2 jkAz21s21s2
in the inte-

grand. If this complex exponential term is adequat
sampled, then aliasing problems are avoided, and the
merical solution to Eq.~6! converges quickly as demon
strated in Fig. 5. A similar complex exponential terme2 jkb

in Eq. ~2! also influences the convergence of the impu
response. If thee2 jkb term is adequately sampled, aliasin
problems are reduced in most locations away from the lin
x/a51 ~or in 3D calculations, the planesx56a and
1940 J. Acoust. Soc. Am., Vol. 115, No. 5, Pt. 1, May 2004
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y56b). Nearx/a51, the impulse response requires a su
stantial number of additional samples to reduce the effect
aliasing introduced by the cos21 term in Eq.~2!.

These results suggest that the rapid method is be
suited for calculations of the time-harmonic pressure fi
produced by a rectangular source than the impulse respo
Results obtained with Eq.~2! occasionally achieve a smalle
maximum error for the same number of Gauss abscissas
limited number of locations for some restricted combinatio
of source and grid geometries; however, Eq.~6! produces
significantly smaller errors in the vast majority of acous
field calculations. Furthermore, computation times are c
sistently shorter with the rapid approach. Whenever the m
sured computation times are compared for the same m
mum error, the rapid method is consistently faster than
impulse response.

C. Circular sources

Similar solutions for the time-harmonic fields generat
by a circular piston are presented by Archer-Hallet al.10 and
Hutchinset al.11 The solution in Ref. 10 applies a cylindrica
coordinate system with a movable origin1 to the solution of
the Kirchhoff integral. These manipulations convert a dou
integral into a simplified single integral, and the resulti
expression is similar to Eq.~6!. The solution presented b
Hutchinset al.10 begins by deriving the velocity potential fo
a circular piston driven by a time-harmonic excitation. T
velocity potential is expressed as a double integral cont
ing Bessel functions, and this result is simplified using Ha
kel transform tables. When the best features of the Arch
Hall et al.10 and Hutchinset al.11 solutions are combined,12

the resulting single integral expression is similar to Eq.~6!.

D. Other integration techniques

Gauss quadrature,9 when applied to the integrals pre
sented herein, consistently produces more accurate resu
less time than other standard integration procedures, inc
ing the trapezoidal rule, Simpson’s rule, and Newton–Co
rules. These integration techniques were tested extensi
on Eqs. ~2! and ~6! for a fixed number of abscissas, an
Gauss quadrature was retained after superior numerica
curacy was clearly established for these two integral form
lations. Similar tests were also performed with an adapt
Romberg integration scheme, and the adaptive scheme fa
to consistently converge within the specified tolerance, es
cially when applied to Eq.~2!. Thus, Gauss quadrature is th
preferred numerical integration scheme for Eqs.~2! and ~6!.

E. Future work

Further numerical improvements are still possible
time-harmonic simulations of the nearfield pressure p
duced by a rectangular piston. Future studies will inclu
considerations of spatial sampling,13–15 which changes the
number of abscissas required as a function of the piston
ometry and the field coordinates. If the number of Gau
abscissas is allowed to vary spatially in a scheme that m
tains sufficient sampling rates for each integrand, then
computation time will be reduced while the computed pr
Robert J. McGough: Rapid calculations for rectangular pistons
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sure fields maintain a specified maximum error. This
achieved with a grid sectoring scheme for circular piston12

and similar results are expected for rectangular sources.

VI. CONCLUSION

Numerical singularities in the impulse response w
identified and eliminated for a time-harmonic excitation a
plied to a rectangular source. These singularities, which e
nate from the edges of a rectangular source, result from
large slopes produced by the inverse trigonometric functi
in the impulse response. The numerical problems cause
these singularities are removed by substituting equivalen
tegral expressions and exchanging the order of integratio
each. Further improvements are achieved by subtracting
singularity from each integrand, by exploiting repeated
pressions, and by combining integrals which share in
grands and a single common limit. The resulting expressi
are evaluated with Gauss quadrature. The results show
the rapid approach in Eq.~6!, when evaluated numerically
consistently outperforms the impulse response in Eq.~2! in
terms of both computation time and numerical error. In c
culations of the pressure field produced by the 5l 3 7.5l
rectangular source shown in Fig. 2, the rapid approach is
times faster than the impulse response for maximum sp
fied errors of 10% and 1%. Even greater reductions in
computation time are achieved by the rapid approach rela
to the impulse response as the maximum specified erro
reduced and as the size of the computational grid is
creased.
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