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Abstract

Proper orthogonal decomposition (POD) is applied for examining modal activity. The
extraction of proper orthogonal modal coordinates (POCs) is outlined, and their relation to
proper orthogonal values (POVs) is noted. A criterion for determining modal activity based
on POVs above the noise floor, drawn from singular system analysis, is proposed for POD.
The ideas are illustrated on a cantilevered beam experiment. The displacement ensembles are
obtained by processing six strain measurements. Coherent proper orthogonal modes (POMs)
and POVs above the noise floor together confirm that six active modes are detected in the
system. The distribution of modal components in POCs is discussed. The characteristics of
the POMs, POVs and POCs are then examined in the presence of added noise.

1. INTRODUCTION

This paper is about the application of proper orthogonal decomposition (POD) for obtain-
ing information about the active or significant states of a vibration system.

Proper orthogonal decomposition, also known as Karhunen-Loéve decomposition and prin-
cipal component analysis, is a statistical method of finding optimal distributions of energy
from a set of measurement histories. POD has become a standard tool in turbulence studies
since being applied by Lumley [1]. POD provides a measure of spatial coherence [1, 2, 3],
and can be used to estimate the active dimension of a dynamical system [3, 4]. It is used to
produce empirical modes for modal reduction of nonlinear systems [5, 6, 7, 8, 9, 10], and can
aid in system identification [11, 12] and in some cases modal analysis [13, 14].

POD is a statistical method applied to the correlation matrix derived from a set of mea-
surement histories. POD results in a set of proper orthogonal modes (POMs) and proper
orthogonal values (POVs). POMs are the optimal distributions of signal power, and POVs
indicate the amount of signal power associated with corresponding POMs. Proper orthogonal
modal coordinates (POCs) can be defined by using POMs as basis functions. As such, the
POVs turn out to be the mean squared values of the corresponding POCs, and the POVs can
thus be used to gage the significance of activity associated with the corresponding POMs.

Using the POVs, the POMs can be ranked in descending order of signal power. The
cumulative power then is the truncated sum of the POVs. It has been customary to say that
the number of significant, or active, modes are those of largest power that contain, say, 99%
or 99.9% of the total signal power [1, 4, 3, 8, 15]. This is a prescribed criterion. The chosen
number varies with the problem at hand and the insight of the researcher.



In this paper, we explore the usage of POCs to assess modal activity. We also discuss the
use of the POVs that are above the noise level as indicators of modal significance or activity.

Next, we review the application of POD toward the extraction of modal activity. We follow
the discussion with the application of POD to an experimental beam.

2. POD AND MODAL ACTIVITY

In this section, we describe more details about the POD process, as will be applied in this
work. We will borrow a criterion for the significance of modal activity from a similar tool,
singular system analysis, which will therefore also be summarized.

2.1. Proper Orthogonal Decomposition

Application of POD to structures typically requires sensed dynamical quantities at M
locations within the system. For this discussion, these quantities are taken to be displace-
ments z1(t), z2(t),...,zm(t), although other states can be used [16, 17]. When the dis-
placements are sampled N times, we can form displacement-history arrays, such that x; =
(z;(t1), zi(ta),- -+, zi(tn))T, for i = 1,2,..., M. (The means are sometimes subtracted from
the displacement histories.) In performing the proper orthogonal decomposition, these dis-
placement histories are used to form an N X M ensemble matrix,

X = [Xl,XQ,---,XM].

Each row of X represents a point in the measurement space at a particular instant in time.
The M x M correlation matrix R = %XTX is then formed. Since R is real and symmetric,
its eigenvectors are orthogonal. The eigenvectors v of R are the proper orthogonal modes, and
the eigenvalues A are the proper orthogonal values.

The POMs are the principal axes of inertia of the data in the measurement space, and
the POVs indicate the mean squared values of the data in the directions of the corresponding
POMs [13]. Equivalently, POVs indicate the signal power associated with the corresponding
POMs [1, 4].

The dynamics can be decomposed into modal coordinates by using the POMs as basis func-
tions. To this end, we define a proper orthogonal modal matrix V = [vy - -- vas]. We can define
modal coordinates q(t) with elements ¢;(t), i = 1,..., M, such that x(t) = >, ¢;(t)vi = Va.
As such, the ensemble matrix is X = V7' Q, where Q is an ensemble of proper modal coordi-
nates (POCs). Thus,

Q = [ql,an"'aqM],

where q; = (gi(t1),q(t2), -, q(tn))T, for i = 1,..., M, are individual modal coordinate
histories. If V is normalized, then VIV = I because of orthonormality. Thus, we can extract
the POC histories ¢;(¢) from the original ensemble X via Q = VX. Each modal coordinate
represents the dynamics in the axis of a corresponding POM. The mean squared value of this
modal coordinate is the associated POV.

We have noted that the POMs are optimal distributions of energy, derived from a statis-
tical method. If the POM accurately depicts a normal mode of the system, then it might be



expected that the associated POC will be dominated by dynamics of the associated normal
mode. Indeed, in linear systems with uniform mass distributions (or made so by a coordi-
nate transformation), POMs converge to LNMs [13], approximately in the case of continuous
systems [14].

If the POMs are identical to the LNMs, then the POCs ¢;(¢) and the true linear normal
modal coordinates 7;(t) are identical. Suppose the POMs differ from the LNMs, ¢;, such that
v; = ¢; + €;. Then x(t) = Vq(t) = [¢1 + €1,¢2 + €2, -+, dp + €ar]q. By orthogonality of the
POMs, q(t) = VT'x(t), whence

qi(t) = ¢ x(t) + & x(t) = n:(t) + & x(t), (1)

that is if the mass distribution is uniform such that ¢zT¢j = 0;5. The error vector ¢; can be writ-
ten in terms of linear normal modes by using the expansion theorem [20]: ¢; = ijvil’#i djp;.
Hence,

M
G(t) =mit)+ Y djn(t). (2)
=1

Thus the proper orthogonal modal coordinate g¢;(t) is polluted by other normal modal
coordinates depending on the deviation of the POM v; from the LNM ¢;, as well as the
relative strengths of linear normal modal components 7;(t). Small deviations d; lead to small
impurities in g;(t), while large modal coordinate dynamics 7); increase the impurity of ¢;(¢).

If the POMs do not represent the LNMs (e.g. if the mass distribution is not uniform
[14, 13]), we cannot make a this clear connection between ¢;(¢) and 7;(t).

2.2. A Criterion for Modal Significance

We will be looking at the POVs, which are the mean squared values of POCs, and also the
POCs themselves, to extract information about modal activity. We will explore a POV-based
criterion for dynamical significance based on determining the number of POVs that are above
the noise floor. The idea here is that POVs above the noise floor represent mean squared
proper orthogonal modal dynamics that have a meaningful deterministic contribution. This
criterion draws off of an idea formerly applied to a similar data processing tool, singular system
analysis (SSA), which was proposed for putting bounds on the number of active state variables
from a single observable [18]. Subsequent studies had shown that conclusions drawn about
state activities by using SSA can be erroneous. We argue that the reason for this does not
apply to POD.

The application of singular system analysis as presented by Broomhead and King [18]
occurs not on an ensemble of distinct measurements, rather on an ensemble of delays of a single
sampled observable, y(t;), where ¢; are time samples. A phase-space delay reconstruction [21,
22| is performed by forming vectors s; = (y(t;), y(tj+%),--- ,y(tj+(E_1)k))T, forj=1,2,...,N,
in the E-dimensional delay space, where the delay k and the dimension E are chosen according
to standard methods [23]. The ensemble matrix is then S = [s1,ss,...,sy]?. From this, the
autocorrelation matrix is then R = %STS. R has eigenvectors and eigenvalues, which are the
singular vectors and squared singular values of S. Again, the eigenvectors are the the principal



axes of inertia of the data in the delay space, and the eigenvalues are the mean squared values
of the delay vectors in the directions of the eigenvectors.

The idea proposed originally [18] was to estimate E, and hence the number of delay coor-
dinates needed to describe the data, by first choosing a reconstruction dimension larger than
E, and finding the singular values above the noise level. The argument was that the ellipsoid
of inertia has only as many significant axes as there are meaningful independent coordinates,
which, in the case of phase-space delay reconstructions, are delays of a single observable. The
number of significant axes would provide an estimate of E based on statistics, rather than
geometry (i.e. not based on whether trajectories cross). As it turns out, in the scenario of the
delay reconstruction, in which the columns of S come from delays of the same sampled con-
tinuous waveform, an S matrix of arbitrary size can have full rank, and so this criterion does
not lead to an estimate of the number of independent delay coordinates needed to describe the
data [24, 25, 26, 27].

However, in the POD, the columns of X come from distinct, and potentially independent,
measurements. This is significantly different than SSA. If the various measurements are linearly
dependent, we would expect the the rank of X to be low. So if a system response occurs in
few modes, and a greater number of measurements are taken to build the ensemble matrix X,
we would expect X to have a low rank. For example, suppose a beam vibrates in one mode,
but is measured at several locations. The rank of X would be one.

With this in mind, we report findings from an experimental beam.

3. EXPERIMENTS WITH A LINEAR BEAM

3.1. Apparatus and Displacement Measurement

These experiments with a linear beam were originally conducted to test the applicability of
POD as a linear modal analysis tool [28]. A cantilevered steel beam of 0.394 m length, 0.012 m
width, and 0.00079 m thickness was fixed at one end in a steel clamp. The natural frequencies
were found to be 4.5, 27.2, 75.5, 147, 243, and 365 Hz. The theoretical modal frequencies of
the Euler-beam model were 4.5, 28.4, 79.4, 156, 257, and 384 Hz.

Six strain-gage pairs were placed along the beam to sense bending strains. The locations
of the strain-gage pairs were z; = 5.27 x 1072 m, x5 = 0.0543 m, z3 = 0.1033 m, x4 = 0.1523
m, 5 = 0.2013 m, and zg = 0.2503 m, measured from the clamped end. The strain gages were
biased toward the clamp for strain sensitivity, while the desired displacement locations are to
be equally spaced from clamp to tip, to satisfy a condition for the approximation of LNMs by
POMs [14].

The strains were converted into displacement estimates in the following way. The bending
strain in a symmetric beam at a location z; is related to the transverse deflection y(z,t) by

2y(z
e(zi,t) = c[%]x = 1, (3)



where c is half of the thickness of the beam. If we approximate
M
y(@,t) =Y pj(x)u;(2), (4)
=1

where ¢;(z) are basis functions that satisfy the geometric boundary conditions, and u;(t) are
generalized coordinates. Evaluating y(z,t) at M distinct locations zx, we can write

y = ®u, (5)

where yj, = y(z,t) are elements of the M-vector y, ¢rj = ¢j(xy) are the elements of M x M
matrix ®, zj, are the desired displacement locations, and u;(t) are the elements of M-vector
u.

Using equations (3) and (4), and evaluating at M strain-gage locations z;, the vector of
measured strains are related to modal coordinates by

€ = cPu, (6)

2.
where the measured strains ¢; = €(z;) are the elements of €, and v;; = %éi)u:zi are the

elements of M x M matrix ¥. As such, the generalized coordinates u can be expressed as
1
u=-¥le (7)
c

Matrix ¥ is invertible as long as the second derivatives of the linearly independent basis
functions remain independent.

Our goal is to take M strains at measured locations on the beam, and estimate M displace-
ments at some other locations z1,...,z;;. Thus the M x M matrix ¥ is constructed based
on the M actual strain-gage positions and M basis functions, and the M x M matrix ® is
built based on the M basis functions evaluated at M desired displacement locations. The basis
functions chosen were the theoretical normal modes of a cantilevered Euler beam. (While it
may seem silly to perform POD when the theoretical modes are known, our purpose is not to
identify modes but to illustrate the role of POCs.) The resulting vector of displacements is

1
y:zémﬂa (8)

In this study, M = 6 and M = 20. Therefore, we have 20 displacement histories (approx-
imated via modal truncation) which are linearly dependent. There are at most six indepen-
dent displacements, which can produce only six meaningful modes. The motivation for using
M > M is to “improve” the spatial resolution for modal analysis [28], knowing of course
that the resolution is not truly improved, rather the displacements are interpolated across the
beam, using the functions ¢;(z) as a basis for the interpolation.

3.2. POMs and POVs of the Beam

The beam was excited with a simple impulse, and the ensuing free vibration was moni-
tored. The six strain histories were simultaneously sampled and, due to nuances in the data
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Figure 1: The logarithms of the POVs.

acquisition system, recorded in 0.2 second windows which were then concatenated. These
strain histories were later post processed according to the above development to produce 20
redundant displacement histories. A total of 800 samples were recorded. As such, the ensemble
matrix X was 800 by 20. The correlation matrix R was formed, and the POMs and POVs
were extracted.

The POVs are plotted in a logarithmic scale in Figure 1. We know a priori that there are
a maximum of six independent modes. Everything beyond six is spurious. This is brought out
in the logarithmic plots. The first six POVs are distinct from the spurious set. The spurious
POVs are not clearly distinguishable and can be considered as noise. This suggests that there
could be six meaningful modes detected in the system response.

If \; are the POVs, and A is their sum, then in this example A; /A = 0.9928, (A; + A2) /A =
0.999954, and (A1 + A2 + A3)/A = 0.9999991.

Figure 2 shows the first eight POMs plotted with circles. The first six are representative,
at least qualitatively, of the first six linear normal modes of a cantilevered Euler beam, which
are plotted with solid lines. The deviation could arise in the spatial resolution of the sensors,
the choice of basis functions, or in the deviation of the beam from an ideal cantilevered beam.
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Figure 2: The first 8 POMs ordered by descending POVs. The circles indicate the POMs, and the
solid lines show the theoretical normal modes.

The clamp is likely to be non ideal. The next two modes (and indeed the next 12 modes) are
not coherent. The structure of the modes, while preserving the clamped boundary condition,
is noisy, as the modes are generated from the noise level of the system. None of the theoretical
normal modes clearly resemble the seventh and eighth POMs. The conclusion drawn from the
POMs is that there are six modes captured in the system response, the maximum we expected.
Thus, the POMs and POVs point to the same conclusion.

This example is special because of the clear delineation between deterministic and ran-
dom modal information, and is therefore illustrative. It is not a contrived example, as the
experiment was developed purposefully for modal analysis, and it involves the real situation
of having a limited number of sensors.

More typically, there might be enough independent sensors for the POVs to descend into the
noise level. To examine this scenario, we added random noise post partum to the displacement
data. The POD was then performed. Under such conditions, the logarithms of the POVs had
the form of those plotted in Figure 3. There were clearly three POVs above the noise floor. The
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Figure 3: The logarithms of the POVs. Random noise has been added to the displacement signals.

POVs are such that A\; /A = 0.9927, (A1 +X2)/A = 0.99983, and (A1 +A2+A3)/A = 0.99989. The
first six associated POMs are shown in Figure 4. The first three POMs were well representative
of the first three linear normal modes. The subsequent POMs have no correlation with linear
normal modes, and do not represent deterministic dynamical properties. As such, three modes
are identifiable, consistent with three POVs above the noise floor.

If we consider the percent power criterion, what result would we have? In each case,
undoctored and random noise added, according to the 99% criterion, we have one significant
mode. According to the 99.9% and 99.99% criteria, we have two and three significant modes
(barely four modes in the noisy data). The result is different from the noise level criterion. But
the percent power criterion is a prescription, and it holds meaning toward the determination of
the number of significant dominant modes. Indeed, this system, if modeled for its large-scale
behavior, might aptly be described by one to three modes, depending on what is needed out
of the model.

3.3. Proper Orthogonal Coordinates
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Figure 4: The first 6 POMs ordered by descending POVs for the case with added random noise.
The circles indicate the POMs, and the solid lines show the theoretical normal modes.
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Figure 5: The proper modal coordinate histories for the first eight proper orthogonal modes.

Since our data contains 0.2 s windows of continuous sampling, we look at proper orthogonal
modal coordinates q;(t) from Q = VX during a single continuous window, in this case the
second 0.2 s of the response.

For the noise-free case the POCs are plotted in Figure 5. The visual impression is that
the first six modal coordinate histories are distinct, and that the last two, which are spurious,
give no new information in their dynamics. The first two modes seem to be dominated by
harmonic components of distinct frequencies.

The fast Fourier transforms of these signals are shown in Figure 6. The first two modes are
cleanly dominated by the first two modal frequencies of the beam. The third mode already
has a stronger component from the second linear normal mode than from the third linear
normal mode, judging by the frequency content. This happens because the third POM is not
identical to the third LNM. Looking at the close comparison with theoretical modes in Figure
2, it may be a surprise that the third POC is dominated by the second modal frequency. It
means that the contribution of the second normal mode in the third POC, that is dg?’)ng(t),

where dg?’) represents the component of the second linear normal in the third POM, is stronger

10
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Figure 6: The Fourier transforms of the proper modal coordinate histories ¢;(t) for the first eight
proper orthogonal modes.

than the third normal modal coordinate 73(¢). However, the modal power distribution, i.e.
the POVs, suggest that the third frequency pales in comparison to lower modal frequencies.
At a glance, the fourth POC does not seem to introduce meaningful information about modal
frequencies, while the fifth does, and the sixth again does not. (But this could be a matter
of the vertical-axis scale.) It is likely that the six modal frequencies are present, since the
six modes were well represented, but that the fifth and sixth frequency components are very
small compared to the others. (If we had a longer continuous time record available, we might
get more insight from the improved frequency resolution.) In this system, the POMs deviate
slightly from the LNMs, and the normal modal components shuffle into the POCs according
to equation (2).

The proper orthogonal modal coordinate histories were also examined in the noise-contaminated
case. Figure 7 portrays the first four modal histories, which can be compared to the first four
modal histories in the noise-free case, in Figure 5. The first two POCs have a clean representa-
tion of the respective modal dynamics. The third modal coordinate resembles a noisy version

11
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Figure 7: The proper modal coordinate histories for the first four proper orthogonal modes. In this
case there is noise added to the displacement data.

of the noise-free case. The fourth, and the higher modal coordinates not shown, are mainly
noise.

The FFTs of these modal signals are shown in Figure 8. The first three show frequency
content consistent with the noise-free case. The fourth, and subsequent modal coordinates
(not shown), are noisy of similar magnitudes.

Consequently, both the POMs and POVs led to the conclusion that three modes were
detectable in the noise-contaminated case.

4. CONCLUSION

In applying POD as a tool for obtaining information about deterministic dynamics, we
have looked at two criteria for finding the number of active states or modes. The conventional
idea used in structural dynamics is to set a threshold criterion on the signal power, such that
modes that account for power up to the threshold are considered significant or meaningful.
The threshold is a prescription. Another criterion, investigated here, is to seek signal power
above the noise floor.

The noise-floor criterion was applied to the free response of a linear beam. Although
some of the modes had very small signal power percentage, the modes represented features of
deterministic dynamics. Because of the limited number of sensors, the problem turned out to
be clear-cut in the number of detectable modes. However, it provided a useful illustration of
the basic ideas employed in the noise-floor criterion. We added noise to the data and found
that the noise-floor criterion was useful in determining active modes. Modes that were active

12
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Figure 8: The Fourier transforms of the noise-contaminated proper modal coordinate histories g;(%)
for the first four proper orthogonal modes.

below the noise level were not recovered.

The intention of this work is not to favor one criterion over another. The percent threshold
criterion is likely to be important in low-order modeling, while the noise-floor criterion may
be useful in seeking thorough modal information.

Proper orthogonal modal coordinates can be used to separate the dynamics associated
with each POM. In linear systems, if the POMs accurately portray the LNMs (conditions have
been provided [14, 13]), the POCs can bring out modal frequencies, and presumably damping
factors. Deviation of the POMs from the LNMs pollutes the modal purity of the POC time
histories.

5. ACKNOWLEDGEMENTS

The author is grateful of the support of the National Science Foundation (CMS-9624347),
and for the use of data and code generated by M. S. Riaz for the modal analysis study [28].

6. *

References

[1] J. L. Lumley 1967 Atmospheric Turbulence and Radio Wave Propagation, A. M Yaglom
and V. I. Tatarski, eds., Nauka, Moscow, 166-178. The structure of inhomogeneous tur-
bulent flow.

13



2]

[10]

[11]

[12]

[13]
[14]
[15]

[16]

J. P. Cusumano and B.-Y. Bai 1993 Chaos, Solitons, and Fractals 3 (5) 515-535. Period-
infinity periodic motions, chaos, and spatial coherence in a 10 degree of freedom impact
oscillator.

J. P. Cusumano, M. T. Sharkady, and B. W. Kimble 1993 Aerospace Structures: Nonlinear
Dynamics and System Response, ASME AD-Vol. 33, 13-22. Spatial coherence measure-
ments of a chaotic flexible-beam impact oscillator.

G. Berkooz, P. Holmes, and J. L. Lumley 1993 Annual Review of Fluid Mechanics 25
539-575. The proper orthogonal decomposition in the analysis of turbulent flows.

P. FitzSimons, and C. Rui 1993 Advances in Robust and Nonlinear Control Systems,
ASME DSC-Vol. 53. Determining low dimensional models of distributed systems.

K. Murphy 1996 Sizth conference on Nonlinear Vibrations, Stability, and Dynamics of
Structures, Blacksburg, VA. Using the Karhunen-Loéve decomposition to examine chaotic
snap-through oscillations of a buckled plate.

R. Kappagantu and B. F. Feeny 1999 Journal of Sound and Vibration 224(5) 863-877.
An “optimal” modal reduction of a system with frictional excitation.

X. Ma and A. F. Vakakis 1999 Proceedings of the ASME Design Engineering Technical
Conferences, Las Vegas, on CD-ROM. Nonlinear transient localization and low dimen-
sional models of a flexible system with a clearance.

X. Ma, M. F. A. Azeez, and A. F. Vakakis 2000 it Mechanical Systems and Signal Pro-
cessing 14(1) 37-48. Nonlinear normal modes and nonparametric system identification of
nonlinear oscillators.

R. V. Kappagantu and B. F. Feeny 2000 Nonlinear Dynamics 23 (1) 1-11. Part 2: proper
orthogonal modal modeling of a frictionally excited beam.

K. Yasuda and K. Kamiya 1997 Proceedings of the ASME Design Engineering Technical
Conferences, Sacramento, CD-ROM. Experimental Identification Technique of Nonlinear
Beams in Time Domain.

V. Lanaerts, G. Kerschen, and J. C. Golinval 2000 Proceedings of the IMAC XVIII, San
Antonio. Parameter identification of nonlinear mechanical systems using proper orthogo-
nal decomposition.

B. F. Feeny and R. Kappagantu, 1998, Journal of Sound and Vibration 211(4), 607-616.
On the physical interpretation of proper orthogonal modes in vibrations.

B. F. Feeny, 1997, ASME Design Engineering Technical Conferences, Sacramento, on
CD-ROM. Interpreting proper orthogonal modes in vibrations.

K. Fukunaga 1972 Introduction to Statistical Pattern Recognition, Academic Press, New
York.

E. Kreuzer and O. Kust, 1996, “Proper Orthogonal Decomposition—an Efficient Means
of Controlling Self-Excited Vibrations of Long Torsional Strings,” Nonlinear Dynamics
and Controls, ASME DE-Vol. 91, pp. 105-110.

14



[17]

18]
[19]
[20]
[21]
[22]
23]
[24]
[25]
[26]
[27]

[28]

I. T. Georgiou and I. B. Schwartz, I. B., 1996, “A Proper Orthogonal Decomposition
Approach to Coupled Mechanical Systems,” Nonlinear Dynamics and Controls, ASME
DE-Vol. 91, pp. 7-12.

D. S. Broomhead and G. P. King 1986 Physica D 20 217-236. Extracting qualitative
dynamics from experimental data.

S. Han and B. F. Feeny, 2000, preprint. Towards the development of proper orthogonal
decomposition as a modal analysis tool.

L. Meirovitch, 1967, Analytical Methods in Vibrations, MacMillian Publishing Co., Inc.,
New York.

F. Takens, 1981, Lecture Notes in Math. 898, Springer, 366-381. Detecting strange at-
tractors in turbulence.

N. H. Packard, J. P. Crutchfield, J. D. Farmer, and R. S. Shaw, 1980, Physical Review
Letters 45 (9) 712-716. Geometry from a time series.

H. D. I. Abarbanel, R. Brown, J. Sidorowich, and L. Tsimring, 1993, Reviews of Modern
Physics 65, 1331-1392. The analysis of observed chaotic data in physical systems.

A. 1. Mees, P. E. Rapp, and L. S. Jennings, 1987, Physical Review A 36 (1) 340-346.
Singular-value decomposition and embedding dimension.

A. M. Fraser, 1989, Physica D 34 391-404. Reconstructing attractors from scalar time
serieis: a comparison of singular system and redundancy criteria.

M. Palus and I. Dvorak, 1992, Physica D 55 221-234. Singular-value decomposition in
attractor reconstruction: pitfalls and precautions.

B. Ravindra, 1999, Journal of Sound and Vibration 219(1) 189-192. Comments on ’On
the physical interpretation of proper orthogonal modes in vibrations’.

M. S. Riaz and B. F. Feeny, 1999, Proceedings of the ASME DETC, Las Vegas, CD-ROM.
Proper orthogonal decomposition of an experimental cantilever beam.

15



