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A Novel Criterion of Wavelet Packet Best Basis
Selection for Signal Classification With Application

to Brain–Computer Interfaces
Denis Vautrin, Xavier Artusi, Marie-Françoise Lucas, and Dario Farina∗

Abstract—This study proposes a method to select a wavelet ba-
sis for classification. It uses a strategy defined by Wickerhauser
and Coifman and proposes a new additive criterion describing the
contrast between classes. Its performance is compared with other
approaches on simulated signals and on experimental EEG signals
for brain–computer interface applications.

Index Terms—Brain-computer interfaces (BCIs), pattern recog-
nition, wavelets.

I. INTRODUCTION

A brain–computer interface (BCI) is a system that allows
communication between the brain and a computer or a

robot, without the use of nerves or muscles. The inputs of the
system are usually EEG signals recorded on the scalp’s surface.
The output is a decision of action among a set of possible ones
(for example, a command to a prosthesis). A training session
is usually required to build the decision rules that allow the
decoding of the user’s intention [1].

The core of a BCI is a classification algorithm in which the
EEG signals are mapped into the space of signal descriptors (fea-
ture space) and classified using decision functions learned on
the training set composed of labeled signals. The performance
of the classification depends on the choice of the feature space
and on the type of discriminant functions. In this paper, our
objective is to optimize the mapping (i.e. the transform applied
to each signal) in order to obtain the best classification results.
The energy distribution over uniform frequency subbands given
by the Fourier transform is an example of a priori choice of
signal features. In previous studies [4], [7], we have proposed
the marginals of the discrete wavelet transform (DWT) for fea-
ture extraction and the feature space was selected by optimizing
the mother wavelet of the decomposition. The DWT marginals
reflect the average signal intensity over dyadic subbands. The
dyadic decomposition is well suited to describe and discrimi-
nate signals whose discriminative information is mainly at low
frequencies since the frequency resolution is higher for low fre-
quencies than for high frequencies. However, in many cases,
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the frequency subbands that allow best discrimination are not
known a priori.

Generalization of the DWT in the discrete wavelet packet
transform (DWPT) allows a subband analysis without the con-
straint of a dyadic decomposition. The DWPT performs a re-
dundant dichotomic decompositon of the frequency axis, but a
specific decomposition corresponding to a particular basis may
be selected according to an optimization criterion. In this study,
we present a method for signal classification based on DWPT
decomposition and optimization of the basis of wavelet pack-
ets. The method is based on a novel additive contrast criterion.
The proposed technique allows the adaptation of the frequency
subbands in order to best separate the different classes, and in
this study, it is combined with a robust classifier (support vector
machine, SVM). A learning set composed of labeled signals is
used for first selecting the most discriminant wavelet packet ba-
sis (that determines the feature space) and then for learning the
decision rules of the SVM classifier in this space (supervised
classification).

We first present (see Section II) the feature space based on
DWT and DWPT, the method to optimize it and the decision
rule in the optimal feature space. The proposed technique can
be applied to any classification problem. It was evaluated by
comparison with two other approaches on synthetic signals and
on experimental EEG signals in a representative BCI application
(see Section III). The results are discussed in Section IV.

II. METHODS

A. Feature Space

1) DWT and DWPT: In the context of the multiresolution
analysis, the DWT is defined from a scaling function φ(t) and a
mother wavelet ψ(t), or equivalently by the corresponding scal-
ing and wavelet (conjugate mirror) filters h and g. It performs
a signal analysis according to a dyadic decomposition of the
frequency axis. A DWPT [8] is a generalization of the DWT
that performs a dichotomic and redundant exploration of the
frequency content of a signal, which allows adaptation to par-
ticular signals. DWPT is briefly recalled here in the context of
orthogonal wavelets. From a scaling function φ(t), the wavelets
at the resolution level j + 1 are defined as follows:

ψ0
0 (t) = φ(t){
ψ2p

j+1(t) =
∑

k h[k]ψp
j (t − 2j k)

ψ2p+1
j+1 (t) =

∑
k g[k]ψp

j (t − 2j k)
, p = 0, . . . , 2j−1. (1)
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Fig. 1. Wavelet packets tree, with J = 2. The subbasis Ψp
j explores the nor-

malized frequency band 2−(j+1) [p, p + 1].

These functions are organized according to a binary tree
whose nodes (wavelet packets) are the subbasis Ψp

j = {ψp
j (t −

2j k)}k with j defining the resolution level and p the analyzed
frequency band at this resolution (see Fig. 1). The subbasis
Ψp

j explores the normalized frequency band 2−(j+1)[p, p +
1]. The whole library of wavelet packets is defined by
{{Ψp

j }p=0,...,2j −1}j=0,...,J .
The coefficients of the decomposition of a discrete-time signal

x, of length N , are given by the generalization of the Mallat
algorithm [8]

cx0
0 [k] = x[k], k = 0, . . . , N − 1

{
cx2p

j+1[k] =↓ 2[cxp
j ∗ h][k]

cx2p+1
j+1 [k] =↓ 2[cxp

j ∗ g][k]
,

p = 0, . . . , 2j − 1

k = 0, . . . ,
N

2j+1 − 1

j + 1 = 1, . . . , J

(2)

where ↓ 2 corresponds to the downsampling operator f [k] =
f [−k], and J � log2(N) is the deepest level of the de-
composition. Each packet of wavelet coefficients Ψp

j x =
{cxp

j [k]}k=0,N/2j −1 (where cxp
j [k] = 〈x, ψp

j (t − 2j k)〉) con-
tains information on the signal in the particular frequency band
explored by Ψp

j .
A basis can be extracted from the whole redundant set of

wavelet packets by means of several strategies. A basis cor-
responds to a set of packets {Ψp

j } that covers the frequency
axis without overlap. This paper presents a new strategy for
selecting such a basis with the objective of classification (see
Section II-B). The decomposition of the signal x on a basis
B is defined by

Bx = {Ψp
j x|Ψ

p
j ∈ B}. (3)

The DWT performs the decomposition on a particular basis
that is obtained by the restriction p = 0 in (1) and corresponds
to {{Ψ1

j }j=1,...,J ,Ψ0
J }.

2) Marginals: The wavelet packet coefficients can be pro-
cessed before being used by the classifier. For example, in many
applications, the analyzed signals are not perfectly time-aligned.
As a consequence, the features used for the classification should
only be composed of frequency descriptors. In this case, we have
previously proposed to represent a signal by its marginals (that
can be seen as signal intensity) over the frequency bands [4], [7].
They are calculated at each node of the decomposition and de-
fined as follows:

MΨp
j x =

N/2j −1∑
k=0

|cxp
j [k]|. (4)

Fig. 2. Basis corresponds to the leaves of a pruned binary tree and explores
the frequency axis without overlap. We show here an example of basis extracted
from a DWPT tree (J ≥ 3) and the corresponding normalized frequency bands
(fe : sampling frequency).

For a given basis B, the feature vector is given by

MBx = [ . . . MΨp
j x . . .], where Ψp

j ∈ B. (5)

The use of marginals is an example of transformation of the
wavelet coefficients; any other transformation can be applied
with the best basis selection algorithm proposed in the following.

B. Optimization of the Feature Space

As discussed earlier, the whole set of wavelet packets is highly
redundant: Ψp

j explores the same frequency interval as the union

of its two sons Ψ2p
j+1 ∪ Ψ2p+1

j+1 . In order to get a complete and
nonredundant representation, we must select wavelet packets
belonging to a basis, i.e., a set of packets {Ψp

j } that covers the
frequency axis without overlap. This corresponds to the leaves
of an admissible tree, i.e., a tree in which each node has 0 or
2 sons. An example is given in Fig. 2 with the corresponding
frequency bands.

To determine a basis adapted to the objective of classification,
it is necessary to identify an appropriate selection criterion and
a search strategy to optimize this criterion. We will use the
search strategy proposed by Coifman and Wickerhauser [2],
and propose a novel additive criterion, which will be described
in the general context of multiclass decision.

1) Search Strategy of Wickerhauser and Coifman: Wicker-
hauser and Coifman have defined a local search strategy for
getting a globally optimal basis from a library of basis having
a binary tree structure [2]. Initially developed for adapting the
basis for compression purposes, this algorithm can be associ-
ated to any objective under the condition that the criterion used
is additive. A criterion C is said to be additive if, given A1 and
A2 two disjoint subbasis, C(A1 ∪ A2) = C(A1) + C(A2). The
principle of the Coifman and Wickerhauser (CW) best basis
search strategy is the following: starting from the bottom of
the tree and going up till the root, one compares each father
node to the union of its sons and keeps the better according to
the selected criterion. The additivity of the criterion guarantees
that the algorithm reaches the optimal basis and reduces the
computational time.

2) Criterion: In the case of classification, the additive cri-
terion should measure the discriminant capacity of any subba-
sis according to a learning population. Therefore, we search
the basis that maximizes this criterion. We denote the learning
set X = {X1 , . . . ,Xi , . . . ,Xc}, where Xi is composed of ni
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signals x belonging to the class ωi (i = 1, . . . , c), and n denotes
the total number of signals (n =

∑c
i=1 ni).

One additive criterion was proposed by Saito and Coifman [9]
and consists in the distance (Euclidian or Kullback–Leibler dis-
tance) between the representatives of the classes. This crite-
rion has been adapted for electromyographic (EMG) classifi-
cation tasks [6]. It was originally designed to compare time-
frequency representations. In this study, we first adapted the
method by Saito and Coifman [9] to transformed coefficient
(e.g., marginals) as follows. For a subbasis A, where each sig-
nal x of X is represented by its marginals vector MAx [as
defined in (5)], the criterion is defined by

C1(A) =
c∑

i=1

ni

n
‖MAi − MA‖2 (6)

where:

1) MAi =
1
ni

∑
x∈Xi

MAx is the representative of class ωi ;

2) MA =
1
c

c∑
i=1

MAi is the global center.

This criterion is additive but does not consider the class dis-
persion (intraclass inertia). In order to include the class disper-
sion information, we propose to use a Fisher-type criterion. In
its classical form, a Fisher-type criterion is given by the ratio of
interclass inertia over intraclass inertia, which corresponds, for
a subbasis A, to

CF (A) =
∑c

i=1
ni

n ‖MAi − MA‖2∑c
i=1

ni

n MAi

(7)

where MAi =
1
ni

∑
x∈Xi

‖MAx − MAi‖2 is the inertia of ωi .

Maximizing this criterion corresponds to maximizing the dis-
tance between representatives while minimizing the dispersion
of each class. However, this criterion is not additive, thus it may
lead to a nonoptimal basis if used with the CW best basis search
strategy.

We propose a new additive criterion defined as

C2(A) = K ·
c∑

i=1

ni

n
‖MAi − MA‖2

− (1 − K) ·
c∑

i=1

ni

n
MAi. (8)

If K is chosen between 0 and 1, the same properties of the
classic Fisher criterion are maintained: by maximizing C2 , we
maximize the distance between representatives and minimize
the inertia of classes. Moreover, the criterion is additive and thus
appropriate for the use of the strategy proposed by Wickerhauser
and Coifman.

The pertinence of the criterion C1 , previously proposed, and
of the novel criterion C2 were assessed on simulated signals
(see Section II-D) and experimental signals (see Section II-E).
The value of K was fixed based on empirical optimization on
simulated signals (giving optimal values for K ∈ [0.3; 0.7]). The

value of 0.5 was then used for both simulated and experimental
signals.

C. Classification Rule and Evaluation of the Method

1) Multiclass Decision Rule: For the multiclass problem (c
classes ωi, i = 1, . . . , c), we use a one-versus-rest (OVR) pro-
cedure: for each class ωi , we design a two-class linear SVM [3]
to separate ωi from the rest of the population. After training
on a learning set, each two-class linear SVM provides a lin-
ear discriminant function fi, i = 1, . . . , c. Then, for a signal x
described by MBx, in the optimized feature space correspond-
ing to the best basis B, the final decision is taken from the c
discriminant functions fi

“x belongs to ωj ” with j = Argmax
i=1,...,c

fi(MBx). (9)

2) Performance Evaluation: The performance of the method
has been evaluated from the misclassification rate calculated on
a test set. For the experimental case, as the number of available
signals is small, we used a leave-one-out procedure (crossvali-
dation) [5]. The simulated and experimental results will refer to
two-class problems.

D. Simulated Signals

The synthetic signals were built such that each class had
energy on a particular frequency band. To do so, we used a
linear combination of atoms well localized in frequency: a set
of atoms was associated to each class and two signals of the
same class differed by random time location of atoms, which
was defined by a Bernoulli distribution. The simulation of a
signal x of length N is defined as follows:

x[k] =
N vi∑
m=1

N/2j m −1∑
k0 =0

qi
m [k0 ]vi

m [k − 2jm k0 ]

k = 0, . . . , N − 1 (10)

where the variables are defined as follows.
1) i denotes the class of signal x.
2) {vi

m}m=1,...,N v i is the set of atoms used to build the sig-
nals of class ωi .

3) jm corresponds to the frequency resolution of atom vi
m .

4) qi
m is a vector of length N/2ji which terms take values 0

or 1 following a Bernoulli distribution.
Independent, white Gaussian noise was added to the signals.
One simulation consisted of two classes of signals, both sep-

arated into a learning set composed of 10 or 100 signals per
class, and a test set composed of 1000 signals per class. For
both classes, signals were of length N = 128 and the parame-
ter of the Bernoulli distribution was set to 0.05. The SNR was
varied between 2 and 10 dB.

E. Experimental Signals

Experimental EEG signals were recorded from five healthy
men (age 22–30 years), who provided written informed con-
sent before participation. The experimental procedures were
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approved by the local ethical committee of the Region North Jut-
land (Denmark) (N-20070001). The subjects performed imagi-
nary right-sided isometric plantar flexion at two rates of torque
development. The ballistic task was imagined as the reaching
of 60% of the maximal voluntary torque as fast as possible,
whereas the moderate task was defined as a 4-s linear torque
increase from 0% to 60% of the maximal torque. Each task
comprised 75 imaginary trials and the task execution was ran-
domized between the two tasks. The subject was prompted for
the task with auditory warnings (one or two beeps for the two
tasks). These warnings were given every 15 s.

EEG activity was recorded using a 40-channel digital dc EEG
amplifier (NuAmps, Neuroscan Laboratories) from the location
Cz (10–20 system standard positions). Additionally, vertical and
horizontal electrooculogram (EOG) signals were recorded with
standard tin electrodes. The EEG signal was referenced to linked
ear lobes (A1 and A2). EEG and EOG signals were amplified
by a gain of 1338, low-pass filtered at 100 Hz, and sampled at
500 Hz using a 22-bit A/D converter. EMG activity of the right
soleus and tibialis anterior muscles was recorded from surface
Ag/AgCl electrodes (Neuroline 720, Ambu) using a custom-
made amplification system (Aalborg University). EMG signals
were amplified by a gain of 1000, band-pass filtered between
10 Hz and 1 kHz, and sampled at 2 kHz. EMG monitoring
was used for indicating eventual unwanted muscle contractions
during imaginary motor tasks. Trials were excluded from the
analysis if the EMG activity exceeded by 25% the noise root
mean square or if the peak-to-peak EOG amplitude exceeded
75 µV in one of the four EOG channels.

The misclassification rates obtained from experimental
recordings were analyzed with Friedman’s analysis of variance
(ANOVA) with factor the method used (CW with C1 , CW with
C2 , and DWT). Pairwise comparisons were performed with
Wilcoxon-matched pairs test. Statistical significance was set to
P < 0.05.

III. RESULTS

Simulated and experimental signals were analyzed with the
Daubechies-2 wavelet. It corresponds to an arbitrary choice
among standard orthogonal wavelets.

A. Simulated Signals

Twenty simulations were performed in each condition of
learning size and SNR, and results are reported in Table I as
mean and standard deviation of the percentage of incorrectly
classified signals, as calculated on the test set. The best results
were obtained with the best basis given by the CW strategy
using criterion C2 over the use of C1 or DWT basis.

B. Experimental EEG Signals

After discarding the trials with high EOG or EMG, as de-
scribed earlier, the number of available signals per class varied
between 25 and 48, depending on the subject. Table II shows
the results for experimental recordings. As for simulated signals,
the use of the criterion C2 led to better results than the use of

TABLE I
MISCLASSIFICATION RATE ON SIMULATED SIGNALS

TABLE II
MISCLASSIFICATION RATE ON EXPERIMENTAL EEG SIGNALS

criterion C1 or the DWT basis. In the experimental conditions,
the criterion C1 performed worse than the DWT basis. The pro-
posed criterion allowed the classification of the two imaginary
tasks with an average misclassification error of 26%.

A Friedman ANOVA with factor the method used for feature
extraction (CW with C1 , CW with C2 , and DWT) was significant
(P < 0.05). The pairwise comparisons indicated that the classifi-
cation with CW and C1 (41% ± 7%) led to significantly greater
misclassification rate than using CW and C2 (26% ± 7%). On
the contrary, the misclassification rates achieved by CW with
C1 (41% ± 7%) and DWT (34% ± 11%) (the two methods used
for comparison with the proposed method) were not statistically
different.

IV. DISCUSSION

In this study, we have proposed a pattern recognition approach
for BCI applications based on DWPT and SVM. The feature
extraction was optimized by a novel additive criterion of class
separability.

The proposed criterion C2 in the CW strategy led to better
results than the criterion C1 , in both simulated and experimen-
tal signals. This reflects the importance of including both the
interclass and the intraclass inertias for the choice of the best
basis. Another criterion that takes into account the dispersion
of signal features was proposed in [10]. It was based on the
comparison of the probability density function of the classes.
However, in several applications, as the one presented in this
study, the number of training samples may not be sufficient to
accurately estimate their probability density function without
any a priori information. The criterion proposed in this study is
based on only two measures extracted from the feature space in
the training set.

From the simulations, it was observed that the misclassifica-
tion rate increased with decreasing SNR and number of learning
signals. These tendencies were expected and reflect the overfit-
ting phenomenon: the classifier provides an efficient discrimi-
nant function if the learning signals are sufficiently numerous
and not largely affected by noise. Moreover, the improvement
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due to C2 was more important when using small learning sets,
which is particularly relevant in applications such as BCI.

The experimental signals provided a representative applica-
tion for the proposed classification scheme to BCI. They were
recorded during imaginary tasks performed at different speeds.
It has been previously shown that these signals can be dis-
criminated on a single-trial basis [7] and this result has been
confirmed in the present study. The use of DWPT and the cri-
terion C2 on the experimental signals was superior with respect
to DWT in all subjects, except for subject 3 (see Table II). On
average, the performance improved substantially with the pro-
posed approach with respect to the other approaches compared,
especially with respect to the previously proposed C1 criterion
which led to poor results.

In conclusion, we have proposed a novel additive discriminant
criterion for best basis selection in the DWPT framework. This
new criterion showed improved classification performance on
both simulated and experimental signals. The proposed pattern
recognition method allowed discrimination of imaginary tasks
corresponding to two speeds that may be a useful control strategy
for BCI applications [7]. A future further improvement of the
method may be the inclusion of the optimization of the mother
wavelet, in addition to that of the wavelet packet, as proposed
in [4] and [7] instead of using a standard wavelet.
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