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Abstract — Wireless applications, protocols and sim-

ulators can significantly benefit from thorough under-

standing and accurate modeling of the medium ac-

cess control (MAC) layer residual bit-errors at high

bitrates. In this paper, we analyze and model the bit-

errors encountered at the highest achievable 11 Mbps

data rate of an 802.11b wireless local area network.

We employ autocorrelation, aggregation and variance-

time analyses to reveal long-range dependence in the

bit-error process. This renders traditional models

(e.g., simple Markov, Poisson) ineffective and there-

fore we employ a multifractal wavelet model (MWM)

to accurately characterize the bit-error process. Our

results outline that the MWM captures the long-

range-dependent behavior of the bit-errors quite ac-

curately. We illustrate that the MWM outperforms

high-order Markov chains in both channel modeling

and complexity.

I. INTRODUCTION

Wireless networks suffer from frequent errors and losses due
to their vulnerability to interference and transmission medium
degradation. Real-time multimedia applications can inher-
ently tolerate a certain level of errors. In addition, contem-
porary wireless multimedia applications are introducing en-
hanced error control and resilience features [1], [2]. Emerging
wireless cross-layer protocols ignore the residual bit-errors1

(i.e., errors that are not corrected by the physical layer) at the
medium access control (MAC) layer in order to relay corrupted
packets to the error-resilient applications [3], [4]. Analysis and
modeling of these residual errors: (a) provide effective insights
into the underlying characteristics of a wireless bit-error pro-
cess; (b) facilitate design of wireless cross-layer protocols and
real-time applications; (c) allow accurate simulations with-
out having the actual network in place; (d) render real-time
channel characterization and prediction for rate-adaptive ap-
plications.

The wide-spread deployment and high data rates of 802.11b
local area networks (LANs) offer promising prospects for the
support of multicast and on-demand multimedia distribution
at very high bitrates. However, the robustness at the 802.11b
physical layer decreases with an increase in bitrate and conse-
quently more residual errors are observed at high data rates.
While prior studies have modeled the bit-errors at 2 and 5.5

1Zorzi et al. [8] introduced the term residual errors to refer to
errors observed above the physical layer. In [6], we used the term
MAC-to-MAC errors to refer to the same phenomenon.

Mbps of an 802.11b LAN as stationary Markov chains [5]–
[7], the error behavior at 11 Mbps differs significantly from
the low data rates. Bit-errors observed at 11 Mbps exhibit
non-stationarity and high correlation. Traditional stochastic
models (e.g., simple Markov, Poisson) that assume stationar-
ity and decaying correlation are therefore ineffective in char-
acterizing the 11 Mbps residual error process.

In this paper, we provide analysis and modeling of residual
bit-errors encountered at the highest achievable 11 Mbps data
rate of an 802.11b wireless LAN. To the best of the authors’
knowledge, this is the first attempt to characterize 802.11b
bit-errors at 11 Mbps. We employ actual bit-error traces col-
lected under realistic settings of an operational 802.11b LAN.
In Section III we show that, unlike the decaying autocorrela-
tions at 2 and 5.5 Mbps, the autocorrelation at 11 Mbps does
not decay significantly with an increase in lag. Such high cor-
relation is reminiscent of long-range dependence (LRD) [10] in
the bit-error process. We further substantiate the LRD notion
through aggregation and variance-time analyses. In view of
the LRD nature of the bit-error process, and due in part to
its highly non-stationary behavior, in Section 4 we employ the
multifractal wavelet model (MWM) to characterize the ran-
dom process [11]-[13]. To provide performance comparison
with contemporary modeling paradigms, we also model the
bit-error process using Markov chains of orders varying from
2 up to 12 (i.e., 22 up to 212 states). We demonstrate that
the MWM outperforms the Markov models in both complex-
ity and channel approximation. Section V summarizes key
conclusions of this work.

II. BACKGROUND

This section provides brief background that is required to un-
derstand the present work. Analytical formalisms of the pre-
sented material have been thoroughly explored in previous
works and are referenced as required.

II.A Self-Similar Processes

Self-similar processes exhibit similar (statistical) behavior at
different scales, that is, zooming into or out-of a sample path
of the process gives a new process realization which is statis-
tically similar to the original path. Thus, for a process X (t)
self-similarity is analytically defined as

X (t)
d
= cHX(t/c) , (1)

where
d
= represents equivalence in finite-dimensional dis-

tribution, c is the scaling (compression/dilation) factor and
H, known as the Hurst parameter, defines the regularity of
a sample path. It is not possible to define a characteristic



scale for self-similar processes and therefore these processes
are referred to as scale-invariant. In loose terms, scaling can
be defined as a negative property of a time series, i.e., the
absence of characteristics scales.

Scaling (or self-similarity) imposes very stringent con-
straints on a process. Relaxing the similarity requirement
yields LRD processes which invoke a weaker notion of second-
order self-similarity, i.e., zooming out-of the process’ sample
path will yield paths that are similar to the original in second-
order statistics.

II.B Long-Range-Dependent Processes

A long-range-dependent process X (t) is a second-order self-
similar process whose autocorrelation function, ρ (η), exhibits
the following properties: (a) ρ (η) is strictly positive at all lags
η, and (b) ρ (η) decays so slowly with respect to η that it is
non-summable,

∑
η

ρ (η) = ∞. Thus, a long-range-dependent
process depends heavily on previous samples which results in
strong correlation even at large lags.

The sample variance of an aggregated (zoomed out) process
plotted against the aggregation (averaging) level on a log-log
plot should result in a straight line with a slope of 2H − 2,
where H is the Hurst parameter. Long-range-dependent pro-
cesses must have H > 0.5. For a more comprehensive repre-
sentation of the process behavior at different times, instead
of using a constant Hurst parameter, H can be expressed as
a deterministic function of time, H = h (t). This generalized
definition encompasses the rich class of multifractal processes.

The multifractal wavelet model (MWM) was proposed in
[11]–[13] to analyze and model LRD network data. In order to
avoid repetition, we defer further discussion on the MWM to
Section IV, where it is employed to model residual bit-errors.

II.C Residual Bit-Error Trace Collection

In our prior studies [5]–[7], we collected MAC layer residual
bit-error traces in realistic settings of an operational 802.11b
LAN. The traces were collected at 2, 5.5 and 11 Mbps. We
employ the same traces in this paper. Interested readers are
referred to [5]–[7] for data collection details.

III. ANALYSIS OF THE 11 MBPS 802.11B
RESIDUAL BIT-ERROR PROCESS

In this section, we first reveal the LRD present in the autocor-
relation of the 11 Mbps bit-error process. The LRD notion is
then substantiated using aggregation and variance-time plots.

III.A Autocorrelation of the Bit-Error
Process

Let X (n1) and X (n2) be two random variables derived from
the bit-error random process X (t). We compute the sample
autocorrelation as

ρ(η) =
E {X (0) X (η)} − E {X(0)}E {X(η)}

σX(0)σX(η)
, (2)

where E {.} is the “sample” expectation, σX is the “sample”
standard deviation, and η is the time lag.

The sample autocorrelations of the 2, 5.5 and 11 Mbps bit-
error traces are shown in Figure 1. Clearly, the 2 and 5.5 Mbps
traces have a decaying correlation and, therefore, a low-order
memory-length can be easily identified for these processes.
Markov chains can model such processes quite adequately as
substantiated in [6] and [7], which model the 2 and 5.5 Mbps

Figure 1: Sample autocorrelations of bit-error traces.

bit-error processes as stationary Markov chains. On the con-
trary, it can be seen that the 11 Mbps bit-error process has
high correlation even at large lags. This is reminiscent of LRD
and hence a low-order memory-length cannot be identified for
the 11 Mbps bit-error process. Thus, Markov-based models
will be ineffective in modeling of this long-range-dependent
data.

In the following section, we substantiate this preliminary
notion of LRD by analyzing the 11 Mbps bit-error process in
more detail. Once LRD is ascertained, a suitable model can
be identified for the process. Henceforth we focus solely on
the 11 Mbps data rate and the term “bit-error process” refers
to the “11 Mbps residual bit-error process”.

III.B Scaling Behavior of the Bit-Error
Process

Since LRD processes typically demonstrate second-order self-
similarity, zooming out from a sample path of the process
should yield a path similar to the original in second-order
statistics. In order to determine this characteristic in the bit-
error process, we define an aggregate process such that

X(m) [k] =
1

m

km∑
i=(k−1)m+1

X [i], (3)

where m is the aggregation level defined such that the re-
sulting “aggregate” sample path averages m points from the
“actual” sample path. This averaging operation will impact
the actual sample path in two ways: (a) the aggregate will
smooth high variances in the sample path; (b) the aggregate
will provide an on-average zoomed-out version of the actual
sample path.

Figure 2 outlines three aggregate processes. The top figure
is a process sample path X(1) [k] outlining the number of errors
observed in each packet (packet transmission time=1 second).
The second figure is a level-4 aggregate of the first sample
path which depicts the average number of errors observed in 4
packets. Thus, the first point in this level-4 aggregate sample
path is X(4) [1] = 1

4

(
X(1) [1] + X(1) [2] + X(1) [3] + X(1) [4]

)
.

Similarly, aggregates at levels 8 and 16 are also shown in Fig-
ure 2.
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Figure 2: Distribution of errors at different time scales.

Each aggregate path is zooming out of the actual sample
path and no statistically differentiating features are revealed
by simple observation. Thus, it can be inferred that the de-
crease in variability with increased smoothing is very slow.
This “slow-varying decay” is further highlighted by the anal-
ysis of second-order statistics in the following section.

III.C Second-Order Analysis

As mentioned previously, LRD processes exhibit second-order
self-similarity. One method of examining second-order statis-
tics is the variance-time diagrams [10]. The essence of these
diagrams is to plot the logscale variance of the aggregate pro-
cess as a function of the aggregation level. Second-order self-
similarity is implied if the decay in the variance is strictly
linear, that is, the change in variance is directly proportional
to the aggregation (or scaling) level.

The variance-time plot of the bit-error process for different
aggregation levels is given in Figure 3. Clearly, the variance
has a linear decay with respect to the aggregation level. Fur-
ther, the slope of the log-log plot is approximately −0.7, which
corresponds to a Hurst parameter of H ≈ 0.65. (Recall that
process with H > 0.5 are long-range-dependent.) Thus, it can
be strongly postulated that the process exhibits second-order
self-similarity or long-range dependence.

IV. MODELING OF THE 11 MBPS 802.11B
RESIDUAL BIT-ERROR PROCESS

In this section, we compare the performance of two models in
characterizing the 11 Mbps bit-error process, namely the mul-
tifractal Wavelet model (MWM) and the discrete-time Markov
model.

IV.A The MWM for Wireless Bit-Errors

The MWM has shown significant promise in modeling vari-
ous long-range-dependent network phenomena [11]-[13]. The
MWM relies on the premise that network data is inherently
positive and generally spiky. Both these properties are clearly
true for wireless bit-error data. Moreover, the non-stationarity
and scaling properties of wireless bit-errors can be adequately
characterized by wavelet-based analysis. Thus, the MWM

Figure 3: Variance-time plot of a sample path.

achieves two basic objectives here: (a) provides a model for
analysis and synthesis of bit-errors; and (b) captures the mul-
tiscale nature of the high-bitrate residual channel.

The MWM employs Haar wavelet family since the positiv-
ity constraint is greatly simplified if Haar wavelets are used.
The scaling and wavelet coefficients are computed recursively
as,

Uj+1,2k =
1√
2

(Uj,k + Wj,k) (4)

and

Uj+1,2k+1 =
1√
2

(Uj,k −Wj,k) , (5)

where Uj,k and Wj,k respectively represent the scaling and
wavelet coefficients at time k and scale/level j.

Applying the positivity constraint yields [11]

Wj,k = Aj,kUj,k, (6)

where Aj,k is a random variable defined over the
interval[−1, 1]. In order to train the MWM to match the
wireless bit-error traces, two random variables should be cap-
tured. The first random variable is the scaling coefficient at
the coarsest scale Uj0,k0 . The second set of random variables
is the Aj,k’s at each level which in turn yield the wavelet coeffi-
cients Wj,k’s at that level. Once a general sense of probability
distribution is ascertained for these random variables, the ex-
pectation maximization algorithm [14] can be used to fit that
distribution to the actual dataset.

Parametric models are suggested for the modeling of Uj0,k0 ,
while β and point-mass distributions have shown promise in
approximating the Aj,k’s [12]. The training and synthesis al-
gorithm is given in [11]. The complexity of synthesizing a
length N trace using the MWM is O (N), i.e., once trained
the MWM has linear complexity. All results provided in this
paper employ the β distribution and the MWM toolbox [15].

IV.B Performance in Capturing the Error
Distribution

Number of errors in a packet was used to define a probabil-
ity distribution which was in turn employed for training and
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Figure 4: Actual and synthesized error distributions.

synthesis. The actual trace-based distribution and the syn-
thesized distributions using the MWM, the order-4 and the
order-12 Markov chains are given in Figure 4.

It can be clearly observed that even high-order
(exponential-complexity) Markov chains are not providing
good estimates of the channel whereas the MWM is follow-
ing the channel behavior quite closely. This result is con-
gruent with our analysis which asserted that the process has
LRD and therefore Markov-based models are inappropriate to
capture its behavior. Moreover, and again in accordance with
preceding discussions, the MWM renders an accurate and low-
complexity model of the high-bitrate residual bit-error chan-
nel.

IV.C Performance in Capturing Second-Order
Statistics

Since long-range-dependent processes are second-order self-
similar, the variance characteristics of the two models (i.e.,
MWM and Markov chain) should be studied. Figure 5 pro-
vides a comparison between the variance-time plots of two syn-
thesized distributions and the actual distribution. It is quite
obvious from the variance-time plots that the exponential-
complexity Markov chains are unable to match the second-
order statistics of the process. On the other hand, the linear-
complexity MWM captures the variance characteristics very
accurately.

V. CONCLUSIONS

In this paper, long-range dependence in an 11 Mbps residual

802.11b channel was revealed. A multifractal wavelet model

was proposed for the residual bit-error process. It was demon-

strated that due to its long-range-dependent nature, tradi-

tional Markov chains are unable to model the bit-error pro-

cess. However, the MWM accurately characterizes the non-

stationarity and LRD characteristics of the bit-error process.
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