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Abstract
A technique is proposed to correct the bias error associated with one-component molecular
tagging velocimetry (1c-MTV). 1c-MTV is typically used to capture the velocity component
normal to a single or multiple lines of tagged fluid molecules with very high spatial resolution.
However, the measurements are affected by an inherent error, which arises from the presence
of a velocity component parallel to the lines. In the present study, a Taylor-series-based
approach is used to derive a general mathematical expression for this error. The derived
expression, which is validated using simulated MTV measurements in laminar channel flow
with suction/blowing, is used as the basis for introducing a correction method involving the
acquisition of MTV images at multiple time delays. To examine the effectiveness of this
‘multi-time-delay’ approach for correcting 1c-MTV data, an experiment is conducted whereby
a known bias error is deliberately imposed on measurements in laminar channel flow. The
corrected measurements agree with the true velocity profile to better than 2%, thus validating
the correction method.

Keywords: flow velocity measurements, measurement error correction

(Some figures may appear in colour only in the online journal)

1. Introduction

Molecular tagging velocimetry (MTV) is a whole-field optical
technique that relies on molecules (or atoms) that are premixed
or naturally present in the flowing medium, and can be turned
into long lifetime tracers2 upon excitation by photons of an
appropriate wavelength. Typically, a pulsed laser is used to
‘tag’ the regions of interest, and those tagged regions are
interrogated at two successive times within the lifetime of
the tracer. The measured Lagrangian displacement of the
tagged regions, combined with the known time delay between

1 Author to whom any correspondence should be addressed.
2 Relative to the flow convection time scale to allow sufficient displacement
of the tagged regions during the interrogation time.

interrogations, provides the estimate of the fluid velocity
vector. One might think of the MTV technique as the molecular
counterpart of particle image velocimetry (PIV) where
fluid molecules, rather than seed particles, are marked and
tracked [1].

The simplest implementation of MTV is one-component
MTV (1c-MTV), where tagging is done along single or
multiple parallel lines. When using 1c-MTV, experiments
are typically configured so that measurements are obtained
in the primary flow direction since 1c-MTV only yields
displacement and velocity estimates in the direction normal
to the tagged line (hereafter referred to as u component
of velocity), as exemplified in figure 1. Although limited
relative to two-component [2–7] and stereoscopic MTV [8],
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Figure 1. Example 1c-MTV image pair obtained over a portion of
the suction surface of an SD 7003 airfoil at angle of attack of
6 degrees and Reynolds number based on chord of 2 × 104 (flow is
toward the right) in a closed-return water tunnel: ‘undelayed’ (left)
and ‘delayed’ (right) images are separated by 10 ms [22]. Green
lines represent phosphorescence produced by molecules excited by
excimer UV laser at wavelength of 308 nm. The displacement of
individual lines during the inter-image time delay �t is obtained at
every pixel along the undelayed line by correlating the image of
each undelayed line with its delayed counterpart in the direction
normal to the undelayed line.

1c-MTV offers the unique advantage of very high, i.e. pixel-
level, resolution. When combined with minimal wall-glare
problems in MTV images (because of the disparity between
the excitation and emission wavelengths), this renders the
method particularly suitable for near-wall, boundary-layer
resolved measurements. Examples of 1c-MTV measurements
range from studying jets [9–13], boundary layers [14, 15],
particle laden coaxial jets [16], buoyancy induced flow in
unidirectional solidification [17–19], axial flows in vortex
cores [20, 21], laminar separation bubbles [22], hypersonic
flows [23] and microfluidic applications [24–28].

Notwithstanding the unique advantages of 1c-MTV for
near-wall diagnostics, the general applicability of the method
is limited by an inherent error in situations where the in-plane
velocity component parallel to the undelayed line (hereafter
denoted by v), which cannot be measured, is sufficiently strong
to cause a non-negligible ambiguity in uniquely determining
the displacements of the ‘individual fluid particles’ comprising
the (continuous) tagged line. Using geometrical arguments
(see figure 2), Hill and Klewicki [14] showed that this ‘v-bias’
error can be written in the form

�u = v
∂u

∂y
�t, (1)

where u is the measured velocity component normal to the
tagged line, �u is the associated error, y and v are the spatial
coordinate and the velocity component, respectively, parallel
to the tagged line, and �t is the time delay between two
successive interrogations.

It can be observed from equation (1) that the inherent
error approaches zero in the limit of zero velocity component
v and/or the local velocity gradient. In a general flow field
where these constraints are not met, the error can be reduced
by decreasing the time delay �t. However, �t cannot be made
arbitrarily small, since it needs to be large enough for the
resulting displacement to be measured with adequate accuracy.

In the present work, a method for correcting the
v-bias error is developed based on mathematical generalization
of equation (1). In particular, equation (1) is based on the

Figure 2. A schematic drawing illustrating movement of a tagged
line of molecules in flow with uniform velocity gradient during the
MTV inter-image time delay �t. The measured line displacement
�xm at y = yo is different from the actual streamwise displacement
�XQ of particle Q located at yo on the undelayed line. The
displacement error resulting from the difference, εx = �XQ − �xm,
can be found from trigonometric consideration of the orange-filled
triangle: εx = (v�t) × tan(θ ), where θ is the delayed line rotation
angle, which depends on the streamwise-velocity gradient and
imaging time delay through tan(θ ) = �t (∂u/∂y). Thus,
εx = v(∂u/∂y) �t2 and the corresponding velocity error is
obtained by dividing by �t, i.e. �u = v (∂u/∂y) �t.

assumptions that: (i) u varies linearly ‘locally’ with y; (ii) the
change of u with x (the spatial coordinate in the same direction
as u) is much smaller than the variation with y; (iii) v variation
is negligible. In this study, assumption (i) is removed in order
to arrive at an expression that is valid for measurements where
nonlinear variation of u may be significant. This generalization
leads to an expression for the error that is employed as the basis
for a practical means of 1c-MTV implementation that enables
correction of the error. The effectiveness of this correction
method is examined by conducting experiments in a channel
flow in which v-bias is deliberately imposed on measurements.
The results, after correction with the new method, are then
compared to bias-free data to examine the viability of the
correction technique.

2. Theoretical development

2.1. Derivation of a mathematical model for the v-bias error

Referring to figure 3, if one is to measure the velocity at point
o at (xo, yo), 1c-MTV yields a measured velocity magnitude
um, corresponding to the measured horizontal spacing �xm

between the undelayed and delayed lines at y = yo. However,
given the presence of y velocity component v, the fluid particle
located at yo on the delayed line (particle P) originates from
y = yo − v�t on the undelayed line. Accordingly, �xm is the
same as the average displacement �Xp of particle P during �t,
or

�xm = �XP =
∫ �t

0
UP dt =

∫ �t

0
u(YP(t)) dt, (2)

2
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Figure 3. A schematic drawing illustrating movement of a tagged
line of molecules in flow with nonlinear velocity variation during the
MTV inter-image time delay �t. The measured line displacement
�xm at y = yo is the same as the streamwise displacement �XP of
particle P originating from y = yo − v�t on the undelayed line.

Figure 4. A schematic drawing illustrating the channel flow with
constant wall-transpiration velocity, associated parameters and
coordinate system.

where small/capital letters denote Eulerian/Lagrangian
quantities. Thus, u is the Eulerian velocity field (which is a
function of y only under the derivation assumptions), UP is the
particle, or Lagrangian, velocity of particle P, and Yp(t) is the
y component of the particle path, which is given in terms of
the one coordinate along which u varies.

Expanding the Eulerian velocity field in terms of Taylor-
series relative to yo, equation (2) becomes

�xm =
∫ �t

0

[
uo + ∂u

∂y

∣∣∣∣
yo

(YP(t) − yo)

+ 1

2!

∂2u

∂y2

∣∣∣∣
yo

(YP(t) − yo)
2

+ 1

3!

∂3u

∂y3

∣∣∣∣
yo

(YP(t) − yo)
3 + O(YP(t) − yo)

4

]
dt. (3)

Substituting for YP(t) = yo − v�t + vt, which is specified
completely from knowledge of the initial particle location
yo − v�t and the uniform field v, in equation (3),

�xm =
∫ �t

0

[
uo + ∂u

∂y

∣∣∣∣
yo

(vt − v�t)

+ 1

2!

∂2u

∂y2

∣∣∣∣
yo

(vt − v�t)2

+ 1

3!

∂3u

∂y3

∣∣∣∣
yo

(vt − v�t)3 + O(vt − v�t)4

]
dt. (4)

Expanding brackets and integrating with respect to t,

�xm = �t

[
uo − 1

2

∂u

∂y

∣∣∣∣
yo

(v�t) + 1

6

∂2u

∂y2

∣∣∣∣
yo

(v�t)2

− 1

24

∂3u

∂y3

∣∣∣∣
yo

(v�t)3 + O(v�t)4

]
. (5)

Dividing by �t to obtain the measured velocity,

um = �xm

�t
= uo − 1

2

∂u

∂y

∣∣∣∣
yo

(v�t) + 1

6

∂2u

∂y2

∣∣∣∣
yo

(v�t)2

− 1

24

∂3u

∂y3

∣∣∣∣
yo

(v�t)3 + O(v�t)4, (6)

which yields the measurement error �u:

�u = uo − um = 1

2

∂u

∂y

∣∣∣∣
yo

(v�t) − 1

6

∂2u

∂y2

∣∣∣∣
yo

(v�t)2

+ 1

24

∂3u

∂y3

∣∣∣∣
yo

(v�t)3 + O(v�t)4. (7)

The above equation (7) provides a mathematical model
for the v-bias error that is not limited to flows where the u field
varies linearly with y. This model has the form of an infinite
series, the leading order (linear) term of which is similar to the
expression derived by Hill and Klewicki [14] (equation (1))
but with a multiplier of 1/2. The absence of the 1/2 factor
in equation (1) can be clarified by realizing that equation (1)
represents an error in measuring the velocity of the particle
which is located at (xo, yo) at t = to (that is particle Q in
figure 2), or UQ, and not the error in measuring the velocity
at (xo, yo), or uo. The error obtained from equation (1), which
is referred to here as the Lagrangian error, is given by �uL =
UQ − um, rather than �u = uo − um, which is the error given by
equation (7). To obtain an expression similar to equation (7)
for the Lagrangian error, an equation for the particle velocity
UQ is derived in a similar fashion as done for particle P above,
starting with equation (2). Subsequently, the expression for um

(equation (6)), is subtracted from the resulting equation for UQ

to yield

�uL = UQ − um = ∂u

∂y

∣∣∣∣
yo

(v�t) + 1

12

∂3u

∂y3

∣∣∣∣
yo

(v�t)3

+ O(v�t)5. (8)

As seen from the above equation (8), the linear term is precisely
that derived by Hill and Klewicki [14]. In other words, the
geometrical derivation of figure 2 yields the leading order
term in an infinite series that represents the error in measuring
particle velocity more generally.

2.2. Validation of the series expressions

To validate the error expressions derived above (equations (7)
and (8)), a simulation is done of 1c-MTV measurements in
a flow with known analytical solution. The selected flow is
that of fully developed two-dimensional laminar channel flow
with blowing and suction with constant velocity vw through
the walls, as illustrated in figure 4. The streamwise velocity u
for this flow is given by (see White [29])

3
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Figure 5. Streamwise-velocity profile across the channel flow with wall transpiration for Re = 3 (left) and simulated undelayed and delayed
MTV lines that would be obtained from 1c-MTV measurements in this flow using different time delays �t∗ = �tvw/h. Values given in the
legend are those of �t∗.

u

umax
= 2

Re

(
y

h
− 1 + eRe − eRey/h

sinh(Re)

)
, (9)

where h is the half channel height; Re is the Reynolds number
based on transpiration velocity and h (Re = vwh/v, where v is
the kinematic viscosity); and umax is the maximum streamwise
velocity in the case of no wall transpiration (vw = 0), which is
given by

umax = h2

2μ
(−dp/dx), (10)

where p is pressure and μ is the dynamic viscosity.
To simulate 1c-MTV measurements of u in the flow field

depicted in figure 4, fluid molecules are ‘tagged’ along a
straight line parallel to the y-axis and spanning the entire
channel height at t = to. Given the presence of vw parallel
to the undelayed tag line, these measurements are expected
to exhibit v-bias. Since MTV is based on measuring the
displacement of the tagged molecules during time �t, the
simulation of 1c-MTV reduces to tracking the molecules
composing the undelayed line over a time window �t. The
delayed MTV line is obtained by ‘connecting’ the loci of the
tracked molecules at time t = to +�t, and the ‘measured’ u(y)
is given by the horizontal (x) offset between the undelayed
and delayed lines at different y locations, divided by �t. The
error may then be computed by subtracting the measured
velocity at a given y from the exact value obtained from
equation (9). Alternatively, one may obtain the Lagrangian
error by subtracting the measured value at a given y from the
average velocity of the particle located at y at t = to over the
time window �t. The latter is computed from knowledge of
the particle’s location at t = to and the Eulerian velocity field:
equation (9).

In the simulation, Re is arbitrarily set to a value of 3 and
vw/umax to 0.5 without loss of generality. The resulting velocity
profile is shown in figure 5 (left). A total of 41 fluid particles,
spaced apart by 0.05h in y and spanning the full width of the
channel, are used to represent the undelayed MTV line. The
path of each of these particles is tracked for five different MTV
time delays: �t∗ = vw�t/h = 0.05, 0.1, 0.15, 0.2 and 0.25.
Note that these values represent the fraction of the channel
half-height traveled during the corresponding time delay. The
delayed lines corresponding to these time delays are shown in
figure 5 (right) along with the undelayed line. As seen from
the figure, the lower end of the delayed lines terminate above

0 0.25 0.5 0.75 1-1

-0.5

0

0.5

1

 y
/h

 u/umax

 

 

true
0.05
0.10
0.15
0.20
0.25

 

Figure 6. Dependence of the velocity profile obtained from
simulated 1c-MTV on the time delay for the channel flow with wall
transpiration. Values given in the legend are those of �t∗. The insert
gives a zoomed-in view of the results at y/h = 0.5.

the lower wall, as a result of the vertical displacement of the
lowest particle on the undelayed line via vw. Consequently, it
is not possible to obtain measurements for y values extending
all the way to the lower wall. This limitation gets worse with
increasing time delay since the spacing between the bottom
end of the line and the lower wall progressively increases with
time delay.

The velocity profile measured using each of the delayed
lines shown in figure 5 (right) is obtained from the x spacing
between each of the lines and the undelayed line, divided
by the corresponding time delay. The results are shown in
figure 6 compared to the true profile (analytical solution). As
seen from the figure, the measurements overestimate the true
velocity near the top of the channel (and vice versa), with
the difference becoming larger with increasing time delay. In
addition, the location of the measured peak velocity shifts to
higher y values as �t∗ increases, and a non-zero velocity is
measured at the top channel wall. These effects are artifacts of
the positive vw, which carries the higher velocity fluid toward
the top wall in the region bounded by the y location of the peak
velocity and the top wall.

Using the results in figure 6, it is possible to compute
the measurement error at a given y location for different time
delays. The outcome is depicted using symbols in figure 7 for
three different heights: at the centerline of the channel (y/h =
0) as well as half way between the centerline and the lower
and upper walls (y/h = −0.5 and 0.5, respectively). These
results are compared against the error computed using the
series expression for the error (equation (7)) when truncated at

4
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Figure 7. Actual 1c-MTV error (symbols) compared to error
calculated using series expression (7) when truncated at different
orders for simulated measurements in laminar channel flow with
wall transpiration: y/h = −0.5 (top), 0 (middle) and 0.5 (bottom).

different orders. A similar comparison is also shown in figure 8
for the Lagrangian error, in which case the Lagrangian error
computed from the simulation is compared against linear and
cubic truncations of the series expression (8).

Both figures 7 and 8 demonstrate the appropriateness
of the series forms derived in this work for mathematically
describing the 1c-MTV error. In particular, for all y locations,
the linear term of the series agrees well with the actual error
for small time delays. As higher order terms are included
in the series expression, the agreement extends over a range
that becomes progressively larger with increasing order of
the series. This is particularly evident in figure 7 (bottom)
for y/h = 0.5, in the vicinity of the velocity peak, where
the error has clear nonlinear dependence on the time delay.
The dependence is such that the error magnitude initially
increases with the time delay but then the trend reverses for
sufficiently large time delays. This behavior could be explained
by considering the inset shown in figure 6, which provides
a magnified view of the measured velocity profiles around
the location y/h = 0.5, corresponding to the error plot in
figure 7 (bottom). Because this location is slightly above where
the maximum velocity is, at small time delays, vw carries
higher velocity fluid particles (originating from the region
extending form y/h = 0.5 to where the peak velocity is found)
to y/h = 0.5, causing an increase in the measured velocity
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Figure 8. Actual 1c-MTV Lagrangian error (symbols) compared to
error calculated using series expression (8) when truncated at
different orders for simulated measurements in laminar channel flow
with wall transpiration: y/h = −0.5 (top), 0 (middle) and
0.5 (bottom).

with increasing time delay. However, for sufficiently long
time, slower-moving particles that originate from the region
below the velocity peak location eventually reach y/h = 0.5,
resulting in reduction in the measured velocity magnitude with
increasing time delay, i.e. causing reversal in the measured
velocity trend with time delay. This suggests that, in general,
the nonlinear terms of the error expression will be important for
locations in the flow field where local velocity peaks/valleys
are present. In contrast, away from the peak, for example for the
results shown in figure 7 (top and middle), a linear expression
for the error may be sufficiently accurate.

2.3. A method for correcting the v-bias error:
multi-time-delay MTV

Having access to a model relating the v-bias error to �t
provides an opportunity to devise a correction method for this
bias. More specifically, by truncating the series equation (6)3 at
a desired order p, one obtains a low-order polynomial relating
�u to �t:

um = uo + �u = uo + a1�t + a2�t2 + · · · + ap�t p, (11)

3 The series form expressing dependence of �u on �t remains invariant even
under more general velocity fields, such as those involving variation of v, as
demonstrated in the appendix. Only the series coefficients change.
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Figure 9. Conceptual representation of multi-time-delay method
using a polynomial fit of data (red circles) to extract bias-free
velocity at �t = 0.

where um is the measured velocity, and uo is the bias-free,
or ‘true’, velocity. To obtain the coefficients ai of polynomial
(11), multiple (N) measurements of the same velocity field are
conducted using multiple time delays, �ti (i = 1, 2, . . . , N).
Assuming the largest time delay is selected to be much smaller
than any important time scale within the flow (i.e. for all time
delays the velocity field remains practically frozen), the change
in the measured velocity with �t will be predominantly due
to the variation of the v-bias error with �t. This variation,
according to (11), will be in the form of a pth-order polynomial
with an intercept (at �t = 0) equal to the true velocity. Thus,
by fitting a pth-order polynomial to (um,i, �ti) data pairs, where
um,i is the velocity measured employing the ith time delay, the
fit may be extrapolated to �t = 0 to determine the bias-free
velocity as illustrated in figure 9.

In determining the order of the polynomial, a choice of
higher order should yield more accurate error representation.
However, the gain in accuracy with increasing order may
be minimal (as seen, for example, in figure 7 (top and
middle)), and, more importantly, it may be offset by
stronger susceptibility of higher-order curve fits to random
measurement errors.

3. Experimental setup and data acquisition

To test the viability of multi-time-delay (MTD)
1c-MTV, the method is implemented for measurements
in channel flow in a manner in which both v-bias errors
are introduced and bias-free velocity can also be measured.
The experiment, illustrated schematically in figure 10, is
conducted at Michigan State University’s Turbulent Mixing
and Unsteady Aerodynamics Laboratory. The test section is a
0.39 cm × 1.98 cm × 7.30 cm rectangular quartz channel
positioned approximately 77 cm below a constant head tank.
A dc motor-driven pump feeds the working fluid (water) from
a spill-off reservoir to the constant head tank, while a series
of valves allows for flow management.

Measurements are obtained using the single-component
MTV technique and the MTV phosphorescent triplex
(1BrNp · Gβ-Cd · ROH) aqueous solution as the working fluid,
which phosphoresces in the visible range with peak emission
at wavelength of approximately 530 nm. A Lambda Physik
LPX 210i XeCl Excimer UV laser with a wavelength of

Figure 10. Schematic of test section illustrating the undelayed tag
line configuration employed for extraction of the ‘true’ (top) and
‘measured’ velocity profiles (bottom).

308 nm and energy of 200 mJ/pulse provides the source of
photon excitation. A total of 2000 image pairs are acquired
using a 12-bit PCO DiCam Pro intensified camera with
1280 × 1024 pixel resolution, and AF Micro Nikkor 105 mm
1:2.8D lens (Nikon Corp.) in double shot mode at 10.0 Hz. Five
time-delays are selected (4, 6, 8, 9 and 10 ms) to implement
the MTD method, while the undelayed and delayed image
exposures are 200 and 800 μs, respectively. Including the
exposures, the effective time delays are 4.5, 6.5, 8.5, 9.5
and 10.5 ms. A Stanford Research Systems DG 535 Four-
Channel Digital Delay/Pulse Generator is used to synchronize
the intensified camera and the excimer laser.

Two different sets of measurements are conducted. In the
first set, a line of molecules is initially tagged normal to the
channel flow direction with a length of 0.39 cm (i.e. spanning
the full channel height), as shown in figure 10 (top). Image
pairs of this line are captured at 6.25 cm (x′/DH = 9.6, where
DH is the hydraulic diameter of the channel) from the test
section entrance and in the channel center-span to produce the
‘true’ velocity profile. In the second set of measurements, a
tagged line of molecules inclined at an angle of 47.5◦ ± 0.5◦

to the flow direction is imaged at the same nominal x′ location
as the tag line employed in the first set of measurements (see
the bottom sketch in figure 10). The purpose of conducting
measurements using a line inclined to the main flow direction
is to deliberately produce a component of velocity along the
tagged line, hence imposing a v-bias error on the results.
For these measurements, the camera is rotated such that the
inclined tagged line is approximately vertical (to within 0.6◦)
in the camera reference frame, figure 11. The resulting image
pairs are interrogated to produce the ‘measured’ velocity
profiles, which incorporate the v-bias error.

Image correlation to extract the tag line displacement
for each of the 2000 image pairs corresponding to a given
case is accomplished using an in-house code. The resulting
velocity profiles are then averaged to produce the mean
velocity estimate. These results show that the Reynolds

6
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Figure 11. Example of an image pair representing undelayed and
delayed (�t = 10.5 ms) images of the phosphorescence molecules
tagged along a line inclined to the main flow direction.

number based on the hydraulic diameter and mean velocity
(Re = u′

MeanDH/v) is 430.
A model is also developed to simulate the experiment to

aid in understanding the expected influence of the v-bias error
on the measurements. This is done by creating an ‘undelayed
tag line’ of 116 points representing phosphorescing molecules
and advecting these points according to the components of the
velocity profile for fully developed rectangular channel flow
(equation (12)) [29] in the directions normal and parallel to
the line (which is inclined at 47.5◦ to the main flow direction)
to produce ‘tagged molecule lines’ at different time delays.
One hundred terms are used in the series solution (equation
(12)) to ensure convergence of the fully developed velocity
profile. Although the experimental velocity profile is unsteady
and not fully developed, the fully developed channel flow
is used as a simple representation for modeling purposes of
the mean experimental velocity profile. For each time delay,
the spacing between the delayed and undelayed lines in the
direction normal to the latter (i.e. x) is found in order to produce
the ‘measured’ displacements and velocities. This requires the
use of linear interpolation since the y locations of the 116 points
composing the undelayed and delayed lines are not generally
the same:

u′(y′, z′) = 16a2

μπ3

(
− dp

dx′

) ∞∑
i=1

(−1)(i−1)/2

×
[

1 − cosh(iπy′/2a)

cosh(iπb/2a)

] (
cos(iπz′/2a)

i3

)
. (12)

4. Results

The velocity profile measurements from the experiment and
simulation are illustrated in figure 12. It is worth noting
that close to the walls, the tag line images experience
optical distortion (as may be seen from the undelayed image
in figure 11), which causes errors in the measurements.
Therefore, only data that are unaffected by this distortion
are presented in figure 12. The results show that as the time
delay increases, the v-bias error effect on the measurements
becomes increasingly noticeable as indicated by the increasing
asymmetry in the measured profiles compared with the true
profile. This asymmetry manifests itself as an upward shift in
the location of the measured peak velocity, with the peak value

Figure 12. Comparison between the true and measured velocity
profiles obtained using a tag line inclined to the main channel flow
direction: experiment (top) and simulation (bottom).

Figure 13. Illustration of the linear and quadratic MTD correction
applied to the simulation results at selected y/L locations.

remaining constant. This invariance in the peak magnitude
occurs because the y location of a particle that originates in
the center of the channel (where the velocity is maximum)
will increase with the time delays. This causes the maximum
measured velocity to falsely shift to progressively higher y
locations with increasing time delays. It is also noteworthy
that the behavior of the experimental velocity profiles is
consistent with those obtained from fully developed channel
flow simulation, confirming that the observed trends in the
measure profiles are in fact manifestations of the v-bias error.

The MTD correction method is applied to both the
experimental and simulation results. Figure 13 depicts a
comparison between linear and quadratic method estimates
of the bias-free velocity for selected locations in the simulated
flow (y/L = 0.0 and ± 0.5). These are obtained by fitting
first- and second-order polynomials to the five data pairs
of measured velocity versus time-delay (shown by blue
symbols in the figure) and extracting the value resulting from
extrapolating the fit to zero time-delay. Comparison between

7
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Figure 14. Comparison between linear and quadratic corrections of
the measured and the true velocity profiles: experiment (top) and
simulation (bottom).

the two different-order polynomial fits enables examination
of the importance of the inclusion of nonlinear terms in
the correction. It can be seen that for the specific locations
considered in figure 13, the quadratic extrapolation gives a
better approximation of the true velocity value (though at
y/L = −0.5, both linear and quadratic corrections seem to
yield comparable accuracy). The difference between the two
methods is, however, small with the maximum deviation from
the true velocity profile found to be 5% and 2% for the linear
and quadratic extrapolation, respectively, across the whole
channel.

When applying the correction to the full velocity profile,
shown in figure 14, several conclusions are made. The first
is that sufficiently far away from the peak, both linear
and quadratic methods correct for the v-bias error effect
on the velocity profiles equally well. However, near the
peak, the linear method over predicts the true profile by 5%
while the quadratic correction does a more satisfactory job
(although there is more noise in the higher-order correction).
In addition, the linear correction produces a slight upward
asymmetry reminiscent of that seen in the measured profiles
before the correction. These two differences demonstrate the
utility of the higher-order terms for reducing the systematic
error in the MTD correction. It is interesting that the same
differences can be seen in the simulation as well, although they
are not as prominent. This demonstrates that the differences
between the linear and quadratic estimates found in the
experiments are actual characteristics of the correction method
and not an artifact of the experiment.

A comparison between the error normalized by the
maximum velocity before and after correction demonstrates
the effectiveness of the MTD correction method, as seen in
figure 15. The error due to the measurement (�t = 10.5 ms)
is quite significant, ranging from −20% to 30%. In contrast,
the correction significantly reduces the error. As observed in
figure 15, the error due to the linear correction reflects the
asymmetry previously mentioned. The error based on the linear
correction is within ± 5%, while quadratic correction reduces
the error to within ± 2%. This demonstrates the viability of

Figure 15. Comparison between 1c-MTV error before and after
MTD correction: experiment (top) and simulation (bottom).

the MTD approach for minimizing the influence of the v-bias
error in 1c-MTV measurements.

5. Conclusions

One-component MTV methods have an inherent bias error
(v-bias error) when used in flows that are not unidirectional.
In this paper, a general mathematical expression for this error
is derived in the form of an infinite series. The derived form is
validated using a simulation of MTV measurements in a flow
with known analytical solution: a porous-wall channel flow.
Upon validation, the series is used to motivate a multiple-
time-delay (MTD) method to correct the bias error with
different orders of accuracy. Experiments and simulations
are performed using rectangular channel flow in such a way
that the measurements are deliberately affected by the v-
bias. The correction method is then applied to the measured
velocities from both the experiment and simulation, producing
corrected measurements that are within 2% of the true velocity
across the channel when using a quadratic MTD correction.
The results provide a proof of concept of MTD method for
substantially reducing the effect of the v-bias error on 1c-MTV
measurements.

The bias error considered in the present work is the result
of two-dimensional, in-plane displacement of continuous lines
of tagged molecules in 1c-MTV. Other bias errors resulting
from three-dimensional (out-of-plane) movement of the lines,
such as those associated with change of imaging magnification,
may also be significant depending on the imaging parameters.
However, such issues arise in imaging-based velocimetry
techniques in general and are not specific to MTV. Hence, they
are outside the scope of the present study, but they provide a
good point of focus for a future work.
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Appendix. Effect of first-order v variation

In the most general scenario involving variation in both u and v

along x and y directions, the components of the path of particle
P (figure 3) in the measurement plane are given by

dXP

dt
= UP = u(XP,YP)

dYP

dt
= VP = v(XP,YP), (A.1)

where u and v are the Eulerian velocity-field components,
which may be expanded in terms of a Taylor series around xo

and yo:
dXP

dt
= u(xo, yo) + ∂u

∂x

∣∣∣∣
xo,yo

(XP − xo) + ∂u

∂y

∣∣∣∣
xo,yo

(YP − yo)

+ 1

2

∂2u

∂x2

∣∣∣∣
xo,yo

(XP − xo)
2 + ∂2u

∂x∂y

∣∣∣∣
xo,yo

(XP − xo)(YP − yo)

+ 1

2

∂2u

∂y2

∣∣∣∣
xo,yo

(YP − yo)
2 + H.O.T. (A.2)

dYP

dt
= v(xo, yo) + ∂v

∂x

∣∣∣∣
xo,yo

(XP − xo) + ∂v

∂y

∣∣∣∣
xo,yo

(YP − yo)

+ 1

2

∂2v

∂x2

∣∣∣∣
xo,yo

(XP − xo)
2 + ∂2v

∂x∂y

∣∣∣∣
xo,yo

(XP − xo)(YP − yo)

+ 1

2

∂2v

∂y2

∣∣∣∣
xo,yo

(YP − yo)
2 + H.O.T. (A.3)

Subtracting xo and yo from the argument of the derivative
on the left-hand side of equations (A.2) and (A.3), respectively,
writing �xP = XP − xo and �yP = YP − yo, and using subscript
o to denote evaluation of a quantity at xo and yo,

d�xP

dt
= uo + ∂u

∂x

∣∣∣∣
o

�xP + ∂u

∂y

∣∣∣∣
o

�yP + 1

2

∂2u

∂x2

∣∣∣∣
o

�x2
P

+ ∂2u

∂x∂y

∣∣∣∣
o

�xP�yP + 1

2

∂2u

∂y2

∣∣∣∣
o

�y2
P + H.O.T. (A.4)

d�yP

dt
= vo + ∂v

∂x

∣∣∣∣
o

�xP + ∂v

∂y

∣∣∣∣
o

�yP + 1

2

∂2v

∂x2

∣∣∣∣
o

�x2
P

+ ∂2v

∂x∂y

∣∣∣∣
o

�xP�yP + 1

2

∂2v

∂y2

∣∣∣∣
o

�y2
P + H.O.T. (A.5)

These equations (A.4) and (A.5) are coupled nonlinear ODEs
that need to be solved for �xP and �yP after deciding on
the Taylor-series expansion order that describes the Eulerian
velocity field locally with sufficient accuracy. Once �xP and
�yP are known, then the measured displacement can be
computed from

�xm = �xP =
∫ �t

0
uo + ∂u

∂x

∣∣∣∣
o

�xP + ∂u

∂y

∣∣∣∣
o

�yP + 1

2

∂2u

∂x2

∣∣∣∣
o

×�x2
P + ∂2u

∂x∂y

∣∣∣∣
o

�xP�yP + 1

2

∂2u

∂y2

∣∣∣∣
o

�y2
P + H.O.T.dt,

(A.6)

which upon dividing by �t, integrating the first (constant) term
on the right-hand side, and rearranging yields the following
expression for the v-bias error:

�u = uo − um = uo − �xm

�t
= − 1

�t

∫ �t

0

(
∂u

∂x

∣∣∣∣
o

�xP

+ ∂u

∂y

∣∣∣∣
o

�yP + 1

2

∂2u

∂x2

∣∣∣∣
o

�x2
P + ∂2u

∂x∂y

∣∣∣∣
o

�xP�yP

+ 1

2

∂2u

∂y2

∣∣∣∣
o

�y2
P + H.O.T.

)
dt. (A.7)

Equations (A.4), (A.5) and (A.7), which involve the
three unknowns �xP, �yP and �u, give the most general
mathematical statement of the 1c-MTV v-bias error. The
equations are too complex to solve generally given that they
involve the solution of nonlinear coupled ODEs. However,
some insight may be gained using these equations for certain
special cases. For example, to examine how the presence
of v variation may alter the error series forms given by
equations (7) and (8), consider only first-order v variation (i.e.
truncating second and higher-order terms in the Taylor-series
expansion on the right-hand side of equation (A.5)). Beyond
this complication, the assumption of the analysis in section 2.1
of negligible x variation in the Eulerian spatial derivatives is
retained to simplify the analysis without loss of generality.

With the aforementioned assumptions, equation (A.5)
becomes

d�yP

dt
= vo + ∂v

∂y

∣∣∣∣
o

�yP. (A.8)

Solution to the above linear ODE with the condition that at
t = �t, �yP = 0 (since particle P is located at y = YP (�t) =
yo at the end of the interval �t) is

�yP = vo

(∂v/∂y)o
(e(∂v/∂y)o(t−�t) − 1). (A.9)

Noting that the ratio vo/(∂v/∂y)o represents a length scale, it
is denoted by �. From a physical point of view, � represents the
length required to produce unit fractional change in v. As such,
if particle displacement in the y direction is much smaller than
�, variation in particle velocity in the cross-stream direction
may be ignored (this also corresponds to the limit of � → ∞).
Using � definition, (A.9) becomes

�yP = L(evo(t−�t)/� − 1). (A.10)

Substituting (A.10) in (A.7) after setting terms involving �xP

to zero (since x variation of the velocity field are ignored in
the present analysis), and integrating

�u = ∂u

∂y

∣∣∣∣
o

�

(
1

�y∗
o

e−�y∗
o − 1

�y∗
o

+ 1

)

+ 1

2

∂2u

∂y2

∣∣∣∣
o

�2

(
1

2�y∗
o

e−2�y∗
o − 2

�y∗
o

e−�y∗
o

+ 3

2�y∗
o

− 1

)
+ H.O.T., (A.11)

where �y∗
o = vo�t/� is the particle displacement parallel to

the tag line based on the velocity at the point of measurement
relative to �. Equation (A.11) is the equivalent of equation (7)
but in the case of the particle velocity varying linearly in y.
To facilitate comparison of the two equations, the exponential
terms are expanded in a Taylor series to yield
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�u = ∂u

∂y

∣∣∣∣
o

�

(
1

�y∗
o

(
1 − �y∗

o + �y∗2
o

2
− �y∗3

o

6
+ . . .

)

− 1

�y∗
o

+ 1

)
+ 1

2

∂2u

∂y2

∣∣∣∣
o

�2 1

2�y∗
o

(
1 − 2�y∗

o + 4�y∗2
o

2

−8�y∗3
o

6
+ . . .

)

− 2

�y∗
o

(
1 − �y∗

o + �y∗2
o

2
− �y∗3

o

6
+ . . .

)

+ 3

2�y∗
o

− 1 + H.O.T., (A.12)

which can be consolidated in the form

�u = ∂u

∂y

∣∣∣∣
o

�

(
1

2
�y∗

o − 1

6
�y∗2

o + . . .

)
+ 1

2

∂2u

∂y2

∣∣∣∣
o

×�2

(
−1

3
�y∗2

o + O(�y∗3
o )

)
+ H.O.T. (A.13)

Using �y∗
o = vo�t/� and multiplying � and �2 into the brackets

�u = ∂u

∂y

∣∣∣∣
o

(
1

2
vo�t − 1

�

(
1

6
(vo�t)2 + O((vo�t)3)

�

+O((vo�t)4)

�2
+ . . .

))
+ ∂2u

∂y2

∣∣∣∣
o

(
− 1

6
(vo�t)2

+ 1

�

(
O((vo�t)3) + O((vo�t)4)

�
+ O((vo�t)5)

�2

+ . . .

))
+ H.O.T. (A.14)

Finally, recognizing that equation (7) represents the case of
constant v, i.e. � → ∞, (A.14) is evaluated in this limit to
arrive at

�u = 1

2

∂u

∂y

∣∣∣∣
o

(vo�t) − 1

6

∂2u

∂y2

∣∣∣∣
o

(vo�t)2 + O
(
(vo�t)3

)
(A.15)

which is the same as equation (7)!
An instructive way to write (A.14) is as follows:

�u = 1

2

∂u

∂y

∣∣∣∣
o

vo�t − 1

6

(
∂2u

∂y2

∣∣∣∣
o

+ ∂u

∂y

∣∣∣∣
o

1

�

)
(vo�t)2

+ 1

24

(
∂3u

∂y3

∣∣∣∣
o

+ O

(
1

�

)
+ O

(
1

�2

))
(vo�t)3 + H.O.T.

(A.16)

The above equation (A.16) suggests that accounting for
v velocity variation essentially modifies the Taylor-series
coefficients without changing its form. In other words, it may
be concluded that in general the error may be expressed in the
series form:

�u = a1(vo�t) + a2(vo�t)2 + a3(vo�t)3 + . . . , (A.17)

as used in equation (11), forming the basis of the MTD
correction method. If the series is truncated beyond the
first order, the error estimate accounts only for the effect of
linear variation in the measured velocity component u. If the
quadratic term is included, then the effect of up to second-
order variation in u and linear variation v (i.e. order 1/�) are
included in the estimate.
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