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2.0 Introduction

All electrical systems, at the most fundamental level, obey Maxwell's equations and the postulates
of electromagnetics. Under certain circumstances, approximations can be made that allow simpler
methods of analysis, such as circuit theory, to be employed. However, the   problems associated with
EMC usually involve departures from these approximations. Therefore, a review of fundamental
concepts is the logical starting point for a proper understanding of electromagnetic compatibili ty.

2.1 Fundamental quantities and electrical dimensions

speed of light, permittivity and permeability in free space�
The speed of light in free space has been measured through very precise experiments, and

extremely accurate values are known (299,792,458 m/s).  For most purposes, however, the
approximation

c 3x108 m/s�
is sufficiently accurate.  In the International System of units (SI units), the constant known as the
permeability of free space is defined to be

 H/m.
�

0 � 4� ×10� 7
The constant permittivity of free space is then derived through the relationship

c � 1�
o µo

and is usually expressed in SI units as

 F/m.�
0 � 1

c 2µo

� 8.854×10� 12 � 1
36� ×10� 9

Both the permittivity and permeabili ty of free space have been repeatedly verified through
experiment.

wavelength in lossless media�
Wavelength  is defined as the distance between adjacent equiphase points on a wave.  For

�
an electromagnetic wave propagating in a lossless medium, this is given by 
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� � v
f

where f is frequency.  In free space v=c, and in a simple lossless medium other than free space,
the velocity of propagation is , where  and .  Here are  and  arev � 1 µ � � � � r

�
0 µ � µrµ0

�
r µr

known as the relative permittivity and relative permeability of the medium, respectively.  These
will  be discussed in greater detail later in this chapter.  For now it is suff icient to note that as the
values of permittivity and permeabili ty increase, velocity of propagation decreases, and therefore
wavelength decreases (thus the wavelength at a particular frequency is shorter in a material than
in free space).  The free space wavelengths associated with waves of various frequencies are
shown below:

   frequency  wavelength

60 Hz 5000 km (3107 mi)
3 kHz 100,000 m

30 kHz 10,000 m
300 kHz 1000 m

3 MHz 100 m
30 MHz 10 m

300 MHz 1 m
3 GHz  10 cm

30 GHz 1 cm
300 GHz 0.1 cm

 
relationship between physical and electrical dimensions�

The size of an electrical circuit or circuit component, as compared to a wavelength,
determines, to a certain extent, the manner in which it interacts with EM fields.  For instance, in
order for an antenna to effectively receive and transmit signals at a certain frequency, it must be
a significant fraction of a wavelength long at that frequency.  Likewise, other types of electrical
components may emit or receive interference-causing signals if they are large compared to a
wavelength.  In addition, the electrical characteristics of a circuit component are often very
different when it is electrically large (i.e. the frequency of operation is high) than when it is
electrically small (the frequency of operation is low).  Kirchoff's voltage and current laws are only
valid if the circuit elements under consideration are small compared to a wavelength.  If the
components under consideration are electrically large, then Maxwell 's equations must be applied
in order to analyze device behavior.

The electrical dimensions of a device or circuit are determined by comparing physical
dimensions to wavelength.  A device with length l has electrical dimensions (in wavelengths) 

de � l� .
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The electrical dimensions of a circuit are determined by first calculating the wavelength at the
highest frequency of interest, and then determining de.  Devices or circuits are considered to be
electrically small i f the largest dimension is much smaller than a wavelength ( 1). Typicallykde«
structures which are less than one tenth of a wavelength long are considered to be electrically
small.  It must be remembered that the electrical dimensions are dependent upon the material in
which EM waves propagate.  A device may be electrically much larger when it is embedded in a
printed circuit board than it is when surrounded by air.  Likewise, a capacitor which contains a
high permittivity dielectric is electrically larger than a similar capacitor whose plates are separated
by air.

2.2 Common EMC units of measure

Commonly measured EMC quantities may take on values that range over many orders of
magnitude.  As a result, it is often convenient to express these quantities in decibels.  The quantity
most commonly expressed in decibels is power gain.  The power gain of an amplif ier is the ratio
of output power to input power

power gain � Pout

Pin

which may be expressed in decibels as

power gaindB .	 10log10

Pout

Pin

Voltage gain and current gain are also sometimes represented in terms of decibels.  If the input
and output powers of an amplifier are dissipated by two equal resistances then the power gain in
decibels is

power gaindB .	 10log10



Vout



2 / R


Vin



2 / R

� 10log10
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From this it is seen that voltage gain in decibels is represented by

voltage gaindB
	 20log10



Vout




Vin



while current gain is expressed as

current gaindB .� 20log10



Iout




Iin
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It is important to note that decibels represent the ratio of two quantities, or more precisely,
the value of one quantity as referenced to some base quantity.  The units dB describe power in
watts referenced to 1 watt

power in dB 	 10log10
watts

1W

while the units dBm describe power in watts referenced to 1 milli watt

power in dBm .	 10log10
watts

1mW

In each of these cases, a positive value of dB or dBm indicates that the power in watts is greater
than the reference quantity, while a negative value of dB or dBm indicates that the power in watts
is less than the reference quantity.  Other quantities are sometimes expressed in decibels, including

dB Wµ 	 10log10
watts

1µW

dBmA 	 20log10
amps

1mA

dBmV .	 20log10
volts

1mV

2.3 Linear systems

linear system response�
Many complex systems obey the principle of superposition, which permits a complicated

problem to be decomposed into a number of simpler problems.  Superposition is often used to
analyze electric circuits which have more than one independent voltage or current source.  The
voltage or current at any point in certain circuits may be determined by summing the voltages or
currents due to each independent source individually.  Superposition is also frequently used to
determine electric and magnetic fields in regions where multiple sources exist.

Application of the principle of superposition requires that the system under consideration be
linear.  Consider a system with input x(t), and output y(t).  If

y1(t) � L{ x1(t)}

     and
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y2(t) � L{ x2(t)}

then the system operator L{ ~} is said to be linear if

L{ a1x1(t) � a2x2(t)} � a1y1(t) � a2y2(t)

where a1 and a2 are constant scale factors.  Linearity requires that the differential or integral
operator L{ ~} does not involve products of the dependent variables or their derivatives among
themselves.  Thus, the systems

y(t) � sin[x(t)]

and

y(t) � x 2(t)

are clearly nonlinear.

2.4 Review of electromagnetics

volume source densities�
Electromagnetic fields are supported by electric charges, which may be at rest or in motion.

These charges may be free, such as those exiting in free space or in a conductive material, or
bound, such as those which may exist in a dielectric or magnetic material.  The fields discussed
in this course will be those which are supported by large aggregates of charge.  The macroscopic
field representations developed are best described in terms of space-time average source density
functions, which exist over regions and periods that are large compared with the atomic regime,
but small on a laboratory scale.  Effects which occur on a microscopic or quantum-mechanical
level are outside the scope of this course.

Four source quantities which may support time varying electric and magnetic fields are used
throughout this course.  Free charges are represented in terms of the volume density of charge

� ( 
R, t) � lim�
v � 0 �

�
qi � � v

qi�
v

(C/m 3 )

where  is a general three-dimensional position vector, and  are discrete
�

R � x̂x � ŷy � ẑz qi

charges which reside within a volume of space .  Free currents (composed of moving free
�

v
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charges) are described in terms of a volume density of current

�
J (
�

R,t) � lim�
v � 0 �

�
q i ��� v

qi �ui 
v

(A/m 2)

where  is the velocity of the ith discrete charge.  Bound polarization charges may exist within,�ui

or on the surface of dielectric materials.  Such charges are described by a volume density of
polarization

�P( �R, t) ! lim"
v # 0 $

%&
pi ' " v

(
pi)

v
(C/m 2)

where  is the moment associated with the ith dipole which exists within a volume of
(
pi * qi

(
d

space .  Finally, bound magnetic currents, such as those that may exist within certain types of
)

v
magnetic materials, are represented by a volume density of magnetization

(
M (

(
R, t) * lim+

v , 0 -
./

mi 021 v

3
mi4

v
(A/m) .

In this expression  is the magnetic moment associated with a current I circulating
3

mi 5 I n̂A

around a small loop bounding cross-sectional area A.

continuity equation6
The principle of conservation of charge states that charge may be neither created nor

destroyed. The total current flowing out of a volume of space is the total outward flux of the
current density through the surface bounding that volume. If conservation of charge is obeyed,
then the current flowing out of the volume is equal to the rate of decrease of charge contained
within the volume, thus

I 587
S

9
J : 9ds 5<; dQ

dt 5<; d
dt =

V > dv .

Application of the divergence theorem yields
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=
V

? : 9J dv 5<; =
V

@ >@ t dv .

This relationship must be satisfied for any volume , thereforeV? : 9J 5<; @ >@ t .

This expression is known as the continuity equation, and states simply that the density of current
flowing away from a point must be equal to the time rate of decrease of charge at that point.

Lorentz force equation6
In the presence of time varying electric and magnetic fields, the force experienced by a

charged particle q moving with velocity  is
9
u9

F 5 q(
9

E A 9u×
9

B) .

This expression is known as the Lorentz force equation.  The field quantities  (electric field
9

E(
9

R,t)

intensity) and  (magnetic flux density) are defined through the Lorentz force equation.
9

B(
9

R,t)
The electric field intensity is defined by

9
E 5 9

Fq1

q1

BDC
u1 E 0

and magnetic flux density is defined by

F
u2×

F
B G F

Fq2

q2 H F
E IJ C

u2 K 0
.
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Maxwell 's equations in free spaceL
- large-scale (integral) form

All electromagnetic phenomena are described by Maxwell 's equations.  These four equations
may be represented in either large-scale (integral) form, or in point (differential) form.  When
describing interactions involving finite objects with specific shapes and boundaries it is convenient
to express Maxwell 's equations in large-scale form.

i. Faraday's law

The large-scale form of Faraday's lawM
C NE O dl P<Q d

dt R
S NB O Nds

states that a voltage is induced in a conducting loop that lies along a contour C, which is
either stationary and immersed in a time changing magnetic field, or moving in a static
magnetic field.  This voltage is proportional to the time rate of change of magnetic flux which
penetrates the surface bounded by the loop.  The line integral term on the left hand side of
Faraday's law is frequently known as the electromotive force or emf

emf P M
C NE O Ndl .

The total magnetic flux through the surface S which is bounded by contour C isS
m P R

S NB O Nds

therefore Faraday's law may be written

emf P<Q d S m

dt
.

If no time-dependent magnetic flux penetrates the surface S, then the induced emf is zero
(Kirchoff 's voltage law).  It should be remembered that the induced emf is a distributed
quantity, not a localized source (although for electrically small circuits it may be modeled as
such).  If an open-circuited loop is placed in a time-changing magnetic field, an emf is still
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induced.  Although no current flow occurs in this case, the emf manifests itself as a potential
difference which appears across the terminals of the loop. 

B

C

E

n

B

B

B
^

S

Figure 1.Illustration of Faraday's law.

ii . Ampere's law

Ampere's law states that the circulation of magnetic flux density around any closed
contour in free space is equal to the total current flowing through a surface bounded by that
contour times the permeabili ty of free spaceM

C NB O Ndl P µo R
S NJ O Nds T µo U o d

dt R
S NE O d Ns .

This indicates that a time-changing electric field gives rise to a magnetic field.  The line
integral term on the left-hand side of this expression is known as the magnetomotive force or
mmf

mmf P 1
µo

M
C NB O Ndl .

The first term on the right side of the Ampere's law expression represents the total current
flowing through the surface S bounded by the contour C due to free charges, and is referred
to as conduction current
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I c P R
S NJ O Nds .

The second term on the right side of the Ampere's law expression is the total displacement
current flowing through the surface S bounded by the contour C

Id P U o d
dt R

S NE O Nds .

Therefore, Ampere's law may be expressed

mmf P I c T Id .

S

n̂

E

J

B

B

C

dl

Figure 2.Illustration of Ampere's law.

iii . Gauss's law

The large-scale form of Gauss's law states that total electric field flux through a closed
surface S is equal to the amount of charge enclosed by that surface divided by the permittivity
of the surrounding medium.  In free space, this isM

S NE O Nds P 1U o RV V dv .
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Figure 3.Illustration of Gauss's law.

iv. Magnetic source law

The last of Maxwell's equations M
S NB O Nds P 0

is the magnetic source law, which states that the integral of magnetic flux density over any
closed surface vanishes.  This indicates that the total magnetic flux flowing out of a closed
surface is zero (magnetic field lines from closed loops).  This reflects the fact that magnetic
source charges have yet to be observed in nature.
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B B

Figure 4.Illustration of magnetic source law.

- point form

When describing interactions at a single point in space, it is convenient to express Maxwell 's
equations in point, or differential form.  Point form representations of Faraday's law and Ampere's
law are obtained by applying Stoke's theorem to the large-scale forms of these expressions.  This
results in the relationships W

× NE P<Q X NBX tW
× NB P µo NJ T U o X NEX t .

The point form expressions for Gauss's law and the magnetic source law are obtained through
application of the divergence theorem to the large-scale expressions of these relationshipsW O NE P VU oW O NB P 0 .

- Maxwell 's equations in materials

In the presence a material, Maxwell's equations must be modified to include sources which
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arise from polarization and magnetization effects.  Including these leads to a system of Maxwell's
equations in terms of all EM sources W

× NE P<Q X NBX t
W

× NB P µo NJ T X NPX t T W × NM T U o X NEX t
W O NE P ( V Q W O NP)U oW O NB P 0 .

Here the source term

NJtotal P NJ T X NPX t T W × NM T U o X NEX t
represents the total effective current density that may exist in a medium with dielectric and
magnetic properties, and

V total P V Q W O NP
is the total effective charge density in such a medium.

constitutive parameters of a medium L
- electr ic flux density and permitt ivity

In the presence of a dielectric medium the total source charge density consists of free charge
and bound equivalent polarization charge.  In this case the point form of Gauss's law becomesW O ( U o NE T NP) P V .

It is convenient to define an auxili ary field quantity, the electric flux density which accounts for
effects due to the presence of the medium 
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ND P U o NE T NP .

In a linear, isotropic medium, polarization is directly proportional to electric field intensity

NP P U oY e NE
where  is known as electric susceptibili ty.  Substitution yieldsY e

ND P U o(1 T Y e) NEP U o U r NE P U NE
where

U r P 1 T Y e P UU o
is known as the relative permittivity, or dielectric constant of a medium and U  is known as the
permittivity. 

- magnetic field intensity and permeability

In the presence of a magnetic medium the total source current density consists of free current
and equivalent magnetization current.  In this case the point form of Ampere's law becomesW

× NBµo

Q NM P NJ T XX t ( U o NE T NP)

It is convenient to define a second auxiliary field, the magnetic field intensity, which accounts for
effects due to the presence of a magnetic material

NH P NBµo

Q NM .

In a linear, isotropic medium, magnetization is directly proportional to magnetic field intensity

NM P Y m NH
where  is known as magnetic susceptibili ty.  Substitution yieldsY m
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NB P µo(1 T Y m) NHP µoµr NH P µ NH
where

µr P 1 T Y m P µ
µo

is known as the relative permeabilit y of a medium and µ is the permeabili ty. 

independent Maxwell 's equationsL
It is important to note of Maxwell's equations that only Faraday's law and Ampere's law are

independent.  The equations which involve the divergence operation can be derived from the curl
operations. Consider the point form of Ampere's lawW

× NH P NJ T X NDX t .

Taking the divergence of both sides leads to W O ( W × NH) P W O NJ T XX t W O ND .

By vector identity, the divergence of the curl of a vector is zero, thereforeW O NJ P<Q XX t W O ND .

Application of the continuity equation results in

Q X VX t T XX t W O ND P 0.

Combining terms under the differential operator yields
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XX t (
W O ND Q V ) P 0 .

The term in parenthesis must be equal to a constantW O ND Q V P C( Nr ) .

It is argued that the temporal constant in the above expression is zero, thereforeW O ND P V .

In a similar way the magnetic source law may be derived from Ampere's law.

Ohm's law and conduction curr ent densityL
Conduction currents are caused by the drift motion of charged particles under the influence

of an electric field. The total current density may be composed of various charge species drifting
with different velocities, therefore

NJ P Z
i

Ni qi Nui

where  is the particle number density,  is the particle charge, and  is the average ensembleNi qi Nui

drift velocity.  In a metalli c conductor where only electrons are present

Nu P<Q µe NE
where  is the electron mobili ty. This leads toµe

NJ P<Q V eµe NE P8[ NE
which is known as Ohm's law.  The conductivity, [ , of a material is defined as[<P<Q V eµe

where  is electronic charge density, and  is electron mobili ty. V e µe
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displacement curr ent densityL
Prior to the formulation of Maxwell's equations, the point form of Ampere's law was statedW

× NH P NJ .

This, however, is not consistent with the principle of conservation of charge.  This can be seen
by taking the divergence of both sides of Ampere's lawW O ( W × NH) P 0 P W O NJ
The divergence of  is in general not equal to zero.  The above equation must be modified toNJinclude time variation of chargeW O ( W × NH) P 0 P W O NJ T X VX t
or W O ( W × NH) P 0 P W O NJ T X NDX t
Thus the form of Ampere's law which is consistent with conservation of charge isW

× NH P NJ T X NDX t
Here the additional  term  is known as the displacement current density.  In low frequencyX ND/ X t
systems, the displacement current is often negligible.  However as frequency increases, effects due
to displacement current become more pronounced, such as in the dielectric of a capacitor which
has a rapidly changing voltage applied to it.  

relationships between field quantit ies and potential functionsL
The magnetic source law states that a steady magnetic field is solenoidal withW O NB P 0 .

Using the vector identity that the divergence of the curl of any vector field is always zero
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W O ( W × NA) \ 0

it is apparent that the steady magnetic field may be represented as the curl of a vector

NB P W × NA
where  is known as the EM vector potential.  The point form of Faraday's law statesNA W

× NE P<Q X NBX t P<Q W × X NAX t .

This may be written as W
× NE T X NAX t P 0 .

Using the vector identity that the curl of the gradient of any scalar field is always zeroW
×(
W^]

) \ 0

it is seen that the quantity in parenthesis may be represented as the gradient of a scalar

NE T X NAX t P<Q W^]
where the negative gradient is chosen so that , the EM scalar potential, is consistent with the

]
static potential difference.  Finally, electric filed is expressed in terms of the EM potential
functions as

NE P<Q Ŵ ] Q X NAX t .

wave equationsL
In a source-free region of a simple medium, the point forms of Maxwell's equations specialize

to
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W
× NE P<Q µ X NHX t
W

× NH P U X NEX tW O NE P 0

W O NH P 0 .

Taking the curl of both sides of Faraday's law yieldsW
×
W

× NE P<Q µ XX t (
W

× NH) P<Q µ U X 2 NEX t 2

Applying the vector identityW
×
W

× NE P W (
W O NE) Q W 2 NE P<Q W 2 NE

leads to the homogeneous electric field wave equation  W 2 NE Q 1

v2
X 2 NEX t 2

P 0

where  is the velocity of light in the simple medium.  A similar development onv P 1/ µ U
Ampere's law yields the homogeneous magnetic field wave equationW 2 NH Q 1

v2
X 2 NHX t 2

P 0 .

boundary conditionsL
At the surface of a perfect conductor the tangential component of electric field vanishes
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t̂ O NE P Et P 0 .

This condition yields unique solutions to Maxwell's equations.  The surface charge and surface
current are subsequently related to the surface fields as

V s P n̂ O ND P U o(n̂ O NE) P U oEn

and

NJs P n̂× NH .

When layers of differing dielectric materials exist, the tangential components of electric and
magnetic field must be continuous across the interface

n̂×( NE1 Q NE2) P 0

Et1 P Et2

n̂×( NH1 Q NH2) P NJs

Ht1 Q Ht2 P NJs

which again leads to unique solutions of Maxwell's equations.  The normal field components are
then related by

n̂2 O ( ND1 Q ND2) P V s

and

Bn1 P Bn2 .

Poynting's power theoremL
Energy is transported by electromagnetic waves.  The power balance relation for EM fields

is known as Poynting's theorem.  This theorem describes the relationship between power (rate
of energy transfer) and electric and magnetic field intensities.  Consider the Maxwell curl
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equations W
× NE P<Q X NBX t

W
× NH P NJ T X NDX t .

According to a vector identityW O ( NA× NB) P NB O ( W × NA) Q NA O ( W × NB)

therefore W O ( NE× NH) P<Q NH O X NBX t Q NE O X NDX t Q NE O NJ .

In a linear, isotropic, homogeneous medium

NH O X NBX t P NH O X (µ NH )X t P 1
2
X (µ NH O NH )X t P XX t 1

2
µ _ NH _ 2

NE O X NDX t P NE O X ( U NE)X t P 1
2
X ( U NE O NE)X t P XX t 1

2 U _ NE _ 2
and

NE O NJ P NE O ( NJ s T NJ i
) P NE O ( [ NE T NJ i

) P8[`_ NE _ 2 T NE O NJ i

where  is the impressed current and    is the secondary current.  ThusNJ i NJ s P8[ NEW O ( NE× NH) P<Q XX t 1
2 U _ NE _ 2 T 1

2
µ _ NH _ 2 Qa[`_ NE _ 2 Q NJ i O NE .

Integrating over a volume of space and applying the divergence theorem yields
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Q R V NJ i O NEdV T M
S

( NE× NH) O d Ns P<Q XX t RV 1
2 U _ NE _ 2 T 1

2
µ _ NH _ 2 dv Q R

V

[`_ NE _ 2 dv .

where the power delivered by the sources to the fields is .  It is recognized that theQ R V NJ i O NEdV
first term on the right side of this expression represents the time rate of change of EM energy
(sum of stored electric and stored magnetic energy).  The second term on the right side represents
the ohmic power dissipated due to conduction currents flowing in the presence of the electric
field.  The terms on the right side must equal the power leaving a volume of space through the
surface bounding that volume.  The quantity  must therefore represent power flow per unitNE× NHarea.  A power density vector known as the Poynting vector may be defined

NP P NE× NH watts / m2

which is associated with an electromagnetic field.  The Poynting vector lies in a direction normal
to both  and .  If the region of interest is lossless, then  and the total power flowing intoNE NH [bP 0
a volume bounded by a closed surface is equal to the rate of increase of stored electric and
magnetic energies.  When the fields are static, the total power flowing into the volume is equal
to the ohmic power dissipated in the volume.

definitions of resistance, capacitance and inductanceL
Consider two conductors of arbitrary shape, which are immersed in a dielectric medium.  A

potential difference V maintains a charge separation of +Q and -Q on the conductors.

+ Q

- Q+
+

+

+

+

+
+

+

+

+

_

_ _

_

_

_
__

_

_

+ _V I

S
n̂ E

-L c
J

( )σ µ ε, ,0

Figure 5.Arbitrary conductors immersed in a dielectric medium.
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Using this model, basic relationships for resistance and capacitance in terms of field quantities may
be determined.

- resistance

If the dielectric medium separating the conductors has a small non-zero conductivity
(referred to as a lossy medium), then a current will flow in the material.  The resistance
encountered by this current is expressed by

R d V

I
d e f L gE h gdli

S gJ h gds
.

- capacitance

The expression for the Coulomb potential maintained by a surface charge distribution
states

V d 1
4jlk o m S n s

1oqp
R r pR s o ds s .

For a point on the surface, it is seen that the potential of an isolated conductor is directly
proportional to the total charge which maintains that potential.  For an isolated system of
conductors, the ratio of charge to potential remains constant.  The constant of proportionality
relating potential to charge is known as capacitance.  This relationship is written

Q t CV

where Q is charge, V is potential, and C is capacitance.  A capacitor consists of two
conductors separated by an EM medium.  A voltage source causes a charge separation to
occur, resulting in the formation of an electric field between the conductors.  It should be
remembered that the capacitance of a capacitor is a physical property of a system of
conductors, depending upon the geometry of the system and the permittivity of the medium
between the conductors.  Capacitance does not depend on the amount of charge deposited
on the conductors, or the potential difference which maintains the charge separation.  Thus
a capacitor has a capacitance even when no potential difference exists between the
conductors, and no charge is present on the conductors.  In general capacitance is represented
by
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C t Q

V
t m S n sdsr mL pE u pdl

t m S pD u pdsr m L pE u pdl
.

Using  and   we see that . 
p
J t8v pE p

D t8k pE R C t kv
- inductance

Consider two closed contours C1, and C2 which bound surfaces S1, and S2, respectively.
A current  flowing along C1 will give rise to a magnetic field.  A certain fraction of theI1

magnetic flux associated with this field will penetrate (link with) surface S 2. 

C

CS

S

I
1

1

1

2

2

I
1

Figure 6.Magnetically coupled circuits.

The mutual flux is therefore that portion of the flux form the field associated with loop 1 that
passes through loop 2 w

21 x y
S2

z
B1 { zds2

The magnitude of the magnetic flux density is proportional to current, therefore, the mutual
flux  is also proportional to current I1

w
21
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�
21 � L21I1

where the constant of proportionali ty L12 is called the mutual inductance between loops C1

and C2.  If the loop C2 has N2 turns, then a flux linkage  is defined
�

21

�
21 � N2

�
21

which also may be represented by

�
21 � L21I1

or

L21 �
�

21

I1

.

From this it is evident that the mutual inductance between two circuits is the amount of
magnetic flux linkage with one circuit per unit current in the other.  Self inductance is the
magnetic flux linkage per unit current within the circuit i tself

L11 �
�

11

I1

.

It should be noted that the self inductance of a circuit depends on the shape of the circuit
and configuration of conductors within the circuit, as well as the permeability of the medium
in which the circuit is immersed. If the surrounding medium is linear, then self inductance
does not depend on the amount of current flowing within the circuit.  Self inductance exists
regardless of whether the circuit is open or closed or whether it is located near another circuit.

time harmonic field representations�
The way that the field quantities  and  vary with time depends on the nature of

�
E(
�
r,t)

�
H(
�
r,t)

source functions  and .  In general EM sources have an arbitrary dependence on time.� ( �r,t) �
J(
�
r, t)

In certain cases, however, it is easier assume that the source quantities have a sinusoidal time
dependence.  Because Maxwell's equations are linear, sinusoidal variations of the source terms
at a certain frequency will result in sinusoidal variations of the field quantities at the same
frequency (when the system is in steady state).  Assuming that sources vary sinusoidally
sometimes makes the solution of Maxwell's equations easier.  Also, the responses to systems
having sources that vary arbitrarily with time can be determined by superposition of the responses
of the system due to sources varying with individual sinusoidal frequency components.
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Consider the general second order system

d 2r

dt 2

� a
dr
dt
� br � f

with forcing function .  It is often easier to represent the forcing function asf � fo cos( � t �	� f)

f � Re{ fo e
j
 f e j� t} � Re{ Fe j� t}

where  is called a complex phasor.  Because the system is linearF � fo e
j
 f

r � ro cos( � t �	� r )

or

r � Re{ Re j� t}

where .  Substitution of these into the general system expression yieldsR � ro e
j
 r

(b � aj � �
� � 2)R � F

where the common time-dependent factor  has been dropped.  It is apparent that the so callede j� t

time-harmonic system equation can be readily solved for the unknown R, and the original system
variable r may be recovered from

r � Re{ Re j� t} .

In a similar way, a time-harmonic electric field may be represented

�
E (x,y,z,t) � Re

�
E(x,y,z)e j� t .

This results in a system of Maxwell's equations

�
×
�

E � � j � µ
�

H

�
×
�

H � �
J � j ��� �E
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��� �
E � �

�
��� �

H � 0 .

2.5 Electromagnetic basis of K irchoff 's voltage and curr ent laws

Although Maxwell's equations describe all electromagnetic phenomena, direct application of
these laws is not always convenient.  Often, approximations are employed to provide an easier
method of analysis.  Kirchoff's voltage and current laws are idealizations of Maxwell's laws which
form the foundation of electric circuit theory.  These laws remain valid when the elements of the
circuit under analysis are small compared to a wavelength (the circuit is operated at a low
frequency).  The fields within the elements are then said to be quasi-static.  It is also assumed that
the circuit is composed of lumped elements.  With certain types of circuits, such as transmission
lines,  effects due to distributed parameters must be taken into account (this will be addressed in
Section 2.6).  The pages that follow will ill ustrate the relationships between Kirchoff 's laws and
Maxwell's equations.

relationship between KVL and Faraday's Law�
Consider a generalized electric circuit consisting of a source and a resistive element which are

connected by perfectly conducting wires.

+   +   +   +   +   +   +   +

_   _   _   _   _   _   _   _

perfect wire

t̂

E   (Coulomb field)JE

source

t̂

+

_

R

resistor

.

i

( t   E ) = 0^

.( )�
t E⋅ ≠
�

0

σ ≠ ∞

σ

Figure 7.Generalized electric circuit.
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An impressed field  drives a current density  through the source region against the action
�

Ei

�
J

of a Coulomb field . At any point in the circuit
�

E

�
J ��� ( �E � �Ei)

where  only in the source region.  Consequently 
�

Ei � 0

�
C
(
�

E � �Ei) � �dl � �
C

�
J
� �
�

dl

or

�
C

�
E � �dl ���

source

�
Ei � �dl � I �

source

dl

� S
� �

element

dl

� S
.

For a static electric field

�
C

�
E � �dl � 0

and, applying this, the above result leads to

V � I (Rsource � R )

where

V � �
source

�
Ei � �dl

is the impressed emf.  When multiple source and resistive regions exist in the circuit, this
generalizes to

�
j

Vj � �
k

Ik Rk

which states that the sum of the emfs is equal to the sum of the voltage drops around a closed
circuit which supports steady currents (Kirchoff's voltage law).  For time-dependent currents,
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Faraday's law requires

�
C

�
E � �dl �! d

dt
�
S

�
B � �dS �! d

dt
Li(t)

where the latter term follows from the definition of inductance L.  This leads to the time-
dependent generalization

v(t) � Rsource � R i(t) � L di(t)
dt

.

relationship between KCL and the continuity equation"
The continuity equation requires

#�$&%
J '!( )+*

) t
.

For steady currents , therefore)+* / ) t ' 0

#�$,%
J ' 0 .

This leads to the integral form

-
S

%
J
$
d %s ' 0

which may be written 

.
j

Ij ' 0 .

This states that the sum of the currents flowing out of a circuit node is zero (Kirchoff 's current
law).  It is important to note that KCL is rigorously valid only when there is no time-dependent
charge accumulation at nodes in the circuit, otherwise that charge must be modeled.  



2-31

2.6 Transmission lines

Unlike dc or low-frequency (60 Hz) circuits, transmission lines may be many wavelengths
long.  Where the various elements of a low-frequency circuit may be considered to be discrete
(lumped), transmission lines must be described in terms of parameters which are distributed
throughout their entire length. 

general transmission line equations (time domain)"
Consider a short element of transmission line with length .  This section of line, can be

/
z

described in terms of per-unit-length distributed parameters, consisting of a series resistance R,
a series inductance L, a shunt capacitance C, and a shunt conductance G.  Application of
Kirchoff's voltage law to this element yields

) v
) z

'!( R i ( L ) i
) t

and application of Kirchoff's current law yields

) i
) z

'!( Gv ( C ) v
) t

.

L

C

0
z

R

G

Figure 8.General transmission line element.
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These may be represented for time-harmonic quantities as 

dV(z)
dz

'!( ZI(z)

where

Z ' (R 1 j 2 L)

and

dI(z)
dz 3!4 YV(z)

with

Y 3 (G 1 j 2 C) .

These coupled time-harmonic expressions can be solved simultaneously to determine  and V(z) I(z)
yielding

d 2V(z)

dz 2 465 2 V(z) 3 0

and

d 2I(z)

dz 2 465 2 I(z) 3 0

where

573�8 1 j 9 3 (R 1 j 2 L ) (G 1 j 2 C ) 3 ZY

is known as the propagation constant, having real part 8 , the attenuation constant, and imaginary
part 9 , the phase constant.  It can be seen that the expressions for  and  above haveV(z) I(z)
solutions

V(z) 3 V : e ;=< z 1 V ; e < z
and
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I(z) 3!4
1
Z

dV
dz 3

1
Zo

(V : e ;=< z 4 V ; e < z )

where  and  are the constant amplitudes of forward and backward traveling waves,V : V ;
respectively, and

Zo 3
Z
Y 3

R 1 j 2 L
G 1 j 2 C

is known as the characteristic impedance of the transmission line.  It should be noted that in
sinusoidal steady state, all of the multiply reflected forward and backward traveling waves excited
superpose resulting in a single forward traveling wave of amplitude , and a single backwardV :
traveling wave of amplitude .  These waves interfere to produce a standing wave interferenceV ;
pattern along the line.

A lossless transmission line is characterized by R=G=0.  In this case the impedance of the
transmission line is purely real where

Zo 3 Ro 3
L
C

is referred to as the characteristic resistance of the transmission line.

phase velocity and wavelength>
In sinusoidal steady-state, the voltage and current along a transmission line are represented

by

V(z,t) ? V(z) e j@ t ? V A e B=C ze j@ (t BED z/ @ ) F V B e C z e j@ (t AED z/ @ )

and

I (z,t) ? I (z) e j@ t ? 1
Zo

V A e B=C z e j@ (t BED z/ @ ) G V B e C ze j@ (t AED z/ @ ) .

Here, the term

e j@ (t H D z/ @ )
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describes the phase of the waves;  therefore  is a constant at constant phase points of(t IKJ z/ L )
the traveling waves.  Therefore

d
dt

(t MKJ z/ L ) N d
dt

(const.)

which indicates

1 M JL
dz
dt

N 0 .

Here

vp N dz
dt

N ± L J
is known as phase velocity, and represents the velocity with which a reference point of constant
phase of the wave advances (propagates) along the transmission line.  It is now clear that the
expression

V ±e O&P ze jQ (t OSR z/ Q ) N V ±e O&P ze jQ (t O z/vp )

represents waves traveling in the z direction with phase velocities vp = L / J  and attenuation± ± ±
constant T .

It was noted previously that the distance  between any two adjacent equiphase points of a
U

single traveling wave (at an instant t) is the wavelength of that wave.  If equiphase points occur
at locations z and V z on a transmission line, then

e j( Q t O&R z ) N e j[ Q t O+R (z WEX z)]

which means that

e Y jZ[X z \ 1 .

From this, it is seen that

]+̂
z \ n2_
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where n is any non-zero, positive integer (n=1,2,3,...).  The spacing between equiphase points is
then

�
z � n 2�� � n �

where

��� 2��
is the wavelength, or distance between adjacent equiphase points along a transmission line.  The
relationship between wavelength and phase velocity is given by

��� 2�� � 2� vp� � 2� vp

2� f � vp

f
.

input impedance, reflection and transmission coefficients�
When a transmission line of finite length is terminated with a load impedance that does not

match the line, reflections occur.  Thus at any point along the line both backward and forward
traveling waves exist.  For a transmission line of characteristic impedance Zo, with length l, having
propagation constant � , the voltage and current at any point along the line are given by

V(z) � V 	 e 
�� z 
 V �
V � e � z � V � e � � z 
�� e � z

I (z) � V �
Zo

e � � z � V �
V � e � z � V �

Zo

e � � z ��� e � z
where again  and  are the forward and backward traveling voltage wave amplitudes,V � V �
respectively, and ��� V �

V �
is the reflection coefficient at the receiving end terminals.  Now, at the receiving (load) end
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I I z lS = = −( ) I I zL = =( )0

γ , Z 0

V V z lS = = −( ) V V zL = =( )0

z l= − z = 0

Z g

V g
Z L

Figure 9.Finite-length transmission line with load impedance.

of the transmission line (z=0), the impedance boundary condition gives

V(z � 0) � ZL I (z � 0)

which leads to

V � (1 
�� ) � ZLV �
Zo

(1 ��� ) .

Solving this expression for  gives�
��� V �

V � � ZL
� Zo

ZL

 Zo

which is the receiving end reflection coefficient.  Since 

V(z � 0) � V � (1 
�� ) � TV �
the receiving end transmission coefficient is given by
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T � (1 
�� ) � 2ZL

ZL

 Zo

.

The impedance at any point along the line is

Z(z) � V(z)
I(z)

� Zo
e � � z 
�� e � z
e � � z ��� e � z .

Substituting the expression for  above gives�
Z (z) � Zo

(ZL

 Zo ) e � � z 
 (ZL

� Zo ) e � z
(ZL

 Zo )e � � z � (ZL

� Zo ) e � z .

Applying the relationships

cosh � z � e � z 
 e � � z
2

, sinh � z � e � z � e � � z
2

the expression for impedance becomes

Z(z) � Zo

ZLcosh � z � Zo sinh� z
Zo cosh � z � ZL sinh � z

or

Z (z) � Zo

ZL
� jZo tanh � z

Zo
� jZL tanh� z .

At the sending end of the transmission line (z=-l), this becomes

Zi
� Z (z ��� l ) � Zo

ZL

 jZo tanh � l

Zo

 jZL tanh� l .

This expression represents the impedance seen at the input terminals of the transmission line and
is therefore known as the input impedance.
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impedance transformations�
Transmission lines are sometimes used as UHF circuit elements.  At these frequencies (300

MHz - 3 GHz) sections of transmission line may be used to match a load to the internal
impedance of a generator or to the characteristic impedance of another transmission line (stub
matching).  These segments of matching transmission line are usually considered to be lossless.
In this case , Zo=Ro, and .  The input impedance of a section��� j � tanh� l � tanh( j � l ) � j tan � l
of lossless transmission line is therefore

Zi
� Ro

ZL � jRo tan � l
Ro � jZL tan� l .

The input impedance for several load terminations will be examined.

- open circuit termination

If the transmission line segment is open circuited, then ZL= , and�
Zi
� � jRo

tan� l � � jRo cot � l .

It is seen from this that the input impedance of an open circuited section of lossless
transmission line is purely reactive, regardless of the length of the line.  This reactance may
be inductive or capacitive, depending on the sign of .cot � l

- short circuit termination

If the transmission line segment is short circuited, then ZL=0, and

Zi
� jRotan� l .

It is seen from this that the input impedance of a short-circuited section of lossless
transmission line is also purely reactive, regardless of the length of the line.  Again, this
reactance may be inductive or capacitive, depending on the sign of .tan � l
Important note:  From the information presented above, it can be seen that

(Zi)short (Zi)open
� Zo tanh( � l ) Zo coth( � l ) � Z 2

o .



2-39

Thus the characteristic impedance of an unknown transmission line can be determined by
making measurements with short- and open-circuit terminations

Zo
� (Zi)short (Zi )open .

This applies regardless of whether the transmission line is lossy or lossless. 

- half-wavelength line

When the length of a transmission line is an integer multiple of one-half  of a wavelength
(  for n=1,2,3,...), then l � n ! /2

� l � 2"! n !
2
� n"

which makes

tan � l � 0

and the input impedance becomes

Zi
� ZL .

Thus for a lossless line which is some multiple of a half-wavelength long, the input impedance
is the same as the load impedance.

- quarter-wavelength line

When the length of a transmission line is an odd integer multiple of one-quarter of a
wavelength (  for n=1,2,3,...), then l � (2n � 1) ! /4

� l � 2"! (2n � 1) � (2n � 1) "
2

which makes
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tan � l � tan (2n � 1) "
2
# ± �

and the input impedance becomes

Zi
� R 2

o

ZL

.

Thus for a lossless line which is some multiple of a quarter-wavelength long, the input
impedance is proportional to the inverse of the load impedance.  A quarter wavelength
transmission line is sometimes referred to as a quarter-wave transformer.

voltage standing wave ratio (VSWR)�
When transmission lines are excited by sinusoidal, continuous wave (CW) sources, forward

traveling voltage and current waves propagate away from the source, and backward traveling
waves are reflected from discontinuities and mismatched terminations.  These forward and
backward traveling waves interfere to form a standing wave pattern on the line.  The ratio of the
maximum to the minimum voltage of the standing wave is known as the voltage standing wave
ratio.  Since the voltage at any point along the transmission line is given by

V(z) � V $ e % j& z(1 '�( e j2 & z )

the standing wave ratio is therefore

S ) * Vmax

**
Vmin

* ) 1 ' * ( *
1 + * ( * .

The VSWR is a measure of the nature and magnitude of mismatches or terminations that occur
on the transmission line.  A VSWR of 1 results when  , indicating that the transmission

* ( * ) 0
line is match-terminated, and no backward traveling wave exists.  A VSWR of infinity indicates
that the signal is being totally reflected by either an open-circuit, short-circuit, or purely reactive
termination.

2.7 Network theory
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two port networks, S-parameters, Z-parameters, Y-parameters,
The study of two port networks is important in the field of electrical engineering because most

electric circuits and electronic modules have at least two ports, namely input and output terminal
pairs. Two-port parameters describe a system in terms of the voltage and current that may be
measured at each port.  A typical generalized two-port network is indicated in the figure below.

Linear Network

+ +

_ _

V V

I I1

1

2

2

Figure 10.General linear network.

Here I1 is the current entering port 1, I2 is the current entering port 2, and V1 and V2 are voltages
that exist at ports 1 and 2, respectively.

- Y-parameters

If the network that exists between ports 1 and 2 is linear, and contains no independent
sources, then the principle of superposition may be applied to determine the currents I1 and
I2 in terms of voltages V1 and V2

I1 ) Y11V1 ' Y12V2

I2 ) Y21V1 ' Y22V2 .

These may be written in matrix form as
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I1

I2

) Y11 Y12

Y21 Y22

V1

V2

.

Here the terms Y11, Y12, Y21, and Y22 are known as admittance, or Y-parameters.  It is
apparent form the matrix equation above that the parameter Y11 may be determined by
measuring I1 and V1 when V2 is equal to zero (or more accurately when port 2 is short-
circuited)

Y11 ) I1

V1

-.
V2 / 0 .

The remaining Y-parameters may be determined in a similar manner

Y12 0 I1

V2

-.
V1 / 0

Y21 0 I2

V1

-.
V2 / 0

Y22 0 I2

V2

-.
V1 / 0 .

Because the parameter Y11 is an admittance which is measured at the input of a two-port
network when port 2 is short circuited, it is known as the short-circuit input admittance.
Likewise, the parameters Y12 and Y21 are known as short-circuit transfer admittances, and
Y22 is the short-circuit output admittance.  It is evident that, using these relationships, the
properties of an unknown, linear two-port network can be completely specified by values
measured experimentally at ports 1 and 2.

- Z-parameters

A similar set of relationships may be established in which the voltages at the input and
output of a linear two-port network are expressed in terms of the input and output currents

V1 0 Z11I1 1 Z12I2

V2 0 Z21I1 1 Z22I2
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which may be described in matrix form

V1

V2
0 Z11 Z12

Z21 Z22

I1

I2

.

It is apparent from this expression that the parameter Z11 may be determined by open-
circuiting port 2 (letting I2 equal zero)

Z11 0 V1

I1

-.
I2 / 0

and the remaining impedance or Z-parameters are determined similarly as

Z12 0 V1

I2

-.
I1 / 0

Z21 0 V2

I1

-.
I2 / 0

Z22 0 V2

I2

-.
I1 / 0 .

The term Z11 is known as the open-circuit input impedance, Z12, and Z21 are known as open-
circuit transfer impedances, and Z22 is the open-circuit output impedance.

- S-parameters

The representations above are useful if voltage and current can easily be measured at the
input and output of the two-port network.  While it is usually possible to directly measure
both voltage and current in low frequency electric circuits, it is not always possible to do this
with high-frequency circuits or particularly with waveguides.  In such cases it is often
necessary to determine impedances from measured standing wave ratios or reflection
coefficients.  It is thus convenient to describe unknown high-frequency networks in terms of
outgoing and incoming wave amplitudes, instead of voltages and currents.  The figure below
represents a linear two-port network
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2

b

b

S S11 22

Linear Network

S

S

21

12

Figure 11.General scattering network.

where a1, and a2 are incoming wave amplitudes, and b1, and b2 are outgoing wave amplitudes.
These parameters represent the normalized incident and reflected voltage wave amplitudes.
For an n-port network they are

an 0 V 2n
Zon

, bn 0 V 3n
Zon

where  is the equivalent characteristic impedance at the nth terminal port.  The voltage andZon

current at some reference plane within the network can thus be represented by

Vn 0 V 2n 1 V 3n 0 Zon (an 1 bn)

and

In 0 1
Zon

(V 2n 4 V 3n ) 0 1

Zon

(an 4 bn ) .

Solving for an and bn yields
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an 0 1
2

Vn

Zon

1 Zon In

bn 0 1
2

Vn

Zon

4 Zon In .

The average power flowing into the n th terminal is given by

(Pn )ave 0 1
2

Re(Vn I 5n ) 0 1
2

Re (an a 5n 4 bn b 5n ) 1 (bn a 5n 4 b 5n an) .

The term  is purely real, and the term  is purely imaginary,(ana 5n 4 bnb 5n ) (bna 5n 4 b 5n an )

therefore

(Pn )ave 0 1
2

(an a 5n 4 bn b 5n )

where  represents power flow into the terminal, and (Pn) 2ave 0 1/2 (an a 5n ) (Pn) 3ave 0 1/2 (bn b 5n )
represents the power reflected out of the terminal.

Consider again the case of a network with two terminal ports.  The principle of
superposition may be applied to represent the outgoing waves in terms of a linear combination
of the incoming waves 

b1 0 S11a1 1 S12a2

b2 0 S21a1 1 S22a2

which may be written in matrix form as

b1

b2
0 S11 S12

S21 S22

b1

b2

.

The individual scattering, or S-parameters are determined in a way similar to those above.
The parameter S11 is the ratio of the outgoing wave amplitude at port 1 to the incoming wave
amplitude at port 1 when the incoming wave amplitude at port 2 is zero (or more correctly
when port 2 is match terminated)
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S11 0 b1

a1

-.
a2 / 0 .

It is noted that the ratio of the outgoing wave amplitude at port 1 to the incoming wave
amplitude at port 1 is simply the reflection coefficient at port 1.  Therefore S11 is the reflection
coefficient at port 1 when port 2 is match terminated.  The remaining S-parameters are
determined as follows

S12 0 b1

a2

-.
a1 / 0

S21 0 b2

a1

-.
a2 / 0

S22 0 b2

a2

-.
a1 / 0 .

2.8 Electromagnetic radiation

Electromagnetic radiation is the transfer of EM energy from electric sources to EM waves in
space.  Under certain conditions it is sufficient to examine only the propagation characteristics of
waves and the interactions between fields.  In these so-called source free regions, it is not necessary
to know anything about how the source of EM energy behaves.  Waves simply exist in a medium, and
how they came to be there is not important.  Under other conditions, however, it is necessary to
understand the relationship between fields and time varying source charge and current distributions.
Such is the case with antenna theory.   

uniform plane waves in lossless media6
A plane electromagnetic wave is one for which points of constant amplitude and phase are

contained in planar surfaces (wavefronts).  Localized radiating electric sources, such as those
associated with antennas, actually produce spherical waves.  However, at distances far from the
source, these disturbances may be locally approximated as being planar. 
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Figure 12.Planar approximation of spherical wavefront.

- plane-wave solutions to homogeneous Helmholtz equation

Previously, the homogeneous Helmholtz equation for the electric field in a source free
region was found to be 7

2 8E 1 k 2 8E 0 0 .

The general vector solution to this equation 

8E ( 8r) 0 8Eo e 3 j 9k : 9r
is found using the method of separation of variables.  Here  is a constant vector amplitude, 

;
Eo

;
r < x̂x = ŷ y = ẑ z

is a position vector, and . The wavenumber is  and the complexk 2 <?> 2µ @ c k <?ACB j D
permittivity is .   This expression for  has the following physical@ c < (1 B j E / >F@ ) ;

E(
;
r)

interpretation:

i.  is a wave propagating in the direction of .  The scalar components of
;

E(
;
r)

;
k < k̂ k

 are phase constants for propagation along the x, y, z directions.
;
k < x̂ kx = ŷ ky = ẑkz

ii. Points of constant amplitude and phase of the wave are located on a planar surface which

is perpendicular to , which points in the direction of propagation of the plane wave.

;
k



2-48

r

r

^

x

y

z

r
r o

k = kk^G

Figure 13.Planar wavefront.

The instantaneous complex electric field is given by

;
E(
;
r, t) < ;E(

;
r)e jH t IKJEoe

j( H t LNMk O Mr ) IKJE0e LQP k̂ O Mr e ( H t LQR k̂ O Mr )

where

e j( H t LSR k̂ O Mr )

is a constant by the criterion for constant phase of the wave.  This implies that 

T
k̂ UQVr W T r(k̂ U r̂) W T rcosXYW T ro W constant

which requires that  be located on a plane surface which is perpendicular to . Vr Vk
- relationship between electric and magnetic fields for a plane wave

The time-harmonic form of Faraday's law in a source free region states

Z
× VE W [ j \ µ VH .
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Substitution of the plane wave electric field representation into this expression gives

VH W j\ µ

Z
× VE W j\ µ

Z
× VEoe ] jk̂ _ r̂

Application of the vector identity

`
×( acbA ) dea ` × bA f ` a × bA

leads to

bH d jg µ
e h jk̂ _ r̂ ` × bEo f ` e h jk̂ _ r̂ × bEo .

Now

`
× bEo d 0

because the curl of a constant vector is zero, therefore

bH d jg µ i j bk × bEo e h jk̂ _ r̂ d kg µ
k̂× bEo e h jk̂ _ r̂ .

The intrinsic impedance or wave impedance of the simple medium is defined as

j d g µ
k

thus

bH d k̂× bEoj e h j k̂ _ r̂ d k̂× bEj .

- phase velocity, group velocity, and wavelength

Phase velocity represents the speed that an imaginary observer would have to travel along
a direction  in order to remain adjacent to a reference point of constant phase along a waver̂
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front, i.e.,

e j( k t lnm (k̂ oqpr )) r constant

which implies

s t tvu (k̂ wyxr ) z s t tvu r(k̂ w r̂ ) z constant .

The time derivative of a constant is zero

d
dt
s t tvu r(k̂ w r̂) z d

dt
(constant) z 0

therefore

s tvu (k̂ w r̂) dr
dt
z 0 .

r̂

r̂

equiphase
fronts

k = kk{
{

{
 = 2
{

/
{

vp

vp = 
{

/
{

^

Figure 14.Phase velocity of a plane wave.

From this, the phase velocity along a direction  is found to ber̂
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vp
� dr

dt
� ��

(k̂ � r̂)

� ��
cos �

where  is the angle between the direction of wave propagation ( ), and the direction along� k̂
which the observer moves ( ).  The minimum phase velocity  occurs when ther̂ vp

� � /
�

observer moves parallel to  such that , i.e., when the observer moves in
�
k (r̂ � k̂) � 1 ( � � 0)

the direction of propagation of the wave.  It is assumed that   unless otherwise� � 0
specified.

In a lossless medium, the propagation constant  depends linearly upon
� � � µ �

frequency.  In some cases, however, the propagation constant is not a linear function of
frequency.  In these cases waves of different frequencies will propagate with different phase
velocities, which leads to a type of signal distortion known as dispersion. A signal containing
a small spread, or "group" of frequency components will tend to "spread out", or disperse,
as it propagates. A group velocity may be defined, which is the velocity of propagation of this
"frequency packet"

vg
� 1

d
�
/d � .

The wavelength �  of a plane EM wave along a direction  is the distance between any twor̂
adjacent points r1 and r2 with identical phase at any instant t, i.e.,

e
j[ � t 	�
 (k̂ ��
r1)] �

e
j[ � t ��� (k̂ ��
r2)]

therefore

e
� j � k̂ � ( 
r2 ��
r1) � e

� j � (k̂ � r̂ )(r2 � r1) � 1

because , and thus
�
r1
�

r̂ r1,
�
r2
�

r̂ r2 �
(r2 � r1) (k̂ � r̂) � 2�

for adjacent equiphase points.  The wavelength along a direction  is now seen to ber̂� � (r2 � r1) � 2��
(k̂ � r̂)

� 2��
cos�

where again .  Now, from the definition of phase velocity��� cos� 1(k̂ � r̂ )
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�
(k̂ � r̂ ) � �

vp

which leads to an expression of wavelength which is independent of �
� � 2��

(k̂ � r̂)
� 2� vp� � vp

f
.

- power flow

Previously the electric and magnetic fields associated with a plane EM wave were found
to be �

E � �
Eo e � j  k !  r "$#Eo e % j( & % j' ) (k̂ !  r )

and

#H " (k̂× #E )( .

The time-average power flow associated with a plane EM wave is described by Poynting's
power density, which is given by)

P * 1
2

Re
)

E×
)

H + .

Substitution of the above expressions for the electric and magnetic fields leads to)
P * 1

2
Re

)
E× k̂×

)
E( +

* 1
2

Re
1( + (

)
E , )E + ) k̂ - (

)
E , k̂)

)
E +
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* k̂
1
2

Re

)
E , )E +( + * k̂

1
2

Re

)
Eo , )E +o( + e . 2/ (k̂ 0�1r ) .

Thus the time-average power density of a plane EM wave is given by

2
P 3 k̂ Re

4 2
Eo

4 2
2576 e 8 29 (k̂ : ;r ) .

It should be noted that power flow is in the direction of wave propagation ( ).  Thek̂
exponential attenuation is due to progressive power dissipation in a lossy EM medium.  For
the special case of waves propagating in a lossless medium (e.g., free space) the attenuation
constant < =0, and the intrinsic impedance of the medium  is real, therefore

=
>
P ? k̂

@ >
Eo

@ 2
2= .

- one-dimensional plane waves

For waves propagating in the  directions,  and , therefore±z k̂ A ±ẑ BEo A x̂E ±
o

BE (z) A x̂ E Co e D jkz E E Do e jkz

and

BH (z) A 1F ẑ× x̂E Co e D jk z G ẑ×x̂E Do e jkz

A ŷF E Co e D jk z G E Do e jk z .

Now a plane wave reflection coefficient may be defined such that

H A E Do
E Co
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and the total one-dimensional plane wave field may then be expressed

BE(z) A x̂ BEx (z) A x̂E Co e D jkz E H e jkz

BH(z) A ŷHy(z) A ŷ
E CoF e D jkz G H e jkz .

It should be noted that the fields  and  are exactly analogous, respectively, to V(z)Ex(z) Hy(z)
and I(z) on a uniform transmission line.  The concepts of standing waves, impedance

, standing wave ratio, and impedance transformation carry over directly.Z(z) A Ex(z) Hy(z)

- waves in various media

Remember that for a general material,

.k AJI µ K 1 G j LIMK AJN G j O
i. waves in free space

In free space the wavenumber and attenuation constant are

k AJN o AJI µo K o , OPA 0

the characteristic impedance of free space is given byF A F o AQI µo / NRA µo / K o S 120T ohms

and the phase velocity of the waves is

vp A c AJI / NRA 1/ µo K o S 3×108m/s .

ii. waves in lossless media

In a lossless medium other than free space, the wavenumber and attenuation constant are
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k AJNRAJI µ K , OPA 0

k AJN 0 µr K r
the impedance of the medium is

F AQI µ/k A µK A µrµo / K r K o A F o µr K r
and the phase velocity of the waves is

vp AJI NRA 1

µ K A 1 µrµo K r K o A c µr K r .

iii. waves in a good dielectric

In a good dielectric,  for all frequencies of interest.  In such a dielectric medium,L / IUK « 1
the wavenumber is

k AJN G j OPAJI µ K c AJI µ K 1 G j LIUK
where

K c A 1 G j LIUK
is known as the complex equivalent permittivity of the medium.  According to the binomial
expansion

(1 E x )n S 1 E nx ... if x « 1

therefore

k S I µ K 1 G j L
2IUK .
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The phase and attenuation constants are therefore given by

N S I µ K
O S I µ K L

2IUK A L
2

µK A L F
2

the impedance of the medium is

F A I µN G j O A I µN 1
1 G j O / N S I µN 1 E j

O N
or F S I µ/ N
because , and the phase velocity of the waves isO / N « 1

vp A I N S 1

µ K .

iv. waves in a good conductor

In a good conductor,  for all frequencies of interest.  Here, the wavenumber isL / IUK » 1

k AJN G j OPAJI µ K c AJI µ K 1 G j LIUK S I µ K G j LIUK
A I µ L e D jV /2 1/2 W X

µ Y 1 Z j

2

W
(1 Z j1)

X
µ Y
2

and it can be seen that the attenuation and phase constants are[�\^] W _
f µ Y .
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Now consider a plane EM wave with electric field

free space good conductor

z = 0

x

zy

n = -z

z

J
H

E

k = z( `  - j ` )

^ ^

^

Figure 15.Plane EM waves in a good conductor.

a
E b a

Eo e j ck d cr b x̂Eoe e j( f e jg )(ẑ d cr) b x̂Eoe e g ze e j f z
that exists within a good conductor.  The associated current density is found using Ohm's lawa

J bJhMiE j x̂ h Eoe kml ze k jn z .

 and  decay to e-1 of their values Eo and h Eo at the conductor surface z=0 when o z=1.  TheiE iJ
distance z=o -1 at this point is called the skin depth for waves in the conductor, and is given
by p jJo k 1 j 1q f µ h .

The impedance of the conducting medium is given by
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r j µs
c

j µs 1 t j
huUs v (1 w j )

u µ
2h j (1 w j ) 1h p .

The amount of current flowing per unit width in the region near the conductor surface is
found from

iK jyx 1
0

x z
0

x̂ Jx(z) dzdy

{ x̂ | Eo x 1
0

dy x z
0

e } ( ~�� j� )zdz ��� x̂ � Eo

( ��� j � ) e � ( ~�� j� )z �� z ���
z � 0

� x̂ � Eo

( ��� j � ) � x̂ ��� Eo

(1 � j1)
.

Using this result, the surface impedance is found by

z i � Ex(z
� 0)

Kx

� Eo��� Eo (1 � j1)
� (1 � j1 )���

or

z i � r i � j � l i

where  for a good conductor.r i � � l i � ( ��� ) � 1The magnetic field associated with the electric field presented above is found to be �
H � k̂×

�
E� � ��� j �� µ

ẑ× x̂Eoe �m� ze � j  z
¡ ŷ

Eo (1 ¢ j1)£ µ ¤ e �m� ze � j  z ¡ ŷ
2Eo£ µ ¤ (1 ¥ j1)

e �m� ze � j  z
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¡ ŷ ¦ ¤ Eo

(1 ¥ j1)
e �m� ze � j  z .

From this it can be seen that

n̂× §H(z ¡ 0) ¡ ¢ ẑ× §H (z ¡ 0) ¡ x̂ ¦ ¤ Eo

(1 ¥ j1)
¡ §K .

Thus the relationship between the magnetic field  present at the surface of a good§H
conductor, and the surface current  is§K

§K ¡ (n̂× §H ) ¨©
surface

.

Thus it is seen that a current flowing on the surface of a good conductor will give rise to a
magnetic field, which may be a source of interference elsewhere.  Conversely, an external
magnetic field may induce a current on a good conductor, which may in turn cause
interference.

Maxwell 's equations for EM field maintained by pr imary sources ª
Consider a localized electric source distribution suspended in an unbounded medium.
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V

x

y

z

r

E ( r )
B ( r )

( « , J ) = 0

localized electric source distribution

Figure 16.Localized source distribution.

  The time-harmonic system of Maxwell 's equations for this are¬M­�®
E ( ®r) ¯ ° ( ±r)²

c

³
× ±E( ±r ) ´�µ j ¶ ±B( ±r )

³
× ±B( ±r ) ´ µ ±J( ±r ) · j ¶ µ ² c ±E( ±r )

³¹¸ ±B( ±r ) ´ 0

where again  is the equivalent complex permittivity of the medium.²
c ´ 1 µ j º ( ¶ ² )

EM potential functions and Helmholtz equation »
It was shown that the electric and magnetic fields can be represented in terms of potential

functions as ±E �́µ ³½¼ µ j ¶ ±A
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±B ´ ³ × ±A .

Substitution of these expressions into Gauss's law leads to³¹¸ ±E ´ ³¹¸ ( µ ³½¼ µ j ¶ ±A) ´ ° ²
or ³ 2 ¼ · j ¶ ³M¸ ±A ´�µ ° ² .

From Ampere's law comes³
×
³

× ±A ´ µ ±J · j ¶ µ ² c( µ ³½¼ µ j ¶ ±A) .

After application of the vector identity³
×
³

× ±A ´ ³ (
³¹¸ ±A) µ ³ 2 ±A

this becomes ³
(
³¹̧ ±A) µ ³ 2 ±A ´ µ ±J µ j ¶ µ ² c ³½¼ · j ¶ ±A

or ³ 2 ±A · k 2 ±A µ ³ ³M¸ ±A · jk 2¶ ¼ ´�µ µ ±J
where

k 2 ´J¶ 2µ ² c
defines the wavenumber in the unbounded medium.  Now³

× ±A ´ ±B
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and ³M¸ ±A ´�µ jk 2¶ ¼
is a convenient choice known as the Lorentz condition.  This leads to³ 2 ¼ · k 2 ¼ �́µ ° ²

³ 2 ±A · k 2 ±A ´�µ µ ±J
which are a pair of inhomogeneous Helmholtz equations for ( ) maintained by ( ).  These

¼
, ±A ±° , ±J

equations must be solved for  in order to determine .  It should be noted that  is
¼

, ±A ±E, ±B ±E
maintained by both  and , while  has only  as a source.  The inhomogeneous Helmholtz° ±J ±B ±J
equations above are second order partial differential equations, and are solved using the concept
of Green's functions.

Green's function solution to Helmholtz equation »
The Helmholtz equations may be decomposed into scalar components³ 2A¾¿· k 2A¾À́�µ µJ¾

where Á  represents various component directions such as (x, y, z) in Cartesian coordinates.  Now
consider a generic form of the Helmholtz equation to be solved³ 2Â ( ±r ) · k 2Â ( ±r ) �́µ s( ±r )

where  is a wave function representative of  or , and  is a source densityÂ ( ±r )
¼

( ±r ) A¾ ( ±r ) s( ±r )
representative of  or .  This general Helmholtz equation can be solved using the Green's° ( ±r ) J¾ ( ±r )
function method.  The Green's function is a solution to the partial differential equation when the
source term is a point source.  This method involves a two-step process.  First, the solution for
a unit point source excitation located at an arbitrary point  is determined.  Then, a general±r Ã
solution is constructed by the linear superposition of many weighted point-source responses.
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x

y

z

r

r

unit point
source

R
G ( r  r )

Figure 17.Unit point source excitation.

For the case of point source excitation, let

s( Är) Å¿Æ ( Är ÇMÄr È )
and É

( Är) Å G( Är ÊËÄr È )
which leads to Ì

2G( Är ÊmÄr È ) Í k 2G( Är ÊËÄr È ) Î�Ç�Æ ( Är ÇMÄr È ) .

Here  is the Green's function, which represents the response at  due to a unit pointG( Är ÊËÄr È ) Är
source located at , and  is a three-dimensional Dirac delta function.  The Dirac delta hasÄr È Æ ( Är)
the following properties:

i. Æ ( Är ) Î 0 ... for Är Ï 0Ð ... for Är Î 0

where Æ ( Är ) ÎJÆ (x) Æ (y) Æ (z)
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ii. Ñ
V Ò ( Ór)dv Ô 1 ... if V includes Ór Ô 0

0 ... otherwise

iii. Ñ
V

f ( Ór ) Ò ( Ór )dv Ô f (0) ... if 0 Õ V

0 ... otherwise

Now if a tiny element of the source at location  is described byÓr Ö
s( Ór Ö )dv Ö

then

d× ( Ør ) Ù G( Ør ÚËØr Û )s( Ør Û )dv Û
by the definition of the Green's function, and the total wave function can be found by
superposition × ( Ør) Ù Ü

V

s( Ør Û )G( Ør ÚËØr Û )dv Û .

x

y

z

r

r

R
G ( r  r )

dv

s(   ) dvrs(   )r

s(   ) dvr
Ý

(  ) =rd

Figure 18.Distributed source excitation.
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- check: Does this solution satisfy the Helmholtz equation?  Substitution of the Green's
function solution into the Helmholtz equation gives

( Þ 2 ß k 2) à ( ár ) â ( Þ 2 ß k 2) ã
V

s ( är å )G( är æËär å )dv å
ç ã

V

s( är å ) ( è 2 é k 2)G( är æmär å )dv å
ç�ê ã

V

s( är å ) ë ( är ê är å )dv å
ç�ê s( är å ) .

Thus it is seen that  satisfies the Helmholtz equation.  Now the Green's function must beì
determined.  The Green's function satisfies

( è 2 é k 2)G( är æËär å ) ç�ê ë ( är ê är å )
and

G( är æËär å ) ç G( är ê är å ) ç G(R)

because G depends only on the distance  from the source points to the field point.R ç æËär å ê är åíæ
This gives

( è 2 é k 2)G(R) ç�ê ë (R) .

In spherical coordinates, this becomes

1

R 2 îî R R 2 î Gî R é k 2G ç 0

which is equivalent to 
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1
R

� 2�
R 2

(RG ) � k 2G � 0 ... for R � 0

or

� 2�
R 2

(RG ) � k 2(R G) � 0 ... for R � 0 .

This expression has solution

RG � Ae � jk R � Be � jk R

therefore

G(R) � A
e � jkR

R
� B

e � jkR

R
... for R � 0 .

G(R) physically represents waves traveling outward from the source (no sources exist at infinity
due to the Sommerfeld radiation condition), consequently, B=0 and

G(R) � A e � jk � �r � �r �	�
��
r 
 �r � 
 .

Now the constant 'A' must be determined.  'A' can be chosen to give the correct behavior of G(R)
at R=0.  This behavior is determined by examining a small spherical surface of radius �
surrounding the point R=0, and allowing �  to approach zero ( � 0).  The defining equation for�
G is integrated over the small spherical volume region V �  which is centered at the location of the�
-function unit point-source singularity

�
V� ����� G(r)dv ��� k 2 �

V�G(r) dv ���! �
V�
"
(r)dv � .
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x

y

z

r

r

^

S #
V #R

#

n = R̂

Figure 19.Spherical volume region about source point singularity.

Application of the divergence theorem yields

$
S % n̂ &(' G(R)ds )�* k 2 + ,

0

A
e - jk R

R
4. R 2dR /!0 1 .

Examining the behavior of the integrals as the radius of the sphere approaches zero leads to

lim,21 0
k 2 3 4

0

A
e 5 jkR

R
46 R 2 dR 7 k 2A lim8:9

0 ;
8
0

4< R dR 7 0

n̂ =�> G(R ) ? R̂ = G (R ) ? @ G(R )
R

? @@ R
A

e A jk R

R

?!B A
1 C jkR

R 2
e A jkR

limD2E
0 F

S G n̂ H�I G (R)ds J�K!L A limM2N
0 O

S P 1 Q jkRR 2
e jk S ds T
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U!V A limS2W 0 X
S Y ds Z[ 2 \!] lim2̂_

0

A` 2
4a ` 2

b!c 4a A .

Therefore

c 4a A d 0 b!c 1

or

A b 1
4a

and

G(R) b e e jk R

4a R
.
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Thus the Green's function is found to be

G( fr g(fr h ) i G( fr jkfr h ) i e l jk m nr l nr o	m
4prq(sr t�sr uvqxw e y jkR

4p R

and the associated wave function is then

z ( sr) w|{
V

s( sr u ) e y jkR

4p R
dv u .

The substitution of appropriate potential and source terms then gives solutions for the potential
functions

}
( sr) w 1

4p�~ {
V � (r u ) e y jk R

R
dv u

sA( sr ) w µ
4p {

V

sJ(r u ) e y jkR

R
dv u .

Retarded EM potential functions�
Electromagnetic disturbances do not travel instantaneously through space.  A certain amount

of time is required for EM waves to propagate and for effects due to time-changing charge and
current distributions to be detected.  The values of the vector and scalar potentials at some
distance R from a source and at some time t depend of the condition of the source at an earlier
time (t - R/v), where v is the velocity of wave propagation.  The effects due to this finite
propagation time are typically ignored for dc and quasi-static cases.  However, these effects must
be taken into account when the dimensions of a circuit or device are on the order of a wavelength
long.  Such phenomena are described by the so-called retarded potential functions.

Consider a localized time-harmonic current density

�
J(
�
r, t) � Re

�
J(
�
r )e j� t

where  denotes the real part of the complex quantity.Re{ }
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The associated vector potential is given by

�
A(
�
r,t) � Re

�
A(
�
r )e j� t � Re e j� t µ

4���
V

�
J(
�
r � ) e � jkR

R
dv �

� Re µ
4���

V

�
J(
�
r � )e j� (t � kR/ � )

R
dv �

� µ
4���

V

�
J(
�
r � , t ��� t � R/v)

R
dv � .

The potential  at location  and time t is the superposition of contributions by sources 
�

A(
�
r, t)

�
r

�
J(
�
r � , t � R/v)dv �

at location  which occurred at the earlier time .  The retardation time  is the time
�
r � t � R/v t � R/v

required for the wave disturbance to propagate through distance R from the source point  to
�
r �

field point  with propagation velocity .  The fields at points removed from the source
�
r v ��� /k

are thus described by

�
(
�
r , t) � 1

4�����
V

� (
�
r � , t � R/v)

R
dv �

which is the retarded EM scalar potential, and

V

x

y

z

x

r

r

R

dv

A(r, t)
J (   , t -R/v)r

v

Figure 20.Time-retarded potential function.
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�
A(
�
r , t) � µ

4� �
V

�
J(
�
r � , t � R/v)

R
dv �

which is the retarded EM vector potential.

Spherical waves�
Now consider the element of vector potential contributed by  in  at location 

�
J(
�
r � ) dv � �

r �
d
�

A (
�
r ) 	 µ

4
 �J(
�
r � )dv � e � jkR

R
.

The instantaneous value of this element is given by

d
�

A(
�
r,t) 	 d

�
A(
�
r )e j� t 
 µ �J( �r � )dv �

4� e j� (t � kR/ � )

R


 µ �J( �r � )dv �
4� e j� (t � R/v)

R
.

v

r

dA ( r, t )

r

R

dv

0

Figure 21.Spherical EM wave.
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This expression describes a wave whose points of constant amplitude and phase lie at a
location described by constant.  This is therefore a wave with spherical wavefronts.R �����r ���r �����
Points of constant phase are described by

e j� (t � R/v) � constant

which implies

t � R/v � constant .

The time derivative of a constant is zero, therefore

1 � 1
v

dR
dt

� 0

or

dR
dt

� vp � �
k

which describes the phase velocity of the spherical waves.  Now let R1 and R2 be equiphase
points, then

e � jkR2  e � jk R1

or

e � jk (R2 � R1)  1 .

This requires

k (R2 ! R1)
 2n"

or

(R2 ! R1)
 n 2"

k
 n #
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where

#  2"
k

is the distance between adjacent spherical wavefronts (wavelength).
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Appendix A: Potentially Useful Stuff

Divergence theorem$
%
V

&�')(
A dv * +

S

(
A
',(
ds

Stoke's theorem-
%
S

(
&

×
(

A )
'.(
ds * +

C

(
A
'�(
dl

Other useful vector identities-
(

A
'
(
(

B×
(

C) * (
B
'
(
(

C×
(

A) * (
C
'
(
(

A×
(

B)(
A×(

(
B×

(
C) * (

B (
(

A
'/(
C) 0 (

C (
(

A
')(
B )&

( 1 V ) *21 & V 3 V
& 1&�'

( 1 (A ) *21 &4'�(A * (
A
'�& 1&

×( 1 (A ) *21 & ×
(

A * & 1 ×
(

A&�'
(
(

A×
(

B) * (
B
'
(
&

×
(

A) 0 (
A
'
(
&

×
(

B)&�' &
V * & 2V&

×
&

×
(

A * & (
&4'�(

A) 0 & 2 (A&
×
&

V * 0&�'
(
&

×
(

A ) * 0
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Gradient, divergence, curl, and Laplacian operators-
- Cartesian coordinates (x, y, z)

&
V * x̂ 5 V5 x 3 ŷ 5 V5 y 3 ẑ 5 V5 z

&�')(
A * 5 Ax5 x 3 5 Ay5 y 3 5 Az5 z

&
×
(

A *
67777777777777

x̂ ŷ ẑ

55 x 55 y 55 z
Ax Ay Az

67777777777777 * x̂ 5 Az5 y 0 5 Ay5 z 3 ŷ 5 Ax5 z 0 5 Az5 x 3 ẑ 5 Ay5 x 0 5 Ax5 y
& 2V * 5 2V5 x 2

3 5 2V5 y 2
3 5 2V5 z 2

- Cylindrical coordinates (r, 8 , z)

&
V * r̂ 5 V5 r 3 ˆ8 5 V

r 5 8 3 ẑ 5 V5 z
&�')(

A * 1
r
55 r (rAr ) 3 5 A 9r :<;>= : Az: z

?
× @A A 1

r

BCCCCCCCCCCCCC
r̂ ˆ; r ẑ:: r ::<; :: z
Ar rA 9 Az

BCCCCCCCCCCCCC A r̂
: Az

r :<;>D : A 9: z = ˆ; : Ar: z D : Az: r = ẑ
1
r

:: r (rA 9 ) D : Ar:<;
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? 2V A 1
r
:: r r

: V: r = 1

r 2

: 2V:<; 2 = : 2V: z 2

- Spherical coordinates (R, E , ; )

?
V A R̂ : V: R = ˆE : V

R :<E = ˆ; 1
R sinE : V:<;

?4F @A A 1

R 2

:: R (R 2AR) = 1
R sinE ::<E (A G sinE ) = 1

R sinE : A 9:<;

?
× @A A 1

R 2 sinE
BCCCCCCCCCCCCC

R̂ ˆE R ˆ; RsinE:: R ::<E ::<;
AR RA G (R sinE )A 9

BCCCCCCCCCCCCC

A R̂
1

R sinE ::<E (A 9 sinE ) D : A G:<; = ˆE 1
sinE : AR:<; D :: R (RA 9 ) = ˆ; 1

R
:: R (RA G ) D : AR:<E

? 2V A 1

R 2

:: R R 2 : V: R = 1

R 2 sinE ::HE sinE : V:HE = 1

R 2 sin2 E : 2V:<; 2


