Module 2:
Fundamental Behavior of
Electrical Systems



2.0 Introduction

All eledricd systems, at the most fundamental level, obey Maxwell's equations and the postulates
of eledromagnetics. Under certain circumstances, approximations can be made that allow smpler
methods of analysis, such ascircuit theory, to be enployed. However, the problemsassociated with
EMC usually involve departures from these gpproximations. Therefore, a review of fundamental
conceptsisthe logicd starting point for a proper understanding of eledromagnetic compatibility.
2.1 Fundamental quantitiesand electrical dimensions
» gpeed of light, permittivity and permeability in free space

The spedl of light in free spacehas been measured through very predse experiments, and
extremely acarrate values are known (299792458 nvs). For most purposes, however, the
approximation

c~3x10® m/s

issufficiently acarate. IntheInternational System of units (Sl units), the constant known asthe
permeability of free space is defined to be

0, = 4nx 107 H/m.

The constant permittivity of free space is then derived through the relationship

c - 1
V 80 lJ'O
and isusually expressd in Sl unitsas
e, =~ =8854x10%= 1 x10°F/m
c?y, 36n

Both the permittivity and permeability of free space have been repeaedly verified through
experiment.

« wavelength in losslessmedia

Wavelength A is defined as the distance between adjacent equiphase points on awave. For
an eledromagnetic wave propagating in alosdessmedium, thisis given by

2-2



vV
f

wheref isfrequency. In freespacev=c, and in asimple losdessmedium other than freespace
the velocity of propagationis v = 1/\/E where e=¢g g, and p=, l,. Here ae ¢ and Y, are
known as the relative permittivity and relative permeability of the medium, respedively. These
will be discussd in greder detail later in this chapter. For now it is sufficient to notethat asthe
values of permittivity and permeabili ty increase, velocity of propagation deaeases, and therefore
wavelength deaeases (thus the wavelength at a particular frequency is shorter in a material than
in freespacg. The free spacewavelengths asciated with waves of various frequencies are
shown below:

frequency wavelength
60 Hz 5000 km (3107mi)
3 kHz 100000 m
30 kHz 10,000 m
300 kHz 1000 m
3 MHz 100 m
30 MHz 10 m
300 MHz 1 m
3 GHz 10 cm
30 GHz 1 cm
300 GHz 0.1 cm

relationship between physical and electrical dimensions

The size of an eledrica circuit or circuit component, as compared to a wavelength,
determines, to acertan extent, the manrer in whichitinterads with EM fields. For instance in
order for an antennato effedively recave and transmit sgnas ata certain frequency, it must be
aggnificant fradion of awavelength long at that frequerncy. Likewise, other types of eledricd
components may emit or receave interference-causing signals if they are large mmpared to a
wavelength. In addition, the dedricd charaderistics of a drcuit component are often very
different when it is eledricdly large (i.e. the frequency of operation is high) than when it is
eledricaly small (the frequency of operationislow). Kirchoff'svoltage and current lawsare only
valid if the drcuit elements under consideration are small compared to a wavelength. If the
components under consideration are dedricdly large, then Maxwdl's equationsmust be gpied
in order to analyze device behavior.

The eledricd dimensions of a device or circuit are determined by comparing physicd
dimensionsto wavelength. A devicewith length | has eledricd dimensions (in wavelengths)

I
de = 7-
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The eledricd dimensions of a drcuit are determined by first cdculating the wavelength at the
highest frequency of interest, and then determining d.. Devicesor circuits are consdered to be

eledricdly small if the largest dimension is much smaller than awavelength (kd, «1). Typicaly
structures which are lessthan one tenth of a wavelength long are considered to be dedricdly

small. It must be remembered that the eledrica dimensions are de@ndent upon the material in

which EM waves propagate. A device may be dedricdly much larger when itisembeddedin a
printed circuit board than it iswhen surrounded by air. Likewise, a cgadtor which contains a
high permittivity dieledriciseledricdly larger than asimilar cgpadtor whose plates are separated

by air.

2.2 Common EM C units of measure

Commonly measured EMC quantities may take on values that range over many orders of
magnitude. Asaresult, it isoften convenient to expressthese quantitiesin decibels. The quantity
most commonly expressed in dedbelsis power gain. The power gain of anamplifieris the ratio
of output power to input power

P

out

P.

n

power gain =

which may be expres®d in dedbds &

i — I:)out
power gaing = 10log,, 5 )

in

Voltage gain and current gain are dso ©metimes represented in terms of dedbels. If theinput
and output powers of an amplifier are disspated by two equal resistances then the power gainin
dedbelsis

. [Vou2/ R loul*R
power gaing = 10log (—) = 10log (—)
T v ER PUL2R

Fromthisit is seen that voltage @in in dedbds is represented by

[Vou! )

| in|

voltage gaingg = 20log,, (

while current gain is expres®das

I
current gaingg =20Ioglo( %) :

in|
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It isimportant to note that dedbels represent the ratio of two quantities, or more precidy,
the value of one quantity as referenced to some base quantity. The units dB describe power in
watts referenced to 1 waitt

power indB = 10Ioglo( Wla;\';t/s)

while the units dBm de<cribe power in watts referenced to 1 milli watt

. watts
ower indBm= 10lo (—)
P 0\ Tmw

In eadt of these cases, apogtive vdue of dB or dBm indicats that the power in watts is greaer
than the referencequantity, while anegative value of dB or dBmindicatesthat the power in watts
islessthanthereferencequantity. Other quantitiesare sometimesexpressed in dedbels, including

dBuW = 10Ioglo( ‘i’a;ttv\j)
T

dBimA = 2010, %f;)

dBmV = 20Ioglo( \10—”5) :
m

2.3 Linear systems
o linear system response

Many complex systems obey the principle of superposition, which permits a wmplicaed
problem to be decomposed into a number of simpler problems. Superpostionis often used to
analyze eledric circuits which haemore than oneindependent voltage or current source. The
voltage or current at any point in certain circuits may be determined by summing the voltages or
currents due to ead independent sourceindividually. Superpostionis aso frequently used to
determine eledric and magnetic fieldsin regionswhere multiple sources exist.

Application of the principle of superposition requires that the system under consideration be
linear. Consider a system with input x(t), and output y(t). If

Y1) = L{x (1)}

and
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() = L{x(0}
then the system operator L{~} issad to belinea if
L{a, x,(t) +a,%,(0} = a,yy(t) +a,y,(t)

where a, and a, are onstant scde fadors. Lineaity requires that the differential or integral

operator L{~} doesnotinvolve products of the dependent variables or their derivatives among
themselves. Thus, the systems

y(t) = sn[x(®)]

and

y(t) = x*(1)

are clealy nonlinea.

2.4 Review of electromagnetics

volume sour ce densities

Eledromagnetic fields are supported by eledric charges, which may be atrest or in motion.
These charges may be freg such as those exiting in freespaceor in a cnductive material, or
bound, such as those which may exist in adieledric or magnetic material. The fields discussed
inthis course will be those which are supported by large aygregates of charge. The maaoscopic
field representations developed are best described in terms of spacetime average source density
functions, which exist over regions and periodsthat are |arge compared with the atomic regime,
but small on alaboratory scde. Effeds which occur on a microscopic or quantum-mechanica
level are outside the scope of this course.

Four sourcequantities which may support time varying eledric and magnetic fields are used
throughout this course. Free darges are represerted in termsof the volume density of charge

> q,
g;cAv

p(Rt) = Im

Av-0"

(C/m?3)

where R = %x + Yy + 2z is a general three-dimensional position vector, and g, are discrete
charges which reside within a volume of space Av. Free arrents (composed of moving free
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charges) are described in terms of a volume density of current

> g4

JRY = lim %<2

(A/m?)
Av-0" Av

where U, isthe velocity of thei" discrete charge. Bound polarization chargesmay exist within,

or on the surface of dielectric materials. Such charges are described by a volume density of
polarization

(C/m?)

where p, = g, d is the moment associated with the i dipole which exists within a volume of

space Av. Findly, bound magnetic currents, such asthose that may exist within certai ntypes of
magnetic materials, are represented by a volume density of magnetization

> m

m; e Av

(A/m).

In this expresson m. = I AA is the magnetic moment associated with a current | circulating
around a small loop bounding crosssediona areaA.

continuity equation

The principle of conservation of charge states that charge may be neither creaed nor
destroyed. The total current flowing out of a volume of spaceis the total outward flux of the
current density through the surfacebounding that volume. If conservation of charge is obeyed,
then the aurrent flowing out of the volume is equal to the rate of deaease of charge wntained
within the volume, thus

(i . _dQ _ d
I—inS— i a{pdv.

Application of the divergencetheorem yields
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This relationship must be satisfied for any volume V, therefore

V- -
ot

Thisexpresson isknown as the continuity equation, and states smply that the density of current
flowing away from apoint must be equdl to the time rate of decrea® of charge at that point.

L orentz force equation

In the presence of time varying eledric and magnetic fields, the force eperienced by a
charged particle gmoving with veocity U is

F = g(E+0xB).

Thisexpressonisknown asthe Lorentzforce equation. Thefield quantities E(R,t) (electricfield

intensity) and B(R,t) (magnetic flux density) are defined through the Lorentz force ejuation.
The eledricfield intensty is defined by
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M axwell's equationsin freespace

- large-scale (integral) form

All eledromagnetic phenomena ae described by Maxwell'sequations. Thesefour equations
may be represented in either large-scde (integral) form, or in point (differential) form. When
describing interadionsinvolving finite objeaswith spedfic shapesand boundariesit isconvenient
to expressMaxwdl's equationsin large-scaleform.

i. Faraday'slaw

The large-scde form of Faraday'slaw

states that a voltage is induced in a wnducting loop that lies along a contour C, which is
either stationary and immersed in a time dianging magnetic field, or moving in a static
magnetic field. Thisvoltageisproportiona to thetimerate of change of magnetic flux which
penetrates the surfacebounded by the loop. Thelineintegrd term on the left hand sde of
Faraday's law is frequently known as the eledromotiveforce or emf

ent = fﬁ-dl.

The total magnetic flux through the surfaceS which is bounded by contour € i
Vo, = B-ds
/

therefore Faraday's law may be written

d\|1m
dt

If no time-dependent magnetic flux penetrates the surfaceS, then the induced emf is zero
(Kirchoff's voltage law). It should be remembered that the induced emf is a distributed
guantity, not alocdized source (although for eledricdly small circuitsit may be modeled as
such). If an open-circuited loop is placed in a time-changing magnetic field, an emf is il
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induced. Although no current flow occursin thiscase, theent manfedsitself as a potertial
difference which appeas aaossthe terminals of the loop.

Figure L.1llustration of Faraday's law.

I. Ampere'slaw

Ampere's law states that the drculation of magnetic flux density around any closed
contour in freespaceis equal to the total current flowing through a surface bounded by that
contour times the permeability of freespace

e

. 5 d
fB-dI = uoé\]-d + uosoaéE-d§.

This indicaes that a time-changing eledric field gves rise to a magnetic field. The line
integral term on the left-hand side of this expresson is known as the magnetomotiveforceor
mnT

- L (B
ot - - §Ed.

The first term on the right Sde of the Ampere'slaw expresson represents the total current
flowing through the surfaceS bounded by the contour C due tofree darges and isreferred
to as condiction current
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= [J-ds.
/

The second term on the right side of the Ampere's law expresson is the total displacement
curr ent flowing through the surfaceS bounded by the contour C

d
o = o [EE
S

Therefore, Ampere's law may be expressd

mnt = I+ 1y.

Figure 2.1llustration of Ampere's law.

iii . Gaussslaw
The large-scde form of Gausss law states that total eledric field flux through a dosed

surfaceSisequal to the anount of charge enclosed by that surfacedivided by the permittivity
of the surrounding medium. In freespace thisis

. 1
fE ds = s—{pdv

o
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Figure 3.1llustration of Gausss law.

iv. M agnetic source aw

The last of Maxwell's equations

B-ds = 0
$

isthe magretic sourcelaw, which states that theintegrd of magnetic flux dendty overany
closed surfacevanishes. This indicats that the total magnetc flux flowing out of a closed
surfaceis zero (magnetic field lines from closed loops). Thisrefledsthe fad that magnetic
source chargeshawe yet to beobserved in nature.
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Figure 4.1llustration of magnetic source law.

- point form

When describinginteradions ata single pointin space it is convenient to expressMaxwell's
equationsin point, or differential form. Point form representations of Faraday'slaw and Ampere's
law are obtained by applying Stoke's theorem to the large-scde forms of these expressons. This
resultsin the relationships

VXE = _oB
ot
= = oE
VXB = HO(J + soa) .

The point form expressons for Gausss law and the magnetic source law are obtained through
applicaion of the divergencetheorem to the large-scde expressons of these relationships

-  Maxwell'sequationsin materials

In the presence amaterial, Maxwell's equations must be modified to include sources which
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arisefrom polarization and magnetization effeds. Including these leadsto a system of Maxwell's
equationsin terms of all EM sources

V-E = (p—V'ﬁ)
80
V-B=0
Here the sourceterm
o 7 P = °E
‘]totaJ =J - 7 * VXM o+ 807

represents the total effedive aurrent density that may exist in a medium with dieledric and
magnetic properties, and

g

Protas = P~ VP

isthetota effedive charge dengty in such a medium.
congtitutive parameters of a medium

- eedricflux density and per mittivity

In the presenceof adieledric medium the total source darge density consists of free clarge
and bound equivalent polarization charge. In this case the point form of Gausss law bemmes

V-(soli+ P) = p.

It is convenient to define an auxili ary field quantity, theeledric flux density which acounts for
effeds due to the presence of the medium
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5 -cE+P.

In alinea, isotropic medium, polarization is diredly proportional to eledric field intensity

where
€
sr = 1+Xe = —
€

is known as the relative permitti vity, or dieledric constant of a medium and ¢ is known as the
permittivity.

- magneticfield intensity and permeability

In the presenceof a magnetic medium the total source arrent density consists of free arrent
and equivalent magnetization current. In this case the point form of Ampere's law becomes
VX( i —M) = j + i(soé+ﬁ)
M ot

It isconvenient to define asecond auxiliary field, the magretic field intensity, which acountsfor
effeds due to the presence of a magnetic material

B _w.
U,

In alinea, isotropic medium, magnetizaion isdiredly proportional to magnetic field intensity

H -

M =y H
where y,  isknown as magnetic susceptibility. Substitution yields
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= WM H = pH
where
_ U
l”lr - 1+ -
o =

isknown as the relative permeahility of amedium and | isthe permeaili ty.

independent M axwell'sequations

It isimportant to note of Maxwell's equations that only Faraday's law and Ampere'slaw are
independent. The equations which involve the divergence operation can be derived fromthe aurl
operations. Consider the point form of Ampere'slaw

vxH = J + &,

Taking the divergence of both sideslealsto

V- (VxH) = v-J + %v-ﬁ.

By vedor identity, the divergenceof the curl of a vedoriszero, therefore

Application of the continuity equation resultsin

9P iv-ﬁ =0.

ot ot

Combining terms under the differential operator yields
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a —
2D - p) = 0.
at( p)

Theterm in parenthesis must be equal to aconstant
V-D - p = C(F).
It isargued that the 'emporal constantin the above expresson is zero, therefore
V-D = p.
In a similar way the magnetic sourcelaw may be derived from Ampere's law.

Ohm'slaw and conduction curr ent density

Conduction currents are caused by the drift motion of chargedparticles under theinfluence
of an eledric field. Thetotal current density may be composed of variouscharge gpedes drifting
with different velocities, therefore

J = > Nq

where N. isthe particle number density, ¢, isthe particle charge, and U. isthe average ersemble
drift velocity. Inametallic conductor where only eledrons are present

u=-pE
where L, isthe eledron mohility. Thisleads to
J = -pMuE = oE
which isknown as Ohm'slaw. The conductivity, ¢, of amaterial is defined as
G = ~PeHe
where p_ iseledronic charge censity, and i, is eledron mobility.
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displacement curr ent density
Prior to the formulation of Maxwell's equations, the point form of Ampere's law was stated

VxH = J.

This, however, isnot consistent with the principle of conservation of charge. Thiscan le e
by taking the divergence of both sides of Ampere'slaw

V-(VxH) =0 =V-J

The divergence of J isin general not equal to zero. The dove equation must be modified to
include time variation of charge

9

V-(VxH) =0=V-J +
ot

or

V-(VxH) = 0 = v-(i * ‘2_'?)

Thus the form of Ampere'slaw which is consistent with conservation of chargeis

=

yxH = J+ P
ot

Here the addtiona term dD/dt is known as the displacement current density. Inlow frequercy

systems, the displacament current isoften negligible. However asfrequency increases, effedsdue
to displacenent current becomemore pronounced, such asin the dieledric of acapdtor which
has a rapidly changing voltage applied toit.

relationships between field quantities and potential functions
The magnetic sourcelaw statesthat a steady magnetic field is solenoida with

=

V-B =0.
Using the vedor identity that the divergerce of the curl of any vedor field is always zero

2-18



V-(VxA) = 0

it is apparent that the sealy magnetic field may be represerted asthe curl of a vedor

— —

B = VxA

where A isknown asthe EM vedor patential. The point form of Faraday's law states

This may be written as

VX(E+ %) =0.
ot

Using the vedor identity that the curl of the gradent of any scdar field is always zero
Vx(Vg) = 0

it is seen that the quantity in parenthesis may be represernted asthe gradent of ascaar

—

= JA
E+— = -V
ot ?
where the negative gradient is chosen so that ¢, the EM scalar patential, is consistent with the
static potential difference  Finaly, eledric filed is expressed in terms of the EM potential
functions as

my

= -V -2,
P

* waveequations

Inasource-freeregion of asmple medium, the point forms of Maxwell'sequations edalize
to
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ot
VxH = sa=|§
ot
V-E=0
V-H=0.

Taking the curl of both sdes of Faraday'slaw yields

— -, 2_)
VXVXE = —ui(va) = —usi
at at2

Applying the vedor identity
VxVxE = V(V-E) - V?E = -V%E

leads to the homogeneous eledric field wave equation

where v = 1/y/ue is the velocity of light in the simple medium. A similar development on
Ampere's law yields the homogeneous magnetic field wave equation

—_ 2_)
vai Lo
v2 ot?

« boundary conditions

At the surfaceof a perfectconductor the tangential component of eledric field vanishes
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This condition yields unique solutions to Maxwell's equetions. The surfacecharge and surface
current are subsequently related to the surfacefields as

po = "D = g, (A-E) = ¢,E

o™n

and

J. = AxH.

S

When layers of differing deledric materials exist, the tangential components of eledric and
magnetic field must be continuous acosstheinterface

Ax(E, -E,) = 0

E. = B

which again leads to unique solutions of Maxwell's equations. The normal field components are
then related by

and

Poynting's power theorem

Energy istransported by eledromagnetic waves. The power balancerelation for EM fields
is known as Poynting's theorem. This theorem describes the relationship between power (rate
of energy transfer) and eledric and magnetic field intensities. Consider the Maxwell curl
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equations

VXE = —i
ot

VxH = J + £
ot

Acoording to avedor identity
V-(AxB) = B-(VXA)-A-(VxB)

therefore

—

v(ﬁxﬁ) = _Hi .
ot t

In alinea, isotropic, homogeneous medium

.98 _ g.ouH) _ 1o(uH-H) _ g(gmmz)
t ot 2 ot at\ 2

—

£. 9D _ g.9(E) _ 13(E'E) _ i(is||§|2)

ot ot 2 ot ot

and

e

E-J=E-(J°+J") = E-(6E+J') = o|E|>+E-J'
where J' istheimpresed current and  J° = oE isthe secondary current. Thus

v-ExH) = - <[ Lol + 2uA) - oE2-3 e,
ot\ 2 2

Integrating over avolume of spaceand goplying the divergence theorem yields
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. .- O (1 20 1.3 B
- J -EdV ExH)-d§s = - = ~elE|I?2 + = Hz)d— El2dv.
[ fEH) atf(2€| 2+ ZulHP) av- folEl7av

\% \%

where the power delivered by the sourcesto thefieldsis - [ J'-EdV. Itisrecognized that the
first term on the right side of this expresson represents the'time rate of change of EM energy
(sum of stored eledric and stored magnetic energy). The second term ontheright side represents
the ohmic power disspated due to conduction currents flowing in the presence of the dedric
field. The termson the right sde must equal the power leasing a volume of spacethrough the
surfacebounding that volume. The quantity E x H must therefore represent power flow per unit
area A power density vedor known asthe Poynting vedor may be defined

P =ExH watts/ m?

whichisassociated with an eledromagnetic field. The Poynting vedor liesin adiredion normd
toboth E and H. If the region of interestis|ossess then =0 and thetotal power flowing into
a volume bounded by a dosed surfaceis equal to the rate of increase of stored eledric and
magnetic energies. When thefields are static, the totd power flowinginto thevolumeis equd
to the ohmic power disspated in the volume.

definitions of resistance, capacitanceand inductance

Consider two conductors of arbitrary shape, which areimmersed in adieledric medium. A
potential differenceV maintains a charge sparation of +Q and -Q on the conductors.

A +|V|_ =
1]

Figure 5.Arbitrary conductorsimmersed in a dielectric medium.
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Using thismodel, basic relationshipsfor resistance and capacitanceintermsof field quantitiesmay
be determined.

- redstance
If the dielectric medium separating the conductors has a small non-zero conductivity

(referred to as a lossy medium), then a current will flow in the material. The resistance
encountered by this current is expressed by

- capacitance

The expression for the Coulomb potential maintained by a surface charge distribution
states

1

1
V = p ds’.
e "R R

For a point on the surface, it is seen that the potential of an isolated conductor is directly
proportional to the total charge which maintains that potential. For an isolated system of
conductors, theratio of chargeto potential remainsconstant. The constant of proportionality
relating potentia to chargeis known as capacitance. This relationshipiswritten

Q=CV

where Q is charge, V is potential, and C is capacitance. A capacitor consists of two
conductors separated by an EM medium. A voltage source causes a charge separation to
occur, resulting in the formation of an electric field between the conductors. It should be
remembered that the capacitance of a capacitor is a physical property of a system of
conductors, depending upon the geometry of the system and the permittivity of the medium
between the conductors. Capacitance does not depend on the amount of charge deposited
on the conductors, or the potentid difference which maintans the charge separation. Thus
a capacitor has a capacitance even when no potential difference exists between the
conductors, and no chargeispresent onthe conductors. Ingeneral capacitanceisrepresented

by
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UsingJ = cEand D = ¢E weseethat RC = £.
(9)

- inductance

Consider two closed contours C,, and C, which bound surfaces S;, and S,, respectively.
A current |, flowing along C, will give rise to a magnetic field. A certain fraction of the

magnetic flux associated with this field will penetrate (link with) surface S,.

Figure 6.Magnetically coupled circuits.

The mutual flux istherefore that portion of the flux form the field associated with loop 1 that
passes through loop 2

®,, = fgl'd_éz
S

The magnitude of the magnetic flux density is proportional to current, therefore, the mutual
flux @, isaso proportional to current I,
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D, =L,,I

21 211

where the constant of proportiondity L,, is cdled the mutual inductance between loops C,
and C,. If theloop C, has N, turns, then aflux linkage A, is defined

Ajyy = N, @,
which also may be represented by

Agy = Lyly
or

L. =Dz

From this it is evident that the mutual inductance between two circuits is the amount of
magnetic flux linkage with one drcuit per unit current in the other. Self inductanceis the
magnetic flux linkage per unit current within the circuit itsdf

All
Lll = I_ .
1

It should be noted that the self inductance of acircuit depgends on the shagpe of thecircuit
and configuration of conductorswithin the arcuit, aswell asthe permeability of the medium
in which the drcuit isimmersed. If the surrounding medium is linea, then self inductance
does not depend on the amount of current flowing within thecircuit. Sdf inductanceexists
regardlessof whether the drcuit isopen or closed or whether it islocaed nea another circuit.

time harmonic field representations

The way that the field quantities E(F,t) and H(F,t) vary with time depends on the nature of

sourcefunctions p(F,t) and J(F,t). Ingenera EM sources have an arhitrary dependenceon time.
In certain cases, however, it is easier asaume that the source quantities have asinusoidal time
dependence Because Maxwell's equations are linea, sinusoidal variations of the source terms
at a cetain frequency will result in sinusoidal variations of the field quentities at the same
frequency (when the system is in steady state). Asauming that sources vary sinusoidally
sometimes makes the solution of Maxwell's equations easier. Also, the responses to systems
having sourcesthat vary arbitrarily with time can be determined by superposition of the responses
of the system due to sources varying with individual sinusoidal frequency components.
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Consider the general second order system

with forcing function f = f_cos(wt + 6;). It isoften easier to represent theforcing function as

f = Re{f e} = Re{Fe}

where F =f e iscaleda complex phasor. Because the system islinea

r = r,cos(ot +6,)

or
r = Re{RelY}

where R = roejer. Substitution of these into the general system expresson yields

(b + aw + -0?)R = F

where the cmmon time-dependent fador e has been dropped. It isapparent that the so caled
time-harmonic system equation can bereaily solved for the unknown R, and the original system

variable r may be recvered from

r = Re{ReY .
In asimilar way, atime-harmonic eledtric field may be represented

E(xy.zt) = Re{ E(x,y,z)ej‘”‘} :
Thisresultsin a system of Maxwell's equations

~jopH

<
X

m
I

— — e

VxH = J+jmeE
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2.5 Eledromagnetic basis of Kirchoff'svoltage and curr ent laws

Although Maxwell's equations describe dl eledromagnetic phenomena, dired applicaion of
these laws is not aways convenient. Often, approximations are enployed to provide aneaser
method of analysis. Kirchoff'svoltage and current laws areidedizaions of Maxwell'slawswhich
form the foundation of eledric circuit theory. These laws remainvalid whenthe elements of the
circuit under analysis are small compared to a wavelength (the drcuit is operated at a low
frequency). Thefieldswithinthe dementsarethen said to bequasi-static. It isalso assumed that
the circuit is composed of lumped elements. With certain types of circuits, such as transmisson
lines, effeds due to distributed parameters must be taken into acount (thiswill be addressed in

Sedion 2.6). The pags that follow will ill ustrate the relationships between Kirchoff's laws and
Maxwell's equations.

» relationship between KVL and Faraday'sL aw

Consider ageneralized eledric arcuit consisting of asource and aresistive dement whichare
conneded by perfedly conducting wires.

perfect wire

—
£
++++++++/\(f[§)¢0 N

E O |13 E (Coulomb field) ;R

\// resistor | —
e Bl 0%

source

—~
—>
M

~

1
o

Figure 7.Generdlized eledric circuit.



Animpresed field Ei drivesa aurrent density J through the sourceregion against the acion
of a Coulomb field E. At any point in the circuit

J = o(E+ Ei)

where Ei # 0 only in the sourceregion. Consequently

or

For a static eledricfield

and, applying this, the above result leads to

V = I (RSOUFCE+ R)

where

is the impressed emf. When multiple source and resistive regions exist in the drcuit, this
generalizesto

2V, = zkjlkRk
J

which states that the sum of the emfs is equd to the sum of thevoltagedrops around a dosed
circuit which supports gealy currents (Kirchoff's voltage law). For time-dependent currents,
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Faraday's law requires

_,_,__d —>.—>__d .
fE-dI- a£Bo| - E[L.(t)]

where the latter term follows from the definition of inductance L. This leads to the time-
dependent generalization

_ +R)i@ « L 91O
V(t) = (Roye * R)iCt) + L t

relationship between KCL and the continuity equation

The continuity equation requires

Thislealsto the integral form

jgsj- ds =0
which may be written

zj: =0,

This states that the sum of the currentsflowing out of a drcuit node is zero (Kirchoff's current
law). It isimportant to note that KCL isrigoroudly valid only when there is no time-dependent
charge acaumuation at nodesin thecircuit, otherwise thet charge must be modeled.
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2.6 Transmission lines

Unlike dc or low-frequency (60 Hz) circuits, transmisson lines may be many wavelengths
long. Where the various elements of a low-frequency circuit may be mnsidered to be discrete
(lumped), transmisson lines must be described in terms of parameters which are distributed
throughout their entire length.

» general transmission line equations (time domain)

Consider a short element of transmisson line with length Az. This sdion of line, can be
described in terms of per-unit-length distributed parameters, consisting of a sries resistarnceR,
a series inductance L, a shunt cgpadtance C, and a shunt conductance G. Applicaion of
Kirchoff's voltage law to this element yields

No R -

oz ot

and applicaion of Kirchoff's current law yields

a=i = -Gv - Ci.
oz ot

Uz

Figure 8.Genera transmisson line elerrent.
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These may be represented for time-harmonic quantities as

VG

-ZI(z
e (2
where
Z = (R + jol)
and
4@ _ vy
dz
with
Y = (G + joC).

These coupled time-harmonic expressionscan be solved simultaneously to determine V(2) and 1(2)
yielding

2
V@ ey -0
dz?
and
dZI(Z) 2
a2 - 0
dz?
where

y=a+ip= R joL)(G joC) = yZY

isknown asthe propagation constant, having real part o, the attenuation constant, and imaginary
part B, the phase constant. It can be seen that the expressions for V(2) and I1(2) above have
solutions

V() = Ve + Ve*
and
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1dv 1 _ B
() = ~=—~ = —(V'e ™ - Ve~
@ Z dz Z( )

o

where V' and V-~ are the constant amplitudes of forward and backward traveling waves,

respectively, and
z - |Z2_ | RrjoL
° Y G+joC

is known as the characteristic impedance of the transmission line. It should be noted that in
sinusoidal steady state, all of the multiply reflected forward and backward traveling waves excited
superpose resulting in asingle forward traveling wave of amplitude V *, and a single backward
traveling wave of amplitude V ~. These wavesinterfere to produce a standing waveinterference
pattern along the line.

A lossless transmission line is characterized by R=G=0. In this case the impedance of the
transmission lineis purely real where

isreferred to asthe characteristic resistance of the transmission line.

phase velocity and wavelength

In sinusoidal steady-state, the voltage and current dong a transmisson line are represented

by
V(Z1t) = V(Z) ejmt — V+e*aZejm(t*Bﬂm) +V*eaZejm(t+Bﬂm)
and
1 (zt) = I(2e" = Ly azgiot-pro) _ \/-guzgiott + o)
Z0
Here, theterm

ejm(t BZo)
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describes the phase of the waves; therefore (t = fZ/w) isaconstant at constant phase points of
the traveling waves. Therefore

d, . d
E(H BZw) = E(const.)

which indicates

l¢££=0
o dt
Here
V:z:ig
Podt B

is known as phase vel ocity, and represents the velocity with which a reference point of constant
phase of the wave alvances (propagates) along the transmisgon line. It is now clea that the
expresson

Viei(xzejm(t T pZw) _ Vieiazejm(t = 2vp)

represents waves traveling in the +z diredion with phase velocities +v, = + o/ and attenuation
constant a.

It was noted previoudy that the distance A between any two adjacent equiphase points of a
single traveling wave (at an instant t) is the wavelength of that wave. If equiphase points occur
a locaions z and Az on atransmisson line, then

git=p2) _ gilotspz+A2)
which means that
e Az - 1,
Fromthis, it is seen that

BAz = n2rn



where nisany non-zero, positive integer (n=1,2,3,...). The spacing between equiphase pointsis
then

where

is the wavelength, or distance between adjacent equiphase points along a transmisson line. The
relationship between wavelength and phase vel ocity is given by

input impedance, reflection and transmission coefficients

When a transmission line of finite length is terminated with aload impedance that does not
match the line, reflections occur. Thus at any point dong the line both backward and forward
traveling wavesexist. For atransmission line of characteristicimpedance Z,, with length|, having
propagation constant vy, the voltage and current at any point dong theline aregiven by

+

V(Z) = V+(eYZ+V_eyZ) _ V+(e—yz+l—~eyz>

@ - Y- Vor) - Vo red
Zo VT Zo

where again V™ and V~ are the forward and backward traveling voltage wave amplitudes,
respectively, and

isthe reflection coefficient at the receiving end terminas. Now, at the receiving (load) end
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Zg + V,Zo +

|
Z =0

Figure 9.Finite-length transmission line with load impedance.

of the transmission line (z=0), the impedance boundary condition gives
V(z=0) = Z, 1(z=0)

which leads to

+

ZV
Vi(a+r) = S (1-T).

Solving this expression for I" gives

which isthe receiving end reflection coefficient. Since

V(z=0) = V'(1+T) = TV"

the receiving end transmission coefficient is given by
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27,
T=0@Q+T) =

Z, +Z,
The impedance at any point dong thelineis
203 - V@ _ Zo( e + FeY) _
1(2) e - re”

Substituting the expressonfor I" above gives

Z +Z)e" + (Z -Z)e'*
Z(Z) _ Zo|:( L 0) ( L 0) :|
(Z +2,))e ™ - (Z -Z,)e"
Applying the relationships
COShyZ = %1 sinhyz = u

the express on for impedance becomes

Z, coshyz - Z_ sinhyz
Z(Z) — Zo( L ’Y [0} : hY )
Z coshyz - Z sinhyz
or
Z -jZtanhyz
°Z, -jZ tanhyz

Z(2) = Z

At the sending end of the transmission line (z=-1), thisbecomes

Z, +jZ tanhyl

Z =22z=-1) = Z ——M8 —.
( ) °Z, +jZ tanhyl

This expression represents the impedance seen at the input terminals of the transmission line and
is therefore known as the input impedance.
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impedance transformations

Transmisgon lines are sometimes used as UHF circuit elements. At thesefrequercies (300
MHz - 3 GHz) sedions of transmisson line may be used to match a load to the internal
impedance of a generator or to the dharaderistic impedance of another transmisson line (stub
matching). These segments of matching transmisson line are usualy consdered to belossess
Inthiscase y = jB, Z,=R,, and tanhyl = tanh(jpl) = jtanpl. Theinputimpedance of a edion
of losdesstransmisson line is therefore

> _R Z, +]R tanpl
'R +jz tanl

The input impedancefor several load terminations will be examined.

- open circuit termination

If the transmisson line segment is open circuited, then Z, =« , and

z - IR

= -jR cotfl .
! tanpl IR, cotp

It is e from this that the input impedance of an open circuited section of losdess
transmisson lineis purely readive, regardlessof the length of theline. Thisreatcance may
be inductive or cgpadtive, depending on the sign of cotfl.

- short circuit termination
If the transmisson line segment is short circuited, then Z, =0, and
Z, = jRtanpl .

It is sen from this that the input impedance of a short-circuited sedion of losdess
transmisson line is also purely readive, regardless of the length of the line. Again, this
reacance may be inductive or capadtive, depending on the sign of tanpl.

Important note: From theinformation presentedabove, it can & e that

(Z)sort ) open = Zotanh(yl) Z,coth(yl) = Z7 .
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Thus the daraderistic impedance of an unknown transmisson line can be determined by
making measurements with short- and open-circuit terminations

Zo - \/(Zi )short (Zi)open )
This applies regardlessof whether the transmisson line islossy or losdess

half-wavelength line

When the length of atransmisson lineis an integer multiple of one-half of awavelength
(I=n\/2 for n=1,2,3,...), then

which makes

tanpl = O
and the input impedance bemes

Z =7

i L-

Thusfor alosdesslinewhichis ©sme multiple of ahalf-wavelength long, the input impedance
isthe same as theload impedarce.

quarter-wavelength line
When the length of a transmisgon line is an odd integer multiple of one-quarter of a
wavelength (1 = (2n-1)A/4 for n=1,2,3,...), then

_2n T T
Bl = T(2n 1) =(2n 1)2

which makes
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tanpl = tan

—>iOO

T
(2n—1)7

and the input impedance bemmes

RZ
Z = —.
ZL

Thus for a losdess line which is ©me multiple of a quarter-wavelength long, the input
impedance is proportional to the inverse of the load impedance. A quarter wavelength
transmisson line is sometimes referred to asa quarter-wave transformer.

» voltage standing waveratio (VSWR)

When transmisson lines are excited by snusoida, continuous wave (CW) sources, forward
traveling voltage and current waves propagate avay from the source, and badkward traveling
waves are refleded from discontinuities and mismatched terminations. These forward and
badkward travelingwavesinterfere to form a standing wave pattern onthe line. The ratio d the
maximum to the minimum voltage of the standing wave is known as the voltage standing wave
ratio. Sincethe voltage atany point dong the transmisson lineis given by

V(2) = Ve (1 + el??)
the standing wave ratio is therefore

_ |Vmax| _ 1+|r|
v, 1-|T]

min|

S

The VSWR isameasure of the nature and magnitude of mismatches or terminations that occur
on the transmissionline. A VSWR of 1 resultswhen |I'| = 0, indicating that the transmission
line is match-terminated, and no backward traveling wave exists. A VSWR of infinity indicates

that the signal is being totally reflected by either an open-circuit, short-circuit, or purely reactive
termination.

2.7 Network theory
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two port networks, S-parameters, Z-parameters, Y-parameters

The study of two port networksisimportant inthefield of electrical engineering because most
electric circuits and electronic modules have at least two ports, namely input and output terminal
pairs. Two-port parameters describe a system in terms of the voltage and current that may be
measured at each port. A typica generalized two-port network isindicated in thefigure bel ow.

Linear Network V

Figure 10.General linear network.

Herel, isthe current entering port 1, I, isthe current entering port 2, and V, and V, are voltages
that exist at ports 1 and 2, respectively.

- Y-parameters

If the network that exists between ports 1 and 2 is linear, and contains no independent

sources, then the principle of superposition may be applied to determine the currents|, and
[, interms of voltagesV, and V,

I, = YV + YRV,

I, = Y,V + YV,

These may be written in matrix form as
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Y.

11 Y12 V.

1

Y21 Y22 V2

I1
I2
Here theterms Y, Y, Y,;, and Y,, are known as admittance, or Y-parameters. It is
apparent form the matrix equation above that the parameter Y, may be determined by

measuring |, and V, when V, is equal to zero (or more accurately when port 2 is short-
circuited)

I
y. = L
11 V1

V,-0

Theremaining Y -parameters may be determined in a similar manner

I
1
Y, = —
\Y
5 1V,=0
1,
Y, = —
\Y
1 1V,=0
1,
Y, = — :
\Y
5 1V,=0

Because the parameter Y ,, is an admittance which is measured at the input of a two-port
network when port 2 is short circuited, it is known as the short-circuit input admittance.
Likewise, the parametersY ;, and Y ,, are known as short-circuit transfer admittances, and
Y ,, isthe short-circuit output admittance. Itis evident that, using these relationships, the

properties of an unknown, linear two-port network can be completely specified by values
measured experimentally at ports 1 and 2.

Z-parameters

A similar set of relationships may be established in which the voltages at the input and
output of alinear two-port network are expressedin terms of theinput and output currents

V, =2,

V, =72



which may be described in matrix form

\/

1

Z

l

11 ZlZ

V. ZZl ZZZ

2 2

It is apparent from this expression that the parameter Z,;, may be determined by open-
circuiting port 2 (letting | , equal zero)

V

_ 1

le I_
5 11;=0

Z. = V2

21~ I_
1 1,=0

Z, = V2
22 |_ )
5 11;=0

Theterm Z,, isknown as the open-circuit input impedance, Z,,, and Z,, are known as open-
circuit transfer impedances, and Z,, is the open-circuit output impedance.

S-parameters

The representations above are useful if voltage and current can easily be measured at the
input and output of the two-port network. Whileitis usudly possble to directly measure
both voltage and current in low frequency electric circuits, it is not always possible to do this
with high-frequency circuits or particularly with waveguides. In such cases it is often
necessary to determine impedances from measured standing wave ratios or reflection
coefficients. Itis thus convenient to describe unknown high-frequency networksin terms of
outgoing and incoming wave amplitudes, instead of voltages and currents. The figure below
represents alinear two-port network



Linear Network

a b,
(o] O
_ S, S
S
1 S22
<—
b, S a,
(@] O

Figure 11.General scattering network.

where a;, and a, areincoming wave amplitudes, and b,, and b, are outgoing wave amplitudes.
These parameters represent the normalized incident and reflected voltage wave amplitudes.
For an n-port network they are

where Z_, isthe equivalent characteristic impedance at the n" terminal port. Thevoltageand
current at some reference plane within the network can thus be represented by

V, =V, +V, = /2@, +b)

and

Solving for a, and b, yields
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1( V.
a, = E( = Zonln)
Zon
1( V.
bn = E( Zn B Zonln) .

The average power flowinginto the n™ terminal is given by

(Poae = SRV 17) = %Re[(anan* -b.b;) +(b,a, -b a)|.

N

The term (a,a, - b b,) is purely red, and the term (b a, - b,a.) is purely imaginary,
therefore

(P)ae = 5@ ~b,b;)

where (P.)... = 1/2(a,a, ) representspower flow into theterminal, and (P, = 1/2(b, b, )
represents the power reflected out of the termind.

Consider again the case of a network with two terminal ports. The principle of
superposition may be applied to represent the outgoing wavesin terms of alinear combination
of the incoming waves

b, = Sya + Spa,
b, = S,a + S,
which may be written in matrix form as

bl
b,

bl
b,

[ S
Su S

The individual scattering, or S-parameters are determined in away similar to those above.
The parameter S, istheratio of the outgoing wave amplitude at port 1 to theincoming wave
amplitude at port 1 when the incoming wave amplitude at port 2 is zero (or more correctly
when port 2 is match terminated)
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bl

37 Gl

It is noted that the ratio of the outgoing wave amplitude at port 1 to the incoming wave
amplitude at port 1 issmply thereflection coefficient at port 1. Therefore S, isthereflection
coefficient at port 1 when port 2 is match terminated. The remaining S-parameters are
determined asfollows

_ bl
S, = 2 la, 0
bz
S21 a a,-0
bz
%75,

2.8 Electromagnetic radiation

Electromagnetic radiation is the transfer of EM energy from electric sources to EM waves in
space. Under certain conditions it is sufficient to examine only the propagation characteristics of
waves and the interactions between fields. In these so-called source free regions, it is not necessary
to know anything about how the source of EM energy behaves. Waves simply exist inamedium, and
how they came to be there is not important. Under other conditions, however, it is necessary to
understand the relationship between fields and time varying source charge and current distributions.
Such is the case with antenna theory.

* uniform planewavesin lossess media

A plane electromagnetic wave is one for which points of constant amplitude and phase are
contained in planar surfaces (wavefronts). Localized radiating electric sources, such as those
associated with antennas, actually produce spherical waves. However, at distancesfar from the
source, these disturbances may be locally approximated as being planar.
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wavefront
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e \< approximetely _r N
S = \ planar \\.\r

(O8N T
\

Figure 12.Planar approximation of spherical wavefront.

plane-wave solutionsto homogeneous Helmholtz equation

Previoudly, the homogeneous Helmholtz equation for the electric field in a source free
region was found to be

V2E +k?E = 0.
The general vector solution to this equation

E(r) = E,e i*T

(0}
isfound Langthemethod of sgparationdf vaiddes Here Eo isa @datvedorarpitude I = XX +yy + 2z
is a position vedor, and k? = w?ue,. The wavenumber is k = B-jo and the complex

permittivity is e, = (1 -jo/we). This expresson for E(F) has the following physica
interpretation:

!

i. E(F) is a wave propagating in the diredtion of K = kk. The scdar components of

XK, + yky + Zk, are phase constantsfor propagation dong thex, y, z diredions.

~i1m

ii. Points of constant amplitude and phase of the wave aelocated on aplanar surface which

is perpendicular to k, which pointsin the diredion of propagation of the plane wave.
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X

Figure 13.Planar wavefront.

The instantaneous complex eledric field is given by
E(F,t) = E(F)elt = E@le@ KN = Eje *kreglet-pkn
where
i@t - pk-r)
isaconstant by the criterion for constant phase of the wave. Thisimpliesthat
Bk-F = Br(k-f) = prcosh = Br, = constant

which requiresthat 7 be located on a plane surfacewhich is perpendicular to K.

relationship between electric and magnetic fieldsfor a plane wave

The time-harmonic form of Faraday's law in a sourcefreeregion states

VXE = -jopH .
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Substitution of the plane wave eledric field representation into this expresson gives
l—T = J=vx E = J=VX(E)Oe7]|zr)

ol ol

Application of the vedor identity
Vx(yA) = yVxA+VyxA

leadsto

Now

The intrinsic impedance or wave impedance of the simple medium is defined as

:0)=l-l
=7

thus

phase velocity, group velocity, and wavelength

Phase velocity representsthe speead that animaginary observer would haveto travel along
adiredion f inorder to remain adjacent to areferencepoint of constant phase dong awave
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front, i.e.,
eit Bk = congtant
which implies

ot -B(k-F) = wt - pr(k-f) = constant.

Thetime derivative of aconstantis zero

d enl-d .
E[ t - pr(k r“)] Clt(constant) 0

therefore
~ . dr
o - Pk rf)— =0.
P dt
A
/
/
V, //
/p}
/D
———— A ==
e ~ A
k=kk
/
JD
equiphase /
frornts Vp:D/D
/
/
/
0 =20/0

Figure 14.Phase velocity of a plane wave.

From this, the phase velocity along adiredion f isfound to be

2-50



I I
P dt  p(k-r) Bcoso

where 6 isthe angle between the diredion of wave propagation (IZ), and the diredion along
which the observer moves (f). The minimum phase velocity v, = o/ occurs when the
observer moves parallel to k suchthat (F-k) = 1 (6 = 0), i.e., when the observer movesin
the direction of propagation of the wave. It is assuumed that 6 = O unless otherwise
spedfied.

In a losdess medium, the propagation constant B = wy/ue depends linealy upon
frequency. In some caes, however, the propagation constant is not a linea function of
frequency. In these caeswavesof diff erent frequencieswill propagate with diff erent phase
velocities, which leads to atype of signal distortion known as dispersion. A signal containing
asmall spread, or "group” of frequency componentswill tend to "spread out”, or disperse,
asit propagates. A group velocity may be defined, whichisthe velocity of propagation of this
"frequency padket"

1
V., = .
9 dp/do

The wavelength A of aplane EM wave dong adiredion f isthe distance between any two
adjacent pointsr, and r, with identicd phase atany instant t, i.e.,

pllot -Beer] _ ilot - pkry)]

therefore
e B ) _ BN ) g

~

becaise 1, = fr,, I, = fr,, andthus

B(r,-r)(kF) = 2n
for adjacent equiphase points. The wavelength along adiredion f isnow seen to be

2n . 2n
B(R F) cosH

A=(r,-r) =

whereagan 6 = cos’l(IZ- ). Now, from the definition of phase velocity
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Bli-f) =

«©
VP
which leadsto an expresson of wavelength which isindependent of 6

- n 2nvp:vp.

B(‘Z' F) ® f

power flow

Previoudly the eledric and magnetic fieldsassociated with a plane EM wave were found
to be

E-Eelkr-EgiB-inkn
(0]

(]

and

l_—|> _ (IZx E)
n

The time-average power flow asociated with a plane EM wave is described by Poynting's
power density, which is given by

B - %Re{ExI—T*}.

Substitution of the above expresgons for the electric and magnetic fields leadsto
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=

It should be noted that power flow is in the diredion of wave propagation (k). The
exponential attenuation is due to progressve power disgpationinalossy EM medium. For
the spedal case of waves propagating in alosdessmedium (e.g., freespace the attenuation

constant 0=0, and the intrinsic impedance of the medium M isred, therefore

vl
Il
~
my
N

N
=

- one-dimensional plane waves

For waves propagating in the =z diredions, k = 2 and E, = RE;, therefore
E@ = ;e ™+ E, &)
and

H(2) = 2(2xRE, e 1% - 2xRE, e/?)

S|

~

= l(Eo*e’“‘Z -E, ej"z> .

=

Now a plane wave refledion coefficient may be defined such that
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and the total one-dimensional plane wave field may then be expres®d

E@@ = RE, (2 = XEO*(e*“‘Hre“‘Z)

ﬁ B .
@ = yH,@ = y=(e**-Tek).
n

It should be noted that thefields E,(2) and Hy(z) are exadly analogous, respedively, to V(z)
and 1(z) on a uniform transmisgon line. The ncepts of standing waves, impedance

22 = E@/ Hy(@)  standing waveratio, and impedancetransformation carry over diredly.

- wavesin various media

Remember that for a general material,

k = oyie,|1-]-> = B-ja
y>

i. wavesin free space

In freespacethe wavenumber and attenuation constant are
K=p,=o/Hg, ao=0
the charactristicimpedarnce of freespaceis given by
N =1, =ol,/B = m ~ 120r ohms
and the phase velocity of the wavesis

V, = C = olf = Ufug, =~ 3x10°m's.

ii. wavesin losdess media

In alosdessmedium other than freespace the wavenumber and attenuation constant are
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szo\/ﬁ

the impedance of the medium is

n =O)|J./k - \’E - Vp'rp'olsrso - T]o\/ lJ‘r‘Sr
and the phase velocity of the wavesis

V. = =

- ofb = LR o/ i

iii. wavesin a good dielectric

Inagood didedric, o/we « 1 for al frequencies of interest. In such adieledric medium,
the wavenumber is

k=B -jo = ofe = ofie —J=

where

. O
acz(l“a)

isknown as the complex equivalent permittivity of the medium. According to thebinomia
expansion

@+x)"=1+nx ..ifx«l

therefore
K ~ @@(1 : jL) |
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The phase and attenuati on constants are therefore given by

B~ wyue
o~ ©VHes o | _on
20¢g 2\ ¢ 2
the impedance of the medium is
po OH _on 1 zw_u(lﬂg)
p-jo B L1-jup P

or
n = op/p
becaise a/p « 1, and the phase velocity of the wavesis

1

~
~

)
vp—F

7

iv. wavesin a good conductor

In agood conductor, o/we » 1 for al frequencies of interest. Here, the wavenumber is

= B -jo = o/He, = oyHe l—ji ~ ay/le —ji
e e

= Voo(e " - \/muc( 1‘1) - (1-j1) | @Ko
V2 2
and it can be seen that the dteruation and phaseconstants are
B~ a=yrfls.
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Now consider a plane EM wave with eledric field

N N
n=-z N
- E
X -
H - .
k=70 -0)
y Z
-
free space good conductor
z=0

Figure 15.Plane EM wavesin agood conductor.

E = E e = RE e 16 10@N = RE g w7g P2
(0} (0}
that existswithin agood conductor. The asciated current density isfound using Ohm's law
J = 6E = iche*“Ze*iBZ.

E and J decay to e of their values E, and 6E, at the conductor surface z® whenaz=1. The
distance z=a* at this point is cdled the skin depth for wavesin the conductor, andis given
by

yrnfuo .

The impedance of the conducting medium is given by
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The amount of current flowing per unit width in the region nea the mnductor surfaceis
found from

K = }}mx(z) dzdy
00

1 -
- oE o z=e

= Rchfdyfe*(“*JB)Zdz - R0 iRz
0 0 (a+JB) z=0

cE ooE

(] > (]

X = X — .
(o +]B) (1+j1)

Using thisresult, the surfaceimpedanceis found by

i E(z=0) _ E, _(1+j1)
Ky 06E0/(1 +j1) cd
or
z' =r'+jol!

wherer' = ol' = (68)* for agood conductor.
The magnetic field asociated with the eledricfield preseried above is found to be

T kxE — B_Jazx

H = RE e e 12
e STk L
N I
WU oMud(1 +j1)
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coE

(¢}

(1+j1)

e e bz

1
<>

From thisit can be seen that

06E0

©°_ - K.
(1+j1)

AxH(z = 0) = -2xH(z=0) = X

Thus the relationship between the magnetic field H present at the surface of a good
conductor, and the surfacecurrent K is

I

K = (AixH)

surface

Thusit is e that a arrent flowing on the surfaceof agood conductor will giveriseto a
magnetic field, which may be asource of interference dsawhere. Conversely, an external

magnetic field may induce a acrrent on a good conductor, which may in turn cause
interference

 Maxwell'sequationsfor EM field maintained by primary sources

Consider alocdized eledric sourcedistribution suspended in an unbounded medium.
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Z
E()
B(r)
( i
0,3)=0 y
X localized electric source distribution

Figure 16.Locdized sourcedistribution.

The time-harmonic system of Maxwell's equationsfor this are

v-Em - PO

&

VXE(r) = -joB(r)
VxB(F) = pJI(r) + jope E(M)

V-B(F) = 0

whereagain ¢ = [1 - jo/(we)| isthe equivalent complex permittivity of the medium.

« EM potential functionsand Helmholtz equation

It was $rown that the ekedric and magnetic fields can ke represented in terms of potential
functions as

e

E = -VO - joA
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Substitution of these expressonsinto Gaussslaw leads to

V-E = V-(-VO - joA) =

oo

or
V20 +joV-A = —%.
From Ampere's law comes
VXVXA = uJ + jope, (-V® - joh) .
After application of the vedor identity

VxVxA = V(V-A) - V?A

this becomes
V(V-A) - VA = pJ - jope (VO + jwA]
or
- - - jk?2 =
V2A+k2A—V(V-A+— ) = -uJ
®
where
k2 = w?ue,

defines the wavenumber in the unbounded medium. Now



and

is a convenient choice known as the Lorentz condtion. Thisleadsto

V2 + k2@ = -2

VA +k2A = -pJ

which are apair of inhomogeneous Helmhaltz equationsfor (@, A) maintained by (5, J). These
equations must be solved for @, A in order to determine E,B. It should be noted that E is
maintained by both p and J, while B has only J asasource. Theinhomogereous Hdmholtz
equations above ae second order partial differential equations, and are solved using the cncept
of Green's functions.

Green'sfunction solution to Helmholtz equation

The Helmholtz equationsmay be decomposed into scalar components
VZA, +k2A, = -pd

where o represents various component diredions such as (X, y, z) in Cartesian coordinates. Now
consider a generic form of the Helmholtz equation to be solved

V2y(r) + K 2y(r) = -

where (") is awave function representative of @ () or A (), and S() is a source density
representativeof p(r") or J (). Thisgeneral Helmholtz equation can be solved using the Green's
function method. The Green'sfunctionis asolution to the pertial diff erential equation when the
sourceterm isapoint source This method involves atwo-step process First, the solution for
a unit point source ecitation located at an arbitrary point 7’ is determined. Then, a genera
solution is constructed by the linea superposition of many weighted point-source esponses.
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G(rt)’

%

X

Figure 17.Unit point source excitation.

For the cas of point source ecitation, |et
) -8(r )
and
o(F)- G(F|F’)
which leadsto
V2G(F|F’) + k°G(FIF’) = -8(F - ).

Here G(F|F’) is the Green's function, which represents the response & 1 due to a unit point
sourcelocaed at I/, and §(r) isathreedimensional Diracdelta function. The Diracdeltahas
the following properties:

] 0 ..for r=0
] o) - |

~ ..for F=0

where 3(F) = 3(x)d(y)d(2)
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1..if Vincludesr=0
0 ... otherwise

i [8(v = {

f(0) ...if 0 e V
0 ... otherwise

iii. f(r)6(rdv = {
/
Now if atiny element of the source at location 7/ is described by

s(F/)dv’

then

dy(r) = G(F|F)s(r) v

by the definition of the Green's function, and the total wave function can be found by
superposition

W) = [SFGEIT .

do@= s(fydv 'G(rt)’
7 S(Hdv '

=/

X

Figure 18.Distributed source excitation.

2-64



- chedk: Does this lution satisfy the Helmholtz equation? Subgtitution of the Green's
function solution into the Helmholtz equation gives

(V2+K2)y(r) = (V2 + kz)fs(r/) G(r|r)dv’
= fs(r*/)(v2 +k?)G(F|r")dv’
= - f S(r")&(r - r')adv’

- - ).

Thus it is e that y satisfies the Helmholtz equation. Now the Green's function must be
determined. The Green's function satisfies

(V2 +Kk?)G(rr’) = -8(F-T")

and

because G depends only on the distance R = |F/ - /| from the source pointsto the field point.
Thisgives

(V2+k?)G(R) = -3(R).

In sphericd coordinates, this beaomes

ii(F@@) +k2G = 0
RZR\ = oR

which isequivalent to
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1 a2

——(RG)+k®G = 0 ..for R0
ROR?
or
82
—(RG) +k?(RG) = 0 ..for R#0.
dR?

This expresson has solution
RG = Ae KR+ Be kR

therefore

e-ikr e kR
G(R) = A = +B = ..for R+=0.

G(R) physcdly represents wawves traveling outward from the source (no sourcesexist atinfinity
due to the Sommerfeld radiation condition), consequently, B=0 and

GR) - Ae—jk\r—r/\
r-r

Now the constant ‘A" must be determined. 'A’ can be dosen to give the crred behaior of G(R)
a R=0. This behavior is determined by examining a small sphericad surface of radius ¢
surrounding the point R=0, and allowing ¢ to approach zero (¢~ 0). The defining equation for
Gisintegrated over the small spherical volume region V, whichis centered at the location of the
&-function unit point-source singularity

fV-VG(r)dv/+ szG(r)dv/ = —f&(r)dv/.

&
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X

Figure 19.Sphericd volume region about source point singularity.

Application of the divergencetheorem yields

?ﬁn VG(R)ds’ + k fA 4nR2dR =

Examining the behavior of the integrals as the radius of the sphere approaches zero leads to

Ilmk fA 47'CR dR = k Allmf4anR =0

R kR
A-VG(R) = R-G(R) = aGFgR) - %(Aeé )

im [A-VG(R)ds' = - Alim f(“—‘kR) el ds/
e-0 e-0 2
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Therefore

or

and

/
- —AIimfd—s = _lim A 42
SﬁOSa 82

A

¢-0 g

= - 47A.
-4daA+0 = -1
A- L
4n
e kR
G(R) = )
R 47R
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Thus the Green's function isfound to be

and the associated wavefunctionis then
M = () v’
M = r v/ .
¥ { IR

The substitution of appropriate potential and sourceterms then gives solutionsfor the potential
functions

ﬁ 1 N eIKR
O(r) = — r’y=——dv
) 4%{9( ) =
o Woray e JkR ;
Aff) = —[J(r")=——adv’.
() 4n{( ) =

» Retarded EM potential functions

Eledromagnetic disurbances do not travel instantaneoudy through space A certan amount
of timeisrequired for EM wavesto propagate and for effeds due to time-changing charge and
current distributions to be deteded. The values of the vedor and scdar potentials at some
distanceR from asourceand at some time t depend of the condition of the source d an earlier
time (t - R/v), where v is the velocity of wave propagation. The dfeds due to this finite
propagation time aetypicaly ignored for dc and quesi-static cases. However, these dfeds must
be taken into aceunt when the dimensions of a drcuit or device ae onthe order of awavelength
long. Such phenomenaare decribed by the so-called retarded potential functions.

Consider alocdized time-harmonic current density

=

J(r,H = Re{J(r)e'}

whereRe{ } denotes the red part of the complex guantity.
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The associated vedor potential is given by

A_\)(ry,t) = Re{ K(r*)eimt} = Re{ ejmtifj’(r/) e
4n 4

-jkR
dv’
R

77\ ajo(t - kRe)
_ Re{if‘](r )el dv/}

Thepotertid A(F, t) alocation F andtimetisthesuperpositionof cortributionsby sources J(7/, t - RIv) dv’
at location r’ which occurred at the earlier time t - R/v. Theretardationtime t = R/v isthetime
required for the wave disturbance to propagate through distance R from the source point 1/ to
field point  with propagation velocity v = w/k. The fields at points removed from the source

are thus described by

t—R/v)dV/
R

P/
o(F,1) = 471:s fp(r 1
\%

which isthe retarded EM scalar potential, and

\Y,

J( BLRA)

=/

(@)

X

Figure 20.Time-retarded potentia function.
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which isthe retarded EM vector potential.

» Spherical waves

Now consider the elerent of vedor potential contributed by J(F’) in dv’ at location 1’

dA(r) = 4_‘;5(r/)dv

The instantaneous value of this element is given by

uj’(r/) dv/ ejm(t - kRlw)
4n R

dA(Tt) = dA(T) et =

_ uj(r”/)dv/ ejm(tlev)

4n R

Figure 21.Spherical EM wave.
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This expression describes a wave whose points of constant amplitude and phase lie at a
locationdescribedby R = |F - F/| = constant. Thisisthereforeawavewith spherical wavefronts.
Points of constant phase are described by

elot "RV = congtant
which implies

t - Riv = constant .
Thetime derivative of a constantis zero, therefore

1dR

1-=— =0
v dt
or
i:v :2
dt Pk

which describes the phase velocity of the spherical waves. Now let R; and R, be equiphase
points, then

e kRe _ o kR
or
e MRR)_ g
Thisrequires
k(R,-R) = 2mm
or
(R,-R) = nz—g = N\
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where

is the distance between adjacent spherical wavefronts (wavelength).
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Appendix A: Potentially Useful Stuff

* Divergencetheorem

V-Adv = fA-ds
oo g

*+ Stoke'stheorem

—

(VxA)-ds = §A-dl
[(onsrs

o Other useful vedor identities

VWV = V&
VXVxA = V(V-A) - V?A
VxVV = 0

V- (VxA) = 0
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Gradient, divergence, curl, and Laplacian operators

- Cartesian coordinates (x, v, z)

W= 2,

ox

A,

—

V-A =

50V
EY

+2ﬂ

oz

ox

3A,
Y

5

> §’<J|o) >
:(> ,C\)‘)lQ) N>

> gl <

V&V =

oA oA,
oy

2o

oz

oz

aAX dA,
ox

oz

%V . %V . o2V

ox?

- Cylindrica coordinates (r, ¢, z)

w= Y

ar

19
- A

—

V-A =

9
ar
A

2o

do 0z

rA A
0] Z

A,
rog

oA

= |

oz

;v

B g

dy?

I oo

A
)+a¢'+
“ro
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2 2
va - 18(, V), LY, O
ror\ or r2oe? 9z?

- Sphericd coordinates (R, 6, ¢)

50V _~dv ~ 1 oV
+ +

W= RY 4§ LoV
OR RO® ' Rsin dg
B} A
vA-LoRA) 1S (Asng)r— %
R20R Rsno 06 Rsnb do
R 6R ¢Rsng
. 1 | o 9 3
XA = —_— —_— —
Y R2sing | R 0 o
A RA, (RSO)A
s 1 [0 ,, . aAe} 1 A g } Al[a aAR}
- R C(Asm) - —2|+8|— —F- L (RA)|+o=|Z -_R
Rsno L og 0 " 50 a0 30 R W | TR [rFA) T

2
V3V = ii(RZQ) ¥ 1 i(sineﬂ) + 1 ﬂ
R2JR\  JdR/ R2sing d0 06/ R2dn?g d¢?
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