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An elastic beam with one-sided amplitude constraint subjected to periodic excitation
is considered. Experimental results are obtained and compared with results given by a
theoretical model based on a single mode analysis of the beam following the work of
Moon and Shaw [1]. This model has been studied in some detail by the author in previous
works [2-4], it is a single degree of freedom oscillator with periodic excitation and a
piecewise linear restoring force. This single mode model is shown to provide good overall
qualitative information about the actual physical system. It predicts the multiple subhar-
monic resonances, period doublings, and some chaotic regimes found experimentally.

1. INTRODUCTION

The motion of a beam subjected to amplitude constraints provides useful information
about the behavior of mechanical systems and linkages with “play” or looseness. The
response of such systems due to random excitation has been considered by Davies [5]
and Wood and Byrne [6, 7]. Periodic forcing of these systems has been considered by
Jones and Muszynska [8], Mariamy et al. [9], and Watanabe [10]. Single degree of freedom
models of such systems have also received considerable attention (see the publications
by Shaw and Holmes [2-4], and the references cited therein).

Moon and Shaw [1] have performed experiments similar to those described here and
the derivation of the single mode model described in that work is reviewed below. The
Moon and Shaw [1] experimental results were shown for a few discrete sets of a parameter
values which demonstrated some of the non-linear phenomena exhibited by the system.
In contrast, this work describes results from a more systematic variation of parameters.
In particular, frequency response curves are obtained and compared with digital simula-
tions of the single mode model. Also, two values for the stifiness ratio between constrained
and free motions are considered. This ratio is altered by attaching a concentrated mass
to the free end of the beam. Some of the effects of increasing this stifiness ratio have
been previously predicted analytically but were not investigated experimentally [1]. As
for digital simulations, Moon and Shaw [1] showed results for a single set of parameter
values at which the experiment and the simulation showed a similar chaotic structure.
Again, in the current article wide ranges of parameter values are used to compare results
from experiments with those from the digital simulations of the single mode model. The
theoretical results found by Shaw and Holmes [2] are also checked against the experimental
results where appropriate.

The aim of this work was to obtain a qualitative comparison between a complicated
non-linear system, the forced beam with constraints, and a simplified model of that system.

1 Work done while a graduate student in the Department of Theoretical and Applied Mechanics, Cornell
University, Ithaca, New York 14853, U.S.A.
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Such a comparison was carried out over a wide range of parameter values and a variety
of non-linear behaviors are shown to be captured by the simple model. As well as predicting
the chaotic motions as described in reference [1], the model also predicts supharmonic
resonances, period doublings, and the specific parameter regions where chaos may be
expected to be found to occur as well.

2. DESCRIPTION OF THE EXPERIMENTAL MODEL

The experimental system consists of a beam clamped at one end, with non-linear
boundary conditions at the other end. The unclamped end is effectively pinned for tip
displacements greater than some value and is free otherwise (see Figure 1). This system
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Figure 1. The experimental apparatus.

and the following derivation of the equation of motion is similar to that described by
Moon and Shaw [1]. Here the investigation is concentrated on the case where the tip
amplitude constraint is positioned centrally: i.e., at the equilibrium point of the free beam.
Of course, a beam has a very large number of degrees of freedom. Therefore modal
analysis is used to reduce the governing partial differential equation to a single second-
order ordinary differential equation. The equation of the beam relative to the moving
support is

-

(El")"=—m(¥+ A), (1)

where v is the lateral displacement of the beam relative to its equilibrium position, A is
the displacement of the clamped end, m is the mass per unit length, EI is the bending
stifiness of the beam, ( )’ refers to a derivative with respect to u, the distance along the
beam, and (°) refers to a time derivative, d/d. For a given set of boundary conditions,
v(u, ) may be written in terms of the modes of the beam {¢;(u)}. In this analysis the
system is reduced to a single modal equation by taking

v(y, 7) = ai(7) ¢i(u), ()

where i=1, 2 depending on the boundary conditions. In equation (2), the mode shape
¢:(u) used will depend on whether or not the tip amplitude is constrained. This procedure
will lead to a single second-order ordinary differential equation in the modal amplitude
a(r) with a piecewise linear restoring force (due to the different modal stiffnesses) and
piecewise constant forcing amplitude and damping coefficient. With this model only the
non-linear restoring force is dealt with and there is no attempt to account for the
discontinuous nature of the damping or forcing amplitude. Moon and Shaw [1] did
account for the jump in forcing amplitude with the change in mode, but used a Runge-
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Kutta numerical integrator to analyze the resulting equation of motion. In contrast, in
this work the digital simulations and theory described in reference [2] and reviewed below
are compared with the experimental results with a view to obtaining a qualitative com-
parison. }

The experimental apparatus is the same as that described in reference [1]. The beam
and support shown in Figure 1 were excited by using an electromagnetic shaker. Strain
gages at the base (u~0) of the beam were used to measure the motion. This positioning
of the gages allows for measurements of the strain at a particular point on the beam only.
Several modes may contribute to that strain and thus it does not allow precise quantitative
measurements to be done. However, qualitative measurements are possible since a periodic
motion of the beam will certainly be reflected by a periodic strain measurement. Likewise
chaotic behavior may be detected.

The strain-gage signal was put through an amplifying bridge circuit and then through
an active filter. This filtered displacement signal was then differentiated in real time by
using an electronic differentiation circuit. The strain-gage and its time derivative were
then used to generate phase portraits and Poincaré maps [1]. The Poincaré maps of orbits
were obtained by amplifying the oscilloscope intensity at one point on each cycle of the
forcing signal, a modulation signal from the driving oscillator being used. At a particular
phase of the forcing function the amplified signal would place a dot on the screen of the
storage oscilloscope, thus generating a Poincaré map. Strain and strain-rate signals were
also fed to a dual-channel digital oscilloscope and a portion of the data stored for analysis
and for subsequent plotting of the time traces and phase portraits presented in this paper.
For additional damping, shim steel was attached to both sides of the beam by using
double-sided adhesive tape. ‘

Two cases were considered. The first is as shown in Figure 1. In the second case a
concentrated mass is attached to the free end of the beam, significantly increasing the
stiffness ratio. As will be described in what follows, in both cases the governing modal
equations were derived and system parameters calculated. Then these parameters were
measured experimentally from free oscillation data. Experimental results were then
compared to theory and digital simulations where possible.

The dimensions of the beam are as follows: length L=18-8 cm; width w=9-5mm;
thickness h = 0-23 mm. The tip amplitude constraint was placed at the origin (v=0) in
all of these experiments.

3. MODERATE STIFFNESS RATIO

3.1. THEORETICAL MODEL

For a moderate stiffness ratio the modes used are ¢,(u) when v(L) <0, the fundamental
mode for a clamped-free beam, and ¢,(u) when v(L) =0, the fundamental mode for a
clamped-pinned beam. One multiplies equation (1) by ¢;(u) and integrates from 0 to L,
using equation (2) and EI = constant, to obtain

L L L
EIa,-." ¢,-(u)¢§”’(u)du=—m(?z’}j ¢?(u)du+/°\°J ¢v‘-(u)du>. (3)
0 0 0

From the book by Blevins [11] one has
L

L

#3(u) du j $3(u) du=1,

0

L
,[ i) dum i={1,v(L)<O},

L
J ¢:i(u)d!"(u) du =B} J'
[+ 0

4)

2,v(L)=0




202 S. W. SHAW
where
I;=201/By,  L=[(03+1)"?=(03-1)"*+20,)/B,,  0,=0734,  a,=1-001,
B1=1-875/L, and B,=3-927/ L. Using equations (4) in equation (3) gives
&+(EI/m)Bia;=—(I,/L)A, i=1,2. (5)

To make the modal amplitude continuous one considers the displacement at a particular
point on the beam, u = u; =0-32 L, where ¢,(u,) =1 and ¢o(u,) = 1-48, and defines

al(T), a< O
a(r)= { . (6)
ax(7)¢,(uy) =1-48ay(7), a>0
Upon using this expression equation (5) becomes the desired single equation .
X EI 4, <O b < 1 oo
a+——('8}, a )az{ L, a 0}-—-A. Q)
m\B5 a>0 -L, a>0} L

This equation has the required feature of a piecewise linear restoring force. However,
one also can note that there is a jump in the forcing amplitude. For the modes being
considered the ratio (B./B,)*=19-2 while (I,/1,)=1-11. Thus, the largest non-linearity
is in the restoring force. Linear damping is added and one considers harmonic excitation
A(7)= A cos (£27) to obtain

El{ﬁ;‘, a<0}a {1,, a<0}A.QZ

a+2yd+— =
YT B a0 L, a>0] L

cos (£27), (8)

which is exactly the model studied in reference [2] except for the small jump in forcing
amplitude. It should be noted that any non-linear damping features, including possible
jumps due to the bi-modal expansion, are not included in equation (8). Also it should
be noted that the second mode in the clamped-free configuration has a natural frequency
substantially higher than that for ¢,(u), the first clamped-pinned mode. This fact, along
with the extra damping added to the system, lends credence to the validity of the
single-mode analysis. (

Equation (8) has a piecewise linear restori'ng force whose slope changes at a=0.
Consideration of the unforced, undamped (A£0, y =0) system shows that the natural
frequency of this system is amplitude independent. This is not typical of a non-linear
system and is due to the nature of the non-linearity. The undamped natural frequencies
for a>0 and a <0 are defined as w3 = (EI/m)B3 and w2 = (EI/m)B%, respectively. One
can easily compute the system’s undamped natural frequency to be

w, =2w,0./(0,+w_), (9)

using the known excursion times in a >0 and a < 0. With the jump in forcing amplitude
at a =0 ignored by using an average I equation (8) may be rewritten as

2 > N QZ
@r @ O}a=1A cos (27). (10)

Zz°+2yc'i+{ 2 <o 3

-3

By rescaling time and displacement by introducing the non-dimensional time 7 = w_7 and
displacement x = a(L/ IA)(w_/ 2)?, respectively, the non-dimensional equation of motion
is obtained,

x=0

.. ., %,
X+2ax+
1, x<o0

}x=cos(wt), (11)




CONSTRAINED BEAM VIBRATIONS 203

where @ =vy/w_, & =w,/w_, and o =/ w_. Note that the forcing amplitude has been
scaled out; this is desirable in the special case considered here since the system’s natural
frequency is amplitude independent. The scaling behavior of this system (with the
constraint at the unforced equilibrium position) is like that of a linear system in that
changes in forcing amplitude simply change the size of the orbits proportionally (see
references [2, 3] for more details). In more general non-linear systems a rescaling which
leaves a forcing amplitude parameter is more appropriate since it gives one a *‘dial” with
which actual phenomena, not just orbit size, may be changed. In contrast, the model
considered here predicts behavior independent of the forcing amplitude and the experi-
ments discussed below bear this out. A simple physical model whose motions are governed
by equation (11) is shown in Figure 2.

Acos(27)
posnem—————

Figure 2. The single mode model.

Digital simulations of such a model were performed as follows. The governing linear
equations for x>0 and for x <0 given by equation (11) are solved explicitly. These
expressions are matched in time and velocity along x =0 to obtain a complete solution.
This matching is straightforward in principle but does require the solution of a transcen-
dental equation for the x =0 crossing time (see references [2-4] for more details on this
simulation).

The stiffness ratio in this model is (8,/8)* = 1,9 -2. Equation (8) shows that motions of
mechanical systems with amplitude constraints naturally give rise to equations of motion
containing piecewise linear terms. The actual physical data is now considered.

3.2. EXPERIMENTAL RESULTS—COMPARISON WITH THEORY

Figure 3(a) shows free oscillations of the beam without the stop. From this data the
frequency of the clamped-free mode was measured to be 2_=28-2rad/s. Figure 3(b)
shows free oscillations of the beam with the stop in place. The system’s natural frequency
was determined to be £2,, = 43-6 rad/s from this data and was nearly amplitude independent
as expected. Also from these data an equivalent linear damping coefficient of a =0-083
was computed by using the log decrement method. Using the above two frequencies (2,
and {2_ one can compute the clamped-pinned frequency via the expression analogous to
equation (9) which includes damping:

0,=20,0_/(2,+802_), where 22=0i-7> Q=0l-9". (12)

Itis determined that {2, = 96-1 rad/s. These parameters are fixed for this set of experiments
as is the stop location which is placed at the equilibrium position of the beam. The forcing
frequency and amplitude were varied.

For these experimental parameter values the non-dimensional stiffness ratio is deter-
mined to be @*=11-6. The experimental value is significantly lower than that predicted
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Figure 3. Free oscillations (strain versus time) w?=11-6. (a) Without the stop; (b) with the stop.

above. This is most likely due to the added mass of the two strips placed on the beam
for damping. These strips add significant mass but not much stiffness since they do not
extend up to the base of the beam u=0.

The theoretical model in reference [2] predicts that a period doubling bifurcation should
occur at a set of critical parameter values givfen by (under an assumption regarding the

times of flight in a =0) ]

a/w=(1/2m) In[(3s*—*) -V (As* = A)?—1], (13)

where s =sin (7£2,/Q), ¢ = cos (m£2,/2), and O ={(022+02)/(0,0_)}. This bifurca-

tion changes the stability of a simple single impact periodic motion with frequency equal | .
to that of the forcing. As the orbit becomes unstable a new stable motion appears containing
two impacts and having frequency half that of the forcing. By solving equation (13) for
the parameter values determined above, a critical value of forcing frequency is obtained: ,
we,=2:28 (2= 64-3rad/s). (Recall that £ refers to actual frequency and w to scaled
frequency.) Figure 4 shows phase portraits from the experiment at 2 =65-4rad/s (o =
2:32) and £2 = 68-1 rad/s (w = 2-41) between which a period doubling has occurred. Here
the single degree of freedom model predicts the period doubling bifurcation value to
within experimental error. Digital simulations performed as described above show that
the actual period doubling for the one degree of freedom model occurs at w,, =237, also
close to the experimental value. The model performs extremely well in predicting this
period doubling value. One can also note that the experimental period doubling value
was found to be largely independent of the forcing amplitude. In fact there was less than
a 2% difference in the experimental values of w,, over a range of peak-to-peak forcing
amplitudes of 4 to 10 mm. The model predicts such independence. The effect of varying
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Figure 4. Phase portraits (strain rate versus strain) showing period doubling. (a) w=2-32, period one
single-impact motion; (b) w =2-41, period two double-impact motion.

the constraint position was not investigated in tl}nis set of experiments (see reference [1]
for studies of such effects). |

This section is concluded by showing an orbit of period three at frequency 2 =122rad/s
(w = 4-33) and peak-to-peak forcing amplitude of 5 mm (see Figure 5). This orbit appears
with increasing w after the period-two orbit described above has developed. In fact, in
_ reference [2] it is shown that as the forcing frequency is increased the period-two orbit

Tv

/A

Figure 5. Phase portrait (strain rate versus strain) of a period three orbit.
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should once again collapse onto the period-one orbit. In the experiment the period-two
orbit does disappear near the point where the period-three orbit shown appears. Thus,
coexistence of period-one and period-three orbits may be expected. However, a period-one
orbit could not be located for certain, although very long transients were often encountered
enroute to the period-three orbit. These transients may be due to the existence of horseshoes
(see reference [2]) or due to the existence of a stable period-one orbit which has a small
domain of attraction, in which case noise (small perturbations) in the system might
prevent motions from approaching the orbit.

4. LARGE STIFFNESS RATIO
4.1. THEORETICAL MODEL

-

In this section results from experiments performed on a modified, large stifiness ratio,
version of the system shown in Figure 1 are presented. The system is modified by adding
a concentrated mass M (a brass cylinder of mass 7-6 grams) to the end of the beam, thus
lowering the frequency of the clamped-free mode, ¢,. The frequency of the clamped- -
pinned mode, ¢,, is not changed because the mass (ideally) remains in contact with the
stop during that part of the motion for which v(L)=0. However, complications arise in
this situation since the mass actually rebounds upon collision with the stop. A modal
analysis is again used to predict analytically system parameter values.

In this case the pinned mode ¢, is the same as before, but ¢, must be approximated
because of the mass loading at u= L. Using the method of assumed modes one writes
(after reference [12], page 33)

é1(u) =33(u/L)*~ (u/ L)’ , (14)

The modal stifiness and modal mass (see, for example, reference [13], p. 269) are given
respectively by

L L
K, =j EIl¢7(w)F du and m, =J m[¢(u)F du+Mp3(L), (15)
0 0

where m is the mass per unit length of the beam. Here the density p =7700 kg/m® and

modulus of elasticity E =2 x10'" N/m? for steel are used and I = wh®/12. The results are

m=1-68X10"2kg/m and I=9-63x10"> mm*. Using these quantities in equations (15)

gives wi= K,/m, =119-1ad’/s, and w3 = B4(EI/m) =2-61 x 10* rad?/s? (from the previous

section). The theoretical stifiness ratio is (w,/w,;)*= &2 =218, about a factor of ten higher

than before. The experimentally determined stifiness ratio discussed below is again
considerably smaller than this predicted value. The jump in forcing amplitude will also

be larger in this case but again will be ignored since its effect on the motion is likewise

reduced since the system will spend less time in the constrained configuration. Also, the
magnitude of the jump in the forcing amplitude is less than the corresponding one in

stiffness as was the case earlier.

4.2. EXPERIMENTAL RESULTS—COMPARISON WITH THEORY

Figure 6(a) shows free oscillations of this system without the stop. The natural frequency
and damping coefficient are determined to be 2_=14-4 rad/s and a = 0-014, respectively.
Figure 6(b) shows free oscillations of the system with the stop. The damping is much
larger here due to losses incurred at the (multiple) impact(s). The natural frequency here
is determined to be (2, = 24-6 rad/s. The clamped-pinned frequency via equation (12) is
determined to be {2, =86-4 rad/s. The experimentally determined stiffness ratio is there-
fore @*=36-1. Using a log decrement procedure to obtain an equivalent linear damping
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Figure 6. Free oscillations (strain versus time) w?=36-1. (a) Without the stop; (b) with the stop.

constant yields a = 0-230. The following experimental results will be compared with the
digital simulations in which this damping coefficient was used. ,

Examination of Figure 6(b) motivates some comments. First, it should be noted that
the large losses incurred at impact reduce the aforementioned complications due to the
rebound of the mass. Also, it is obvious from the time trace shown that the frequency
and damping parameters can be estimated only very roughly. For the present study, such
estimates are adequate since one is primarily interested in the gross behavior as parameters
change and not on precise measurements.

In the following frequency response curve the maximum tip displacement (i.e., d =
V(L) max = @{7)max since ¢,(L)=1) versus the forcing frequency on periodic motions is
plotted. In order to compare the experimental data with results from the model it must
be scaled appropriately. The non-dimensional displacement x is related to the modal
amplitude a by x = (L/ IA)(w_/ 2)*a, where w? represents the square of the unconstrained
system’s natural frequency, A is the forcing amplitude, 2 is the forcing frequency and

"2 (=w? to order a?) has been measured experimentally. In the experiment A was held

fixed and 2 was varied. At each {2 value several cycles of the orbit were stored in the
digital oscilloscope and the maximum strain signal was recorded. Several sample orbits
‘were plotted by sending the data from the digital oscilloscope into a minicomputer which
then plotted the data. The maximum tip displacement, d, was calculated by using a static
calibration. The calibration constant was determined to be ¢=0-0427 mm/mV from a
least squares fit of the static tip displacement versus voltage data. As mentioned above,
the strain signal includes components from many active modes, and hence the measured
signal may not precisely represent the tip displacement during dynamic measurements.
The calibration constant was used in the calculations, it being assumed that the signal
from the fundamental mode would be the major contribution to the total signal. The
non-dimensional tip displacement x is computed by using d = Ve = a(7) . and I =L,
to obtain

Xmax = (w_/ 2)*(Ve/ A) = (02_/ 2)*(Ve/ A). (16)
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A plot showing the experimental values of Xp,,, the maximum displacement between
impacts, versus the dimensionless frequency o = (£2/42_) is shown in Figure 7(a). Note
that there exist multiple resonances as predicted from the theory in refergnce [2], and
that the resonance peaks are centred to the left of the even integers. This is expected
since the “‘undamped” theory predicts peaks at the even integers and the large damping
accounts for the leftward shift. The insets show time traces (x versus t) of typical orbits
at selected frequencies. In Figure 7(b) results from the digital simulation are shown with

w=374 w=395 w=432
(a)
1
! n=1
2_
Xmax
n=2
n=3
m
0 i i i j i
(¢] 1 2 3 4 5
w
Xmiox [ n=1
n=2
. 1 ’”\\"”

Figure 7. Frequency response curves, X, versus o. (a) Experimental; (b) digital simulation.

®’=36-1, @ =023, and with o varying. The plot shows the maximum displacement
between impacts. Thus, where two branches are present for a given w the motion is a
double impact periodic orbit. Comparison with the experimental results shows that the,
qualitative features agree and also quantitative agreement is reasonable. Thompson [14]
has shown similar resonance plots produced numerically for various &. Each subharmonic
resonance, labeled by its period, n, in Figure 7 corresponds to a motion which repeats
each 27n/w in time and strikes the constraint once during that time. As plotted the
resonance peaks decrease with increasing n; this is due to the rescaling (equation (16))
and it should be noted that the physical displacements are large for all n observed. These
resonances are not due to higher beam modes.

The error bars in Figure 7(a) are due mainly to an uncertainty in the forcing amplitude
A. The base motion was measured by using a linear variable differential transducer and
the peak-to-peak amplitude was held to 6 mm=0-3 mm, a 5% uncertainty. Thus the error
is proportional to x, via equation (16).
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Figure 8. Frequency respons¢ between the n =1 and n = 2 resonance peaks, X, versus w. (a) Experimental;
(b) digital simulation.

In Figure 8(a) a bifurcation diagram is shown for the region between the n=1 and
n =2 resonances in greater detail in order to show how the transition from single impact
period-one to single impact period-two motion occurs. This experimental data shows that
the n =1 orbit period doubles as predicted by the theoretical model (see Figure 8(b)). It
then period doubles again to a period-four, four-impact orbit. This orbit then undergoes
a (reverse) bifurcation and a transition to a single impact period-two motion. (Transitions
occur when one of the maximum displacements between impacts goes to zero [2, 3].) The
, insets show time traces (x versus t) of typical orbits at selected frequencies in the sequence.
No chaotic orbits were found experimentally in this band as were found in the model
[2]. This is probably due to the large damping in the system. However, note the transitions
described in references [2-4] for the case of large dissipation do occur in the physical
system and do in fact change the nature of the orbits. Thus, as expected, degenerate
orbits play an important role in the development of periodic orbits in these impacting
systems.

Single impact period-n orbits were observed up to n = 8. Each of these resonance bands
exhibited similar structures: a central peak between w =2n and 2n -1 and period doub-
lings on each side of the peak. The bands between n and n+1 single impact orbits were
found to contain many periodic orbits, including evidence of period doubling sequences
and other multiple impact periodic orbits as well as chaos. For example, between the
n=35 and n=6 bands an apparently chaotic motion was observed and an experimental
time T Poincaré map (see reference [15]) was obtained in which the displacement and
velocity are plotted once per period of the forcing T. Thus a period-n subharmonic
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Figure 9. Poincaré map between the n=35 and n = 6 resonance peaks, experimental.

appears as a set of n points in the Poincaré map. A photograph of a segment of the orbit ° |

is shown in Figure 9. There is evidence of some structure although the Cantor-sheet-like
structure found in other “strange attractors” is not evident, probably due to the relatively
large damping (see reference [15] for an example). However, the structure found here
does match that shown by the digital simulation reasonably well. Parameters w =11 and
a =0-23 were used to obtain a time T Poincaré map for the model. For this simulation
‘the “impact limit” was used where @ - and a simple reversal of velocity at x =0 is
used in place of the x > 0 excursion. This is reasonable for large @ as shown in reference
[2]. Figure 10 shows the orbit. Thompson [14] showed similar numerical results in the
n =4, 5 band. The similar structure of the orbits indicates that a single degree of freedom
" model gives good qualitative results not only for periodic orbits but for apparently
non-periodic orbits as well. Moon and Shaw [1] have made the same observation when
comparing experiments and digital simulations.

The structure of the experimentally obtained frequency response curve (see Figure
7(a)) is remarkably similar to that obtained from the digital simulation of the single-mode

|

[ yT
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ot e 'f
-
3
xa’
&t

Figure 10. Poincaré map between the n=5 and n = 6 resonance peaks, digital simulation.




CONSTRAINED BEAM VIBRATIONS 21

model (see Figure 7(b)). The single impact periodic motions of the model can be found
analytically [2] in the & — o0 limit, and the period doubling parameter values from these
motions are given explicitly in that reference also. The chaotic motions found to occur
between the resonance peaks seem to be possible only for sufficiently large values of @.
This feature, roughly demonstrated here, has been predicted by Thompson [14] using
digital simulations. Also, Moon and Shaw [1] reported that no chaotic-looking motions
were observed for the case when no concentrated mass was attached to the beam (lower
@) and the stop was centrally located. As shown here, systems in which the stop is so
placed can indeed exhibit chaos if the stiffness ratio @ is large enough.

5. CONCLUSIONS AND DISCUSSION

An elastic beam with one-sided amplitude constraint and periodic external excitation
was experimentally shown to exhibit non-linear behavior including subharmonic reso-
nances, period doublings and chaos. This system was studied by using a simple single-mode
model as in reference [1] and experimental results were compared with results obtained
from that model. The resulting single degree of freedom oscillator has been studied in
detail both theoretically [2-4] and numerically [2-4, 14]. These experiments complement
those works.

Oscillating and impacting systems have many applications including impact print
hammers [16], steam generator tubes [9, 17], machinery noise [6, 7], and moored marine
vessels {14, 18]. The results in this paper demonstrate that a simple model provides
useful information about the response of such systems when subjected to periodic forcing.
It is encouraging that the influence of such extremely ‘“hard” non-linearities is captured
by such models and that reasonable quantitative information, as well as overall qualitative
behavior, can be obtained from them. Response curves such as Figure 7 may be used in
the design of mechanical systems; the large amplitudes of the subharmonic resonances
and the possible long-period or chaotic motions between them may be avoided by
appropriate parameter choices.

The apparently random response of many systems may in fact be deterministic if
non-linearities are large. Experimental power spectra from chaotic motions [1, 19, 20]
reflect the existence of unstable periodic motions and also contain a broad-band back-
ground. Mathematical models of chaos (in particular the Smale horseshoe [2, 21]) allow
any amount of any period motion to exist in the spectrum and cannot currently predict
the nature of these spectra in most systems. Simple one-dimensional maps undergo a
well understood bifurcation sequence and in some special cases their spectra are well
understood [22, 23]. However, in recent work in dynamical systems theory it has been
verified that the bifurcations to subharmonic and to transient and steady state chaotic
motions in more complex systems are not the same as those in the one-dimensional maps
and that a multitude of possible scenarios exist [24].

Practical criteria for engineers to use in predicting the behaviors of dynamical systems
are for the most part lacking when non-linearities are large. Moon and Holmes [15] have
developed a heuristic criterion for the transition to chaos in systems modeled by Duffing’s
equation such as vibrations of a buckled beam. Although that criterion works reasonably
well, the complexity of these systems has prevented a more general theory from being
developed. A more rigorous criterion has been developed by Holmes [25] but is limited
since it predicts regions which may be merely transiently chaotic. It also relies on small
damping and forcing assumptions. At present one is largely limited to experiments and
digital simulations to study the phenomena. Only the simplest systems are currently
analytically tractable.
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