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Introduction modal equations which are linearly uncoupled, but coupled at qua-

The determination of rotorcraft blade dynamics has been t%gatlc and cubic order. The modal convergence of this system is

subject of considerable study. These dynamics are difficult to o
tain accurately, since the rotatlt_)n, together with the blade geom'cluding the use of multi-mode invariant manifoldkl], a direct
etry, produces significant nonlinear effects. These effects ar ension of the manifold-based nonlinear noFmaI modes
from transverse/axial coupling through the axial strain, and resg 2 M's) first developed by Shaw and Pierf&2,13. This ap-

en evaluated to ensure a reference model of sufficient accuracy.
This model is then reduced using several different approaches,

in slow convergence when the system is analyzed using modalch vesults in reduced-order models which include the most
expansion approaches or finite element techniques. Hence, Mgy inent effects of all nonmodeled linear modes, while allowing
degrees of freedortDOF) are required to obtain an accurate dyzhjtrary sets of modes to be chosen as the modeled subset. These
namic model. , . reduced models are efficient, and formulated such that they may
Much work has been done to create nonlinear finite elemegisily be extended to considerably more complex rotor blade
sc_hemes which are capable of accurate anafIsi§]. However, models—both analytic and finite-element based.
this approach yields large models which often render completeThe results indicate that, though the transverse dynamics are of
nonlinear analysis impractical. Consequently, it is typical to us§imary interest, it is necessary to account for the influence of
the full model to determine the nonlinear equilibrium SOlUtiO%Xtensionaj motions. The NNM-based reduction procedure em-
and then linearize about this solution. This approach ignores magds all nonlinear interactions between linear modes, including
nonlinear dynamic terms, and may predict inaccurate results. the crucial axial-transverse coupling, without requiring the ex-
Alternatively, several general analytic formulations have begflicit simulation necessitated by the traditiondinear modal
developed[4—6]. These formulations, though applicable for aanalysis approach. Consequently, the NNM-based reduced mod-
wide variety of parameters and blade geometries, are difficult &s are considerably more accurate than other models of equiva-
use, as they are quite complex. Ultimately, this approach yielgst size.
equations which are no more transparent than those from the finite
element approach.
Consequently, many studies of these systems are done on
highly idealized model§7-10|, as results are more easily ob-
tained, and new strategies and methods may be evaluated re lati
effectively. The nonlinearities obtained in such cases are mrgFogrmu ation
manageable, and the qualitative behavior may often be extrapoThe uniform rotating Euler-Bernoulli beam shown in Fig. 1 is
lated to more realistic systems. considered. We neglect rotatory inertia, restrict motion to a rotat-
In this study, such an idealized model is used. We consideiirgy plane(thus eliminating lead-lag and torsional motipnand
uniform cantilevered Euler-Bernoulli beam, rotating at constamilow nonlinear axial strain. This strain is the source of the axial/
velocity, and constrained to deform in the transve(figpping transverse coupling that leads to modal convergence problems for
and axial directions. The resulting equations are discretized usithigs System. Note that other nonlinear effects, such as those due to
the linear modes of the rotating beam, and nonlinearities in slopgrvature, are not included since they do not play a crucial role in
and displacement are retained through third order, yielding a seta®hvergence issues. Hence, the potential enddgyand kinetic
energy,T, may be expressed as follows:
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Q w(x,) uniform (fixed-freg nonrotating beam. However, the transverse

‘p mode shapes of the rotating beai(x), can be approximated
%’_’x L, u(x,t) using a Rayleigh-Ritz procedufé4], as:
]
N
pm— EAILLm <
h ¢i(x)=21 7i6(X)
=

Fig- 1 Rotating beam system,  Q=constant where thed;(x) are the familiar modes of eonrotating fixed-

free beam. Once the modes of the linearized rotating beam are
determined, modal solutions to the nonlinear equations are sought

1(t 5 1 5\ in the form:
U= > . El(W ) +EA[ U+ E(W,X) dx (2) N, N,
whereu(x,t) andw(x,t) are the axial and transverse displace- ud:; 3i(1) $i(x) W:; Ci (O $i(x). ®)

ments respectively,-{ , is a derivative with respect to the spatial .

variablex, an overdot represents a time derivatibeis the hub 1he integersN,, Ny, andN. are used to denote the number of
radius, Q) is the constant angular velocity of the beamjs the Modes included in each of the above expansions. )
beam mass per unit length, aBdA, I, andL are the typical beam These dlscretlzatlons_ are substltuted_ into the weak formulation,
parameters. These expressions, and Hamilton’s principle, are u§&y(4), the resultis projected onto the linear modes, and orthogo-
to develop the following weak formulation for the equations of@ ity is invoked, resulting in the following discretized nonlinear

motion: equations of motion:
N N
L[t ) 1 . EAG < L
j J ”—mwé\N—Elwvxxé\N,xx— EA(u,x+ E(w,x)z)w,xﬁwyx} aj+ (wa))%a+ 7!;1 ;( CkC . ¥(K,1,X) ¢; xdx=0
t; Jo =11=
. for j=1...N, 9)
+| —mudu+mQ2(x+h+u)du . N )
1 ¢+ (wyj)°c;+EA |<§—:1 2 akclf Prxth xPj xdX
—EA| U+ = (W,)?] du, ]dxdt—O ®3) o 0
2 1 Ne o Neo N L
where &(-) denotes the variation of a quantity. + 52 z 2 ckc|cif a(k,1,i,x) ¢ dx| =0
With the foreknowledge that these equations will be discretized k=1 1=k i=l 0
using the fixed-free axial bar modes and fixed-free transverse for i=1 .. N (10)
modes of the nonrotating linear beai@and their corresponding J=1--Ne,
boundary conditions these expressions are reduced through int@&herey and o are defined as
gration by parts to: 22 -
to L 1 y(i,j,x)=[ " . (11)
J f [[—m\'iv—EIw,XXXX]é\N—[EA U+ E(w,x)z)w,x} OW 2¢i b 1F]
t, JO l/fﬁ,x k=Il=i
+[—mU+mQ?(x+h+u)+EAu,,Jdu 392 1 K=l i
1,X
. aklix)={ 3" el (12)
—{EAE(W,X)2 5u,x}dxdt=o ) 3 xicx #l=i
6’/’k,x‘/’|,x’/’i,x k#1#i

Qt this point it is convenifer;lt to separatgx,t) into static and g, . andw,; are the natural frequencies associated with the

ynamic components, as follows: jth modes in the axial and transverse directions, respectively. The
u(x,t) = ug(x) +ug(x,t) (5) transverse natural frequencies,; , were compared against those
o ) ) . _in[7] and found to be in good agreement. Small differeriee®5

WhereES(x) _satlsfles the static version of the equations wf‘Bercen) were traced to different extensibility assumptions. Note

w(x,t)=0, given by that the nonlinearities dictate a particular form of nonlinear cou-

Us yt N2Ug= —A2(h+X), pling between the two sets of differential equations. It is this non-

5 5 U . ~linear interaction which produces axial shortening as a conse-
whereN“=mQ“/EA. Using the appropriate boundary conditionsquence of transverse bending, as well as the cubic stiffening due

it is found that to nonlinear strains.
: Often, in systems such as this, quasi-static assumptions are em-
1+Nhsin(AL) . - . . oM L
ug(x)= sin(AX)+h cogAx) —(h+Xx) ployed. In this case, the accelerations in the axial direcf@nin
A cogAL) Eqg. (9], are neglected, allowing ead) to be determined as a

which represents the static elongation of the beam due to rotati@dratic function of the,’s. These expressions are then inserted
when it has zero transverse deflection. When (Bjgjis substituted into Eq.(10) to achieve a system model with purely cubic system,
into Eq. (4) and the nonlinear terms are neglectéat now), we which governs the dynamics in the transverse direction. Though
are left with two linear partial differential equations for the rotatSome results are shown in which this approach was used, it is not
ing beam, whose modal solutions will decouple the fully nonline&mphasized here, since more complete rotorcraft system models

equations of motion to linear order. These are: contain coupling terms and inertial effects which cannot be ac-
. 5 counted for by using quasi-static assumptions.
MUg— MO “Ug— EAUy =0 (6) The accuracy of this reduced system of equations depends pri-
M EIW 00— EA(Us 2W s+ Us oW ) = 0. ) marily upon three parameter®l., the number of component

(nonrotating fixed-free beanmodes used to assemble each trans-
In the axial direction, the mode shapes of the rotating beawerse rotating mode\l,, the number of transverse rotating modes
¢i(x), are the same as the well known axial mode shapes fouaed forw(x,t); and N,, the number of axial modes used for
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Table 1 The first several transverse and axial natural frequen- axial deformation,uy(x), due to a static transverse deflection,
cies (in rad/s) both at rest (2=0) and at the nominal rotation w(x). Second, through numerical integration of the discretized
rate (=30 rad/s) equations of motion, Eq$9) and(10), for a fixedN,, and various
l Wt,1 Wit,2 Wi,3 Wity4 | Wa,1 Wa,2 Valu_es OfNa' . . . .
=0 | 8.672 5435 152.2 2082 | 824.7 2474.0 Figure 2 depicts a particular static transverse deflectidm),
_ and the attendant axial deformation for various valuesNgf
=3034.03 95.84 2005 3515 |824.1 2473.9 These results are produced by choosing a deformati¢x), de-
termining the corresponding;’s, substituting them into Eq(9),
assuming a static solution, solving for ti, a;'s, and recon-
uq(x,t). In order to effectively evaluate the proposed model restructing the final axial deformation shape. This illustrates the
duction methods, it is necessary to obtain an accurate discretizdiility of the axial deformation to react properly to deformations
reference model. As such, the convergence of the system properthe transverse direction. In Fig. &(x) is the second transverse
ties and dynamics must by investigated in order to determine ditxear mode,,(x), and it is easily seen that the convergence of

ceptable values foN., N;, andN,. u,(x) is quite slow, requiring at least six axial modes to capture
the general character of the deformation. It should be noted that
System Convergence convergence near=L will be particularly slow, due to the choice

axial modal functionsg;(x), which do not satisfy the actual
gélndary conditions at the blade tip. However, this error is con-
n&ed to the beam tip, and as such, its effects on the overall system

Several properties of the system may be evaluated as the n
bers of included modes are varied, and the convergence of th
properties will be used here as a general guide in determinin
minimal model size for accurate results. In this study, the primaff€ expected to be small o .
focus is on the dynamics of the lower frequency transverse modes>Nce the dynamics in the transverse direction are of primary
of an approximate helicopter rotor blade model. The nominal piierest, it is worthwhile to examine directly the transverse mo-
rameters used to study the system convergence are as followd!ons and the resulting axial deflections for various valuellof
=9m, m=10kg/m, EI=3.99<10°N-m?, EA=2.23x1(PN, Figures 3 and_ 4 d_eplct_ the dynamlc_s of the beam tip in the trans-
Q=30 rad/s, anch=0.5m. It is assumed that reasonable devia/6'Se and axial directions, respectively, f9g=1, 3, 6, and 9,
tions from these parameters will have little effect on the systeWjth an initial deflection in the second transverse linear mode. All
convergence. For the reader's reference, the first several trapi§dulations are carried out using a fourth order Runga-Kutta in-
verse and axial natural frequencies are shown in Table 1, using {Rgration scheme, and six transvefsetating modes N,=6).
nominal parameters above, with rotation rate§)ef0 and=30 'he results indicate that the primary effectsif on the trans-
rad/s (nearly transonic blade tip velocityNote that the axial Verse dynamicsw(x,t), are in the response frequency, with sec-
modes, as expected, have much higher natural frequencies, 8Rdary effects in amplitude. It may be seen that the transverse
this is the motivation for the quasi-static approximation that idynamics are well captured by six axial modes, although nine
frequently employed. axial modes yield an additional frequency correction. Figure 4

It is necessary to investigate the convergence behavior relatitighlights the nonlinear dynamics in the axial direction. Here, the
to N, (the number of stationary transverse component modedynamic participation of the additional axial modes is apparent,
first, as this will dictate both the accuracy of the transverse modé&#)ce the inclusion of more axial modes clearly produces higher
and the system dynamics as a whole. This convergence mayfiggluency components in the response. It should be noticed that
evaluated through examination of the properties of the assembfe@s. 3 and 4 show considerably different time frames, with ap-
rotating modes of the system for various valuesNgf The as- Pproximately one period of the oscillations of Fig. 3 apparent as a
sembled mode shapés(x) converge quite quickly, showing very slow harmonic component of Fig. 4. The high frequency dynamics
little difference forN.>4. However, the associated rotating bearisible in Fig. 4 are largely a result of the “ringing” of the axial
natural frequenciesef; ;) converge considerably slower. It hasmodes due to nonlinear internal stresses which result from the
been found that foN,= 11 the first three natural frequencies arénitial conditions. That is, the initial conditions assume deflections
correct through four decimal places. For higher modes, the effedisw(x) only, without the correspondingequilibrium producing
of the beam rotation are less prominent, and ¢hex) approach deflections iru(x). However, the high frequency content of these
the corresponding nonrotating component modgéx). There- dynamics aids in the accurate evaluation of model convergence.
fore, higher transverse modejs<10) may be well approximated Once again, small differences are observed between the dynamics
by only including several component modes above and bg¢lowproduced using six and nine axial modes. Hence nine axial modes
Based on these results, it was decided to use the empirical fON,=9) are used for the final system model.
mula: N.=N,+9 to determineN.. Again, this guideline is tai- Next, it is necessary to determine the number of transverse
lored to the model parameters and modes of interest considerethating modesN;, to be used. As with the axial modes, this is
here. done by comparing the dynamic beam response for various values

Next, the effects oN,, the number of axial modes, are evaluof N,. Figure 5 shows the transverse response at the beam tip,
ated. This is done two ways: First, through examination of the(L,t), for an initial condition in the second transverse linear
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Fig. 2 Axial deflection, u,(x), due to a static transverse deflection, w(x), for various values
of N,; (a) N,=1, (b) N,=3, (c) N,=6, (d) N,=12
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Fig. 3 Transverse dynamics initiated in the second transverse Fig. 5 Transverse dynamics initiated in the second transverse
linear mode, shown at the beam tip, for various values of N, linear mode, shown at the beam tip, for various values of N,

mode, withN,=3, 6, and 9. The latter two responses are quit@s'[ N_NM Which yiel_d a perio_dic squFion_. These sc_)lutions will, in
close, but as small differences may still be observed betWQenf_aCtr lie on the invariant manifold which is the basis of our reduc-
—6 andN,=9, and since the transverse dynamics are of greatdi@ technique.
interest, the higher value was chosen.

Through these procedures, the final model was chosen to con- . .
tain N,= 18 stationary fixed-free beam modes, which are used %Bonlmear Mode-Based Model Reduction
generate N;=9 transverse rotating modes. These transverseThe approach used here to generate reduced order models of
modes are then coupled d,=9 axial modes, for a final model Egs. (9) and (10) was originally developed by Shaw and Pierre
size of N=N;+N,=18 modes. It is recognized that, due to th¢12]. It utilizes invariant manifolds in the system’s phase space to
limited nature of this convergence study, and the well documentgdnerate constraint equations which dynamically “enslave” non-
convergence difficulties for similar rotating systems, this model isssential linear modal degrees of those of interest. The resulting
somewhat minimal. However, it is of sufficient size to effectivelyeduced equations of motion capture many of the nonlinear influ-
demonstrate the nonlinear normal mode-based reduction proeaces of the enslaved DOF's without requiring explicit simulation
dure, and it will henceforth be referred to as tieéerence model of them. A general exposition of the procedure and systematic

An additional check of this model is illustrated in Fig. 6, whichmplementation used here may be found 1%]. The general for-
shows the periodic response frequency of the first nonlinear moghilation allows for the inclusion of damping, but the results for
as a function of the number of total model linear modes for eonservative systems, such as the one under consideration, sim-
given motion amplitude. For this example, equal numbers of axiglify to those described herein.
and transverse linear modes were used, so the abscissa corr&or this system, the transverse motions are of primary interest.
sponds toN,+ N;. One can see that, at this amplitude, the noriFherefore, one or more of the transverse modal coordinate pairs
linear response frequency is accurately determined by an 18 md¢c)’s), along with any internally resonant modal coordinates
model. The periodic solutions used for this figure were obtainedll be chosen as “master” coordinates, and the remaining coor-
computationally by locating initial conditions in the vicinity of thedinates will be enslaved. The set of “master” modal positions and
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Fig. 4 Axial dynamics due to initial conditions in the second Fig. 6 First NNM frequency versus number of linear modes.
linear transverse mode, shown at the beam tip, for various val- Here, N,=N,, and ¢,(0)=1.0, corresponding to an end deflec-
ues of N, tion of w(L)=0.2m
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Fig. 7 Transverse and axial deflections,  w(x,t) and u(x,t), for a quarter-period of motion in
the third nonlinear mode. The deflections are shown at a set of equal time intervals spaced
throughout the first quarter-period of the response. The dashed line denotes the static de-
flection, w4(x), and the top curve for w(x) corresponds to the bottom  u(x) curve, which
occur at t=0. Note that the beam starts with the maximum transverse deflection and the
lowest axial deflection, and transitions to zero transverse deflection and u(x,t)y=uy(x) at the
quarter-period.

velocities is denoted byug, ,vy), and the reduced differential augmenting the set of “master” modes to include all modes which
equatioris) for the chosen transverse masgeis (are of the fol- are internally resonant with the original set. That is, internally
lowing form: resonant groups of modes must lie entirely in either the “master”
Cj+wﬁjcj+fn|,j(uM Vu)=0 wherecieuy and ¢ €le3 cr;:ailg\e/efoﬁlrj\zgirr?ljfiﬂlwore complete expositions of this material
(13) The rotating beam system is particularly well suited for this
The associated constraint equations are of the form: reduction procedure for two reasons. First, the axial
nonlinearities—see Eq9)—are only functions of the;'s. This

=X, 1 (Uy ,V, =Y, (Uy,V, : - -
= XeaUm Vi) Ce= YU, Vin) improves the accuracy of the constraint equations, as several

where k=1 ...N;,Cyd Uy ,Cr& Vi higher order(error generatingeffects are eliminated. Secondly,
. (14)  the nature of the nonlinearity results in nonlinear coefficients
= Xak(Un VM) &= Yqk(Un Vi) (such aso and y) which grow with the modal wave number.

Therefore, nonlinear effects from higher linear modes are likely to
be important for these systems. Nonlinearities which are “trans-
In this work we approximate the constraint equatiéthe X's and lational” (such as nonlinear springs between adjacent mpsses
Y's) as third order polynomial expansions in the elements efot share this property, and yield systems which approach linear-
(um ,Vm). The key to choosing these constraints in a systematity as the mode number is increased.
dynamically relevant manner is that they are forced to satisfy the
equations of motion. At this level of expansion, the nonline
functions f,, ;, which depend on the properties of the origina esults
system, contain third and fifth order polynomial terms in the ele- Results are given for several cases. First, the time-dependent
ments of (i ,v). As an illustration, if (1 ,vi) consists of only shape of the deformed beam is illustrated for motions occurring in
the position and velocity of the third transverse modw,,€3), the third nonlinear mode, and the relationship between modal am-
the resulting NNM-reduced differential equation is of the form: plitude and response frequency is discussed for the first three
. 2 .o X 4 modes. Next, the rotation ratQ, is tuned to create a 3:1 internal

Cat “’L3C3+A1C3+A2C3C3+A3C2+A4Cgc3+A5C3C3:O resonance between the first two transverse modes. Results gener-

(19) ated from the reduced, 2-DOF NNM models of this system are

where the constantgy;, are functions of the system parametersghen compared to those of the reference model. Lastly, system
Hence, only the coordinates iy ,vy) need to be simulated parameters are adjusted to create an internal resonance between an
(using equations such as Ed.3)), while the constraint equations axial mode and a transverse mode. As before, the proposed NNM
are used to reconstruct the response of the enslaved linear modpproach is compared with other reduction methods.
In the more general case there will be a set of master modesOne feature of the nonlinear normal mode method is that, al-
resulting in a set of oscillators that are uncoupled at linear ordtrough only one mode is simulated, the time behavior of the
and coupled through nonlinear terms. It is crucial to the method $taved linear modes can be reconstructed through the constraint
realize that solutions of these equations of motion are also sokguations. This results in nonlinear modes which change shape
tions of the original nonlinear equations of motion that describeith amplitude and velocity, and hence also tifaéso known as
the dynamics of the full model, that is, the one describing theonsimilar NNM's [16]). This property is illustrated in Fig. 7,
dynamics of all the coupled linear modes. This is accomplished lshere the functionsv(x,t) andu(x,t) are reconstructed from a
capturing the invariant dynamics of the corresponding modesmulation time-history and the relevant constraint equations.
which can be achieved from the full model only if one uses verylode shapes are shown for several instants of time, spaced evenly
special initial conditions and simulates all the modes accordinglyver a quarter-period of motion. The nonsimilar naturevéx,t)

This reduction procedure has been computationally automatsdot especially noticeable, although the peak displacement of the
for a certain class of nonlinear structural systems, which includésst lobe does move to the right as the amplitude decreases. Note
Egs.(9) and(10), for which the coefficients of the nonlinear termsthat, foru(x), the static solution is included@he dashed line and
have been evaluated. One simply chooses the desired “mastdrat all departures from this solution are nonsimilar, as the axial
coordinate set, and the reduced equations of motion and constraindl transverse motions are linearly uncoupled. Also,ufor,t),
equations are automatically generated. In cases of internal rete shapes shown are representative of the entire periodic behav-
nance, nonremovable coupling between resonant modes requioes That is, whilew(x,t) would become symmetric about the

where k=1 ...N,,a,& Uy ,ax& Vy
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Fig. 8 Response frequency as a function of modal amplitude
for several one-mode models, as well as the reference solution,
for the first three transverse modes
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Fig. 9 Transverse deflection, w(L,t), initiated on a two-mode
(first and second transverse ) nonlinear manifold with 3 e, ;
=~w,,, for the reference (18-DOF) and various reduced (2-DOF)

models

particular to each mode. The quasi-static results shown here illus-
trate the effects of eliminating axial independence through the
quasi-static assumptions described previously. This approach re-
lies on the distinct separation between the axial and transverse
modes. While quite effective here, it is not readily extendible to
realistic blade geometries, as the modes of these models do not
fall so nicely into such distinct categories. The “One Linear
Mode: Nonlinear” result eliminates the influence of all other lin-
ear modes, that is, it is a projection of the equations of motion
onto the corresponding linear mode, and consequently the results
diverge quite quickly. The divergence observed between the non-
linear mode results and the reference solutions as the amplitude
increases is due to large amplitude effects which are not captured
by the third-order manifold employed here. Model fidelity could
be improved through the inclusion of higher-order terms in the
expansions for the invariant manifolds, and thus the generation of
higher order terms in the NNM equations of motion. As an aid for
physical interpretation of these results, a tip displacement of 0.2 m
approximately corresponds to a transverse modal amplitude of 1.0
(for all transverse modgs

A 3:1 internal resonance between the first two transverse modes
was created by adjusting the rotation rafk, from 30 to 23.85
rad/s. Conditions such as this may easily occur during typical
operations. As with the single-mode results above, Fig. 9 depicts
results from various two-DOF reduced systems, and their com-
parison with the reference results. Here, the referdmighteen
Linear Mode$ model dynamics are initiated on the approximate
invariant manifold. That is, the initial conditions in the mésjeof
interest are chosen, and then the remaining degrees of freedom are
assigned their initial values according to the constraint equations,
Eq. (14). For this case, the coupling between the two resonant
modes is well captured by the nonlinear normal mode approach,
which requires the calculation of a two-mo@feur-dimensiongl
invariant manifold, and yields a fully coupled, two-DOF, reduced
model. The “Two Linear Modes: Nonlinear” response is obtained

x-axis with further time sampling, the corresponding axial motiory projecting the equations of motion directly onto the two linear,

u(x,t), would simply repeat over the range shovat twice the

frequency ofw(x,t)).

resonant modes. This model includes the nonlinear coupling be-
tween the modes, but fails to achieve the proper qualitative or

Further insight may be obtained through examination of Fig. §uantitative results, due to the fact that other lingstave modes
which illustrates the relationships between the response frequeonntribute to the more accurate results. Under these circum-
cies and amplitudes for the first three nonlinear modes, using vasiances, the proposed reduction procedure is particularly attrac-
ous models. Here, the “Reference Model” indicates the frequentiye. The effectiveness of the manifold constraint equations for
of a periodic solution for the full 18-DOF model, found throughpredicting the dynamics of nonmodeled modes can be observed in
numerical searching methods. This solution lies on the “exac®ig. 10. Here the two curves shown depict the behavior of the
invariant manifold of the reference model, and is successfulgfaved ninth linear transverse mode for the motion shown in Fig.
approximated by our nonlinear mode approach over a range tha®idt compares the dynamics obtained through numerical integra-
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: the use of invariant manifold-based nonlinear normal modes,

0.0004 T T T T T T T
R il since they systematically account for all other slaved modes, thus
0.0003 f i i avoiding guesswork and oversized models.
g oo Conclusions
2 o001 The above results illustrate the utility of the invariant manifold-
a based approach for generating nonlinear normal modes. For the
3 0 rotating beam system considered, there are critical nonlinear cou-
3 plings between the system’s linear modes which must be ac-
2 00001 counted for if accurate results are to be obtained. Specifically, the
Z coupling between the transverse and axial modes, due to bending-
£ 00002 induced axial foreshortening effects, is essential. The NNM ap-
proach accurately estimates the influence of this coupling for
-0.0003 moderate amplitude motions, generating minimal models which
. . . . . . retain considerable accuracy.
‘°'°°°40 of1 sz 03 04 05 06 07 08 In addition, the systematic nature of the reduction process
Time makes it applicable to more complex blade models. In geometri-

cally correct blade models, the system modes no longer occur in
Fig. 10 Modal deflection of the ninth transverse mode,  co(f), easily separable categories. Likewise, the nonlinearities do not
initiated on a two-mode  (first and second transverse ) nonlinear  share the ordered structure of the present model. However, if the
manifold with 3 w..~e,, as predicted by simulation, and re- linear modes are known, and the nonlinear coupling terms have
constructed using the constraint equations, Eq.  (14) been determined, the reduction process remains unchanged.
Hence, the methods proposed herein may readily be extended to
more realistic rotorcraft blade models, ultimately yielding optimal
reduced models with minimal guesswork.
tion of the entire system with those predicted by the manifold with this goal in mind, there are some particular issues which
constraint equations. That is, the “Simulated” curve is a result @kquire further attention. The blade model must be shifted from
the dynamic interactions of a 18-DOF system, while the “Recommnalytical to finite-element based, allowing the generation of mod-
structed” curve is a polynomial combination of the positions ang|s with complex geometry and material properties. This generali-
velocities of the first and second transverse modes, based on #Bfon requires work at the element level, due to the nature of the
invariant manifold constraint equations. It is precisely this motiomonlinearities involved, but will enable the inclusion of more gen-
and the other slave motiorisot shown which must occur for this eral motions, such as torsion and lead-lag. Such work is underway
two-mode response to be invariant. [17]. In addition, recent work by the authors has provided a
Lastly, a 2:1 internal resonance between the first axial mode afthod for numerically solving the invariant manifold equations.
the fourth transverse mode exists for fOIIOWing parameter valuqut On|y does this give the user control over the accuracy of the
m=11.84kg/m,EI=4.73x10° N m? EA=1.89<x10°N, Q=30 manifold solution, it significantly extends the amplitude range of
rad/s, anch=0 m. As before, the results in Fig. 11 show considthe NNM-based modelgl8,19.
erable error when the slaved linear modes are not accounted for.
The “Two Linear Modes: Nonlinear” results, though internally
resonant, exhibit a period of modulation which is entirely wrond>cknowledgments
Of course, if more linear modes are simply added, these resultsThis work was supported by a grant from the U.S. Army Re-
will improve, but in cases such as this it is often difficult to desearch Office. Dr. Gary Anderson is the grant monitor. The authors
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