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Abstract

This paper investigates the use of order-tuned absorbers to attenuate vibrations
of flexible blades in a bladed disk assembly subjected to engine order excitation.
The blades are modeled by a cyclic chain of N oscillators, and a single vibration
absorber is fitted to each blade. These absorbers exploit the centrifugal field arising
from rotation so that they are tuned to a given order of rotation, rather than to a
fixed frequency. A standard change of coordinates based on the cyclic symmetry of
the system essentially decouples the governing equations of motion, yielding a closed
form solution for the steady-state response of the overall system. These results show
that optimal reduction of blade vibrations is achieved by tuning the absorbers to
the excitation order n, but that the resulting system is highly sensitive to small
perturbations. Intentional detuning (meaning that the absorbers are slightly over-
or under-tuned relative to n) can be implemented in order to improve the robust-
ness of the design. It is shown that by slightly undertuning the absorbers there
are no system resonances over the full range of possible rotor speeds, resulting in a
system that is robust to mistuning (i.e., small random uncertainties in the system
parameters) of the absorbers and/or blades. These results offer a basic understand-
ing of the dynamics of a bladed disk assembly fitted with order-turned vibration
absorbers, and serve as a first step to the investigation of more realistic models,
where, for example, imperfections, multi-DOF blade models, nonlinear effects, and
general-path absorbers are employed.
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1 Introduction

This work investigates the use of order-tuned absorbers to attenuate vibrations
in a rotating flexible structure with cyclic symmetry. The applications of inter-
est are turbine blades, bladed disk assemblies, and blisks (integral disk-blade
systems), such as might be found in a jet engine. Flow entering an engine in-
variably meets static obstructions, such as struts, stator vanes, etc., in addition
to rotating components, such as fans, compressors, and turbines in its path to
the exhaust. Even in steady operation, therefore, the flow slightly upstream
of these bladed assemblies is spatially non-uniform in pressure, temperature,
and so on. This results in a static force field that varies circumferentially rel-
ative to the engine casing and gives rise to traveling wave dynamic loading
on the blades—the so-called engine order excitation—which is characterized
by excitation frequencies that are proportional to the mean rotational speed
of the rotor [1]. Such excitations can lead to high cycle fatigue (HCF) failure,
noise, reduced performance, and other undesirable effects [2]. This is an ideal
setting for the use of centrifugally-driven, order-tuned vibration absorbers,
yet their implementation to such systems has received little attention to date.
Much is already known about the dynamic behavior of systems of vibration
absorbers, and the same is true for systems with symmetries in general and
for rotating flexible structures in particular [3, 4]. This work aims to apply the
theory, methodology, and design of order-tuned absorbers to such systems.

An important feature of order-tuned absorber systems is that they are tuned
to a particular order of rotation, and are thus effective over a range of op-
erating speeds, rather than to a particular speed. This is in contrast to the
classical frequency-tuned absorbers due to Ormondroyd and Den Hartog [5, 6],
which are effective only at a particular frequency. The desired order-tuning [7]
is achieved by exploiting the centrifugal field due to rotation to provide the
absorber restoring forces, as opposed to an elastic element. Order-tuned ab-
sorbers have been quite successful in rotating machinery applications, where
they are used to attenuate torsional vibrations that arise from fluctuating
torques acting on the rotor. Some mature applications include light aircraft
engines [8] and helicopter rotors [9], and, more recently, diesel camshafts [10]
and advanced technology automotive engines [11]. In contrast, here we con-
sider the case where the rotor runs at a constant speed, but flexible attach-
ments experience vibrations due to applied loads. Linear analytical studies
of order-tuned absorbers applied to such systems have been carried out, for
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example, by Hollkamp et al. [12], and also Wang et al. [13]. Recent experi-
mental work by Duffy and coworkers [14] has demonstrated the effectiveness
of the impacting response of such absorbers, and Shaw and Pierre [15] have
analytically investigated the response of a single flexible element fitted with
an order-tuned impact absorber.

The rotating flexible structures of interest consist of an array of interconnected
constituent parts (substructures) whose geometry and structural properties
are rotationally periodic, and they are said to have cyclic symmetry [16]. In
a bladed disk, for example, the fundamental substructure is one blade plus
the corresponding segment of the disk, which is collectively referred to as a
sector. The entire dynamics of these systems can be captured by analyzing
a single sector [17, 18], a feature shared by all perfectly cyclic systems. The
cyclically symmetric model considered here consists of N sectors (Fig. 1b),
each of which is composed of a single degree-of-freedom (DOF) blade model
with an attached absorber. Hence each sector possesses two DOF, and these
are coupled such that the overall system (Fig. 1a) has 2N DOF. While it
is possible to handle the governing (coupled) 2N equations of motion using
the tools from linear vibration theory [19], a standard change of coordinates
based on the cyclic symmetry of the system is employed to reduce the problem
to N uncoupled 2–DOF systems [16–18, 20–22]. Not only does this offer sub-
stantial computational savings, it also yields closed-form solutions describing
the forced response, which clearly shows the effects of the absorbers on the
system. The main objective of this work is to investigate the overall system
behavior and to assess the effectiveness of the absorbers in attenuating the
blade vibrations, especially near resonance. Absorber tuning plays a key role
in this analysis.

The cyclicity of the bladed disk model to be considered results in block cir-
culant system matrices. The basic properties of these matrices are outlined in
Appendix A, along with other relevant mathematical preliminaries. A detailed
account of the theory of circulants can be found in the classical text by Davis
[23].

Generally, the blades on a turbomachinery rotor are meant to be identical.
In practice, however, there always exist small random uncertainties among
the blades due to manufacturing tolerances, in-service wear, and so on. These
small variations, or mistuning, can have a drastic effect on the forced system
response. In particular, they can lead to a confinement of vibration energy
to a few blades or even a single blade, a phenomenon known as localization
[24–26]. Due to this spatial confinement of energy, some of the blades may
experience higher amplitudes than what is predicted from the ideal, perfectly
periodic system [27–31]. In what follows the model is assumed to be ideal
with identical blades and identical absorbers. The effects of mistuning on the
absorber performance is left for future work.
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The main body of the paper is organized as follows. The system model is
described in Section 2 and the dimensionless equations of motion are hence
formulated for a single sector in Section 2.1 and subsequently for the overall
coupled system in Section 2.2. Two special cases of these governing equations
are considered: the case when the blades (resp. absorbers) are locked in their
zero positions relative to the rotating hub (resp. blades) in Section 2.3 (resp.
Section 2.4). The former motivates the absorber tuning order, which is em-
ployed in subsequent sections to tune the absorbers to a given order of the
excitation, and the latter is investigated in detail in Section 3.1, with the
aim of providing a benchmark against which the effectiveness of the absorbers
can be evaluated. The forced response of the general system is detailed in
Section 3.2, and an absorber tuning strategy is motivated in Section 4. The
paper closes with some concluding remarks and directions for future work in
Section 5.

2 Mathematical Model

An idealized model of a bladed disk assembly is shown schematically in Fig. 1a.
It consists of a cyclic array of N identical blades, each modeled by a simple
pendulum of length L and mass M . These are uniformly attached around
the periphery of a rigid disk of radius H, which rotates at a constant speed
Ω about a fixed axis through O. The single-mode flexural stiffness of each
blade (primary system) is captured by identical linear torsional springs of
stiffness kb, and the inter-blade coupling (due to shrouds, aerodynamic effects,
and so on) is captured by linear springs of stiffness kc. The coupling springs
connect adjacent blades a distance b radially along the blades relative to their
attachment points to the rotor. It is assumed that the springs are unstressed
when the blades are in a purely radial configuration, that is, when θi = 0 for
each i in N = {1, 2, . . . , N}.

Identical vibration absorbers of mass m (typically m � M) are fitted to
each blade. They ride on circular paths of radius d relative to the blades,
which are centered a distance αL (α ≤ 1) radially along the blade pendulums,
and their dynamics are captured by the relative angular coordinates ψi (i ∈
N ). Physically, the absorber angles are limited to some value ψo by stops,
which represent the rattling space limits of the turbine blades. Impacts occur
whenever |ψi| = ψo, the dynamics of which are investigated in [15] for the case
of a single isolated blade/absorber combination. In the present analysis it is
assumed that |ψi| < ψo and θi are sufficiently small so that the dynamics of
the overall system are captured by a linearized model.

There are a number of ways to model the system damping, but in light of
the inherently small levels encountered in practice the details are not crucial.
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Fig. 1. (a) Model of bladed disk assembly and (b) sector model.

(It is acknowledged that modeling and quantifying these details in actual
structural systems and absorber implementations can be quite challenging.)
Damping ratios for the structures of interest are typically 0.1% or less relative
to critical damping. Moreover, in order to achieve the desired order tuning
of the absorbers, the absorber damping is made as small as possible. For the
purposes of this study, therefore, it will suffice to employ simple linear viscous
damping models; the absorber, blade, and inter-blade damping is captured by
linear torsional and translational dampers (not shown in Fig. 1) with constants
ca, cb, and cc, respectively.

The primary systems (blades) are harmonically excited in the transverse sense
by engine order (e.o.) excitation of order n. Consider, for example, an engine
in steady operation with n evenly-spaced obstructions such as stator vanes,
struts, etc., upstream of the bladed disk assembly. As discussed in [1], these
obstructions produce a circumferential variation in the (mean) axial pressure
that is essentially proportional to cosnθ, where θ is an angular position mea-
sured relative to the engine casing. Thus a blade rotating through this static
pressure field experiences a force proportional to cosnΩt, where Ω is the con-
stant angular speed of the bladed disk assembly and t is time. An adjacent
blade experiences the same force, but at a constant fraction of time later. This
type of excitation is defined as engine order excitation of order n, or n e.o.,
and can be modeled by

Fi(t) = Foe
jφiejnΩt, i ∈ N (1)

where Fo is the strength of the excitation, j =
√
−1, and

φi = 2π n
N

(i− 1), i ∈ N (2)

is the inter-blade phase angle. If the phase angle between sector 1 and sector i
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is denoted by

ϕi =
2π(i− 1)

N
, i ∈ N (3)

then the inter-blade phase angle can be written as φi = nϕi. In the applications
of interest the engine order n is a positive integer. 3 Consideration of all
possible engine orders can be somewhat cumbersome, however, since one must
not only distinguish between odd and even n in the analysis, and also examine
how certain features (e.g. excited modes) alias relative to N [32]. In order to
eliminate some of the unnecessary details, and to focus on an absorber tuning
strategy, we thus restrict 0 < n < N (though it is possible for n ≥ N in
practice). This does not qualitatively affect the approach nor the conclusions.

The equations of motion for a single sector are developed in the next section
and for the overall system in Section 2.2. Two special cases of the governing
equations are subsequently considered in which the blades are locked relative
to the rotor (Section 2.3) and the absorbers are locked relative to the blades
(Section 2.4). The first of these special cases motivates the absorber tuning
order, which is used in Section 4 to tune the absorbers to a given order of the
excitation. The second special case offers a baseline against which to assess
the effectiveness of the absorbers when they are free to move.

2.1 Sector Model

The equations of motion for each 2–DOF sector are derived by employing
Lagrange’s method and are linearized for small motions of the primary and
absorber systems, that is, for small θi and ψi. The resulting linear equations
are divided through by the inertia term ML2 and time is rescaled according
to τ = ωot, where

ωo =
√

(kb/L2)/M (4)

is the undamped natural frequency of a single isolated blade (without an
absorber) with zero coupling (kc = 0) and zero rotor speed (Ω = 0). Then the
dynamics of the ith sector are governed by

Mz′′i + Cz′i + Kzi + Cc

(
− z′i−1 + 2z′i − z′i+1

)
+ Kc

(
− zi−1 + 2zi − zi+1

)
= fejφiejnστ

 , i ∈ N (5)

where

zi =

[
xi

yi

]
=

[
θi/ψo

ψi/ψo

]
(6)

3 The case of noninteger n is non-physical for bladed disk assemblies under engine
order excitation, but it is of academic interest and may be possible in other systems.
The case of n ∈ R+ and its implications in cyclic systems is investigated in [22].
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Table 1
Elements of M, C, and K.

M11 = 1 + µ(α+ γ)2

M12 = µγ(α+ γ)
M21 = M12

M22 = µγ2

C11 = ξb

C12 = −ξa
C21 = 0
C22 = ξa

K11 = 1 + (1 + µ(α+ γ)) δσ2

K12 = µγδσ2

K21 = K12

K22 = µγ (α+ δ)σ2

is a vector of nondimensional physical coordinates (xi and yi describe the
dynamics of the ith blade and absorber, respectively), φi is the inter-blade
phase angle defined by Eq. (2), σ = Ω/ωo is the dimensionless angular speed of
the rotor, and ( · )′ = d( · )/dτ . In Eq. (5) the subscripts are taken modN here
and in subsequent sections such that zN+1 = z1 and z0 = zN . The elements
of the sector mass, damping, and stiffness matrices are given in Table 1, and
the attendant dimensionless parameters are defined in Table 2. The matrices

Cc =

[
ξc 0
0 0

]
, Kc =

[
ν2 0
0 0

]
, (7)

capture the inter-blade coupling and vanish when ξc = 0 and ν = 0, re-
spectively, in which case Eq. (5) describes the forced motion of N isolated
blade/absorber systems. (Equation (5) is studied in detail in [15] for the case
when N = 1, Kc = 0, and Cc = 0, including the impact dynamics that occur
when |yi| = 1, that is, |ψi| = ψo.) The sector forcing vector is given by

f =

[
f
0

]
, (8)

where f is defined in Table 2. Finally, the parameter ωc = b
L

√
kc/M (see ν in

Table 2) is the undamped natural frequency of a single isolated blade (with no
absorber) with kb = 0 and Ω = 0 and with a single coupling stiffness element
kc connected to an adjacent, stationary blade.

2.2 System Model

By stacking each zi into the configuration vector q = (z1, z2, . . . , zN)T , the
governing matrix equation of motion for the overall 2N–DOF system takes
the form

M̂q′′ + Ĉq′ + K̂q = f̂ejnστ , (9)
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Table 2
Selected list of dimensionless parameters.
Parameter Description

f = FoL/kbψo Strength of the engine order excitation

α Distance from blade base to absorber base point

γ = d/L Length of the absorber pendulum

δ = H/L Radius of the rotor disk

µ = m/M Absorber mass

ν = ωc/ωo =
√

kc
kb/b2

Inter-blade coupling strength

φi = 2π n
N (i− 1) ith inter-blade phase angle

τ = ωot Time

ξa = ca/L2√
(kb/L2)M

Absorber damping constant

ξb = cb/L2√
(kb/L2)M

Blade damping constant

ξc =
(

b
L

)2 cc√
(kb/L2)M

Coupling damping constant

σ = Ω/ωo Angular speed of the rotor

where M̂ is block diagonal with diagonal blocks M and K̂ is block circulant
with the N generating matrices K + 2Kc,−Kc,0, . . . ,0,−Kc.

4 The matrix
Ĉ is similarly defined by replacing K with C and Kc with Cc in K̂. In terms
of the circulant operator the system mass, damping, and stiffness matrices are
given by

M̂ = circ (M,0,0, . . . ,0,0) = diag
i∈N

(M)

Ĉ = circ (C + 2Cc,−Cc,0, . . . ,0,−Cc)

K̂ = circ (K + 2Kc,−Kc,0, . . . ,0,−Kc)


, (10)

where the circ ( · ) operation is defined in Appendix A. Finally, the system
forcing vector is

f̂ =
(
fejφ1 , fejφ2 , . . . , fejφN

)T
, (11)

where f is given by Eq. (8) and φi is defined by Eq. (2).

4 See [23] for a comprehensive treatment of circulant matrices and their properties.
A brief review of such matrices and other mathematical preliminaries is given in
Appendix A.
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2.3 Special Case: The Blades Locked

Consider the special case when the blades are locked in their zero positions
relative to the rotating disk. This leads to a system of dynamically isolated
absorbers that oscillate freely under the influence of centrifugal effects. The
governing equations follow from Eq. (5) by setting xi = x′i = x′′i ≡ 0, and are
given by

M22y
′′
i + C22y

′
i +K22yi = 0, i ∈ N (12)

where the mass, damping, and stiffness terms M22, C22, and K22 are defined
in Table 1. Equation (12) is a set of N uncoupled and unforced single-DOF
harmonic oscillators. Their dimensionless undamped natural frequencies are
given by

ω̄22 ≡
ω22

ωo

=

√
α+ δ

γ
σ ≡ ñσ, (13)

or ω22 = ñΩ in dimensional form, where ωo is defined by Eq. (4) and

ñ =

√
α+ δ

γ
(14)

is defined to be the absorber tuning order. Since the absorbers are restrained
only through centrifugal effects, ω̄22 scales directly with σ [12, 14]. This feature
is exploited in Section 4 to tune the absorbers to a given order of the excitation,
rather than to a fixed frequency, as is done in the classical sense [6]. The
tuning parameter ñ is used for this purpose and is determined by selecting the
dimensionless curvature of the pendulum absorber γ (dimensionally d) and
the distance of its effective attachment point from the center of rotation of
the rotor, that is, α+ δ (dimensionally αL+H).

2.4 Special Case: The Absorbers Locked

Here we consider a model in which the absorbers are locked in their zero
positions relative to the blades. By setting yi = y′i = y′′i ≡ 0, the equations of
motion for the ith sector follow from Eq. (5) and are given by

M11x
′′
i + C11x

′
i +K11xi + ξc

(
− x′i−1 + 2x′i − x′i+1

)
+ ν2

(
− xi−1 + 2xi − xi+1

)
= fejφiejnστ

 , i ∈ N

(15)
where the mass, damping, and stiffness terms M11, C11 and K11 are defined in
Table 1 and their attendant parameters are defined in Table 2, along with the
terms ξc, ν, and f . Here, it is understood that xN+1 = x1 and x0 = xN . The
governing matrix equation of motion for the overall N–DOF system is given
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by
M̂11x

′′ + Ĉ11x
′ + K̂11x = f̂11e

jnστ , (16)

where x = (x1, x2, . . . , xN)T is a configuration vector. The system forcing
vector is

f̂11 = (fejφ1 , fejφ2 , . . . , fejφN )
T
, (17)

where the ith inter-blade phase angle φi is defined by Eq. (2) and f is defined
in Table 2. Finally, the system matrices are both symmetric and circulant,
and they can be represented by

M̂11 = circ (M11, 0, 0, . . . , 0, 0) = diag
i∈N

(M11)

Ĉ11 = circ (C11 + 2ξc,−ξc, 0, . . . , 0,−ξc)

K̂11 = circ (K11 + 2ν2,−ν2, 0, . . . , 0,−ν2)


, (18)

where the coupling term ξc is defined in Table 2. In the absence of coupling,
that is, when ν = ξc ≡ 0, the system matrices given by Eq. (18) are all
diagonal, and Eq. (16) is a decoupled set of N harmonically forced, single-
DOF oscillators.

We now detail the steady-state forced response of Eq. (16) (with the absorbers
locked) and, subsequently, Eq. (9) (with the absorbers free to move). In both
cases a coordinate transformation is employed in order to significantly uncou-
ple the governing matrix equations.

3 Forced Response

The forced response of the overall system is governed by Eq. (9), which can be
handled using standard techniques [19]. Its solution in the steady-state follows
in the usual way and is given by

qss(τ) = Ẑ−1f̂ejnστ , (19)

where Ẑ = K̂− n2σ2M̂ + jnσĈ is the system impedance matrix of dimension
2N × 2N . However, Eq. (19) does not offer any insight into the design and
effectiveness of the proposed vibration absorbers, and it also requires compu-
tation of Ẑ−1, which can be quite involved for many bladed disk models. It
is well-known that, due to its cyclic symmetry (and in particular due to the
circulant structure of the system matrices [23]), Eq. (9) can be decoupled via a
modal (unitary) transformation to a set of N reduced-order models, each with
two DOF [16–18, 20–22]. (The reduced-order models have the same number
of DOF as an individual sector, in this case two.) Similar statements can be
made for Eq. (16), which captures the system dynamics for the special case
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when the absorbers are locked in their zero positions relative to the blades.
Since the system matrices are circulant for this special case, one can decouple
the N–DOF model to a set of N , single–DOF systems. A special feature of
the uncoupled systems described above is that only mode n + 1 is excited,
provided that 0 < n < N is an integer (as shown subsequently). Hence the
steady-state response of the overall 2N–DOF (resp.N–DOF) system described
above reduces to the solution of a single, harmonically forced, 2–DOF (resp.
single–DOF) system.

In order to provide a benchmark against which the effectiveness of the ab-
sorbers can be evaluated, we first consider the forced response of the system
when the absorbers are locked relative to the blades. It should be noted that
the corresponding analysis could be obtained directly from the more general
analysis of Section 3.2. However, it is instructive to introduce the modal trans-
formation in this simpler setting, which clearly demonstrates the essential fea-
tures of the approach. The forced response of the general system, where the
absorbers are free to move, is investigated in Section 3.2 and employs the same
methodology. An absorber tuning strategy is motivated in Section 4 based on
these results.

3.1 Response with the Absorbers Locked

The purpose of this section is twofold: to demonstrate the essential features
of the analysis, a generalization of which is employed in Section 3.2 for the
case when the absorbers are free to move, and to review some of the vibration
characteristics of linear cyclic systems. Some specific topics include: decou-
pling of the equations of motion; orthogonality of the modal forcing vector;
the steady-state system response; characteristics of the natural frequencies
and attendant normal modes (see [1, 17, 33] for further characteristics); and
conditions for resonance. The results will also be useful for comparisons when
evaluating the effectiveness of the absorbers in subsequent sections. The reader
who is familiar with these topics can proceed, with minimal loss of continuity,
to Section 3.2.

3.1.1 Modal Analysis

Consider the forced response of the system in Fig. 1a for the special case
when the absorbers are locked in their zero positions relative to the blades.
Due to the cyclicity of the model and the corresponding circulant structure
of the system matrices given by Eq. (18), one can employ a standard unitary
(similarity) transformation to decouple the governing equations of motion. In
particular, we wish to apply the result given by Eq. (A.7) of Appendix A to
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each of the system matrices. This can be achieved by introducing the change
of coordinates 5

x = Ex̃, or xi = eT
i x̃, i ∈ N (20)

where E is the N×N complex Fourier matrix and ei is its ith column (these are
defined by Eq. (A.2) and Eq. (A.3) of Appendix A), and x̃ = (x̃1, x̃2, . . . , x̃N)T

is a vector of modal, or cyclic coordinates. Substituting Eq. (20) into Eq. (16),
multiplying from the left by the unitary matrix EH, and invoking Eq. (A.7)
of Appendix A yields a system of N decoupled scalar equations. They are

M̃
(p)
11 x̃

′′
p + C̃

(p)
11 x̃

′
p + K̃

(p)
11 x̃p = eHp f̂11e

jnστ , p ∈ N (21)

where ( · )H = ¯( · )T
denotes the conjugate transpose and eHp f̂11 is the pth

element of EHf̂11, and is discussed subsequently. The modal mass, damping,
and stiffness terms follow from Eq. (A.8) and are given by

M̃
(p)
11 = M11

C̃
(p)
11 = C11 + 2ξc(1− cosϕp)

K̃
(p)
11 = K11 + 2ν2(1− cosϕp)

 , p ∈ N (22)

where ϕp is defined by Eq. (3), the elements M11, C11, and K11 are defined in
Table 1, and their attendant parameters are given in Table 2. Note that the

identity w(p−1) +w(N−1)(p−1) = 2 cosϕp has been employed, where w = e
2jπ
N is

the primitive N th root of unity.

Assuming harmonic motion, the pth steady-state modal response follows easily
from Eq. (21) and is given by

x̃ss
p (τ) =

1

Γ̃
(p)
11

eHp f̂11e
jnστ , p ∈ N (23)

where

Γ̃
(p)
11 = K̃

(p)
11 − n2σ2M̃

(p)
11 + jnσC̃

(p)
11 , p ∈ N . (24)

Under the assumption that 0 < n < N is an integer, the pth modal forcing

5 The reader who is not familiar with transformations of this type should regard
Eq. (20) as the usual modal transformation employed in elementary linear vibration
theory. The columns ei of the fourier matrix E are, in fact, the eigenvectors of any
circulant matrix, and hence they define the system mode shapes for all linear cyclic
systems with a single DOF per sector.
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term simplifies considerably and is given by [16, 17, 22]

eHp f̂11 =
f√
N

N∑
k=1

w(k−1)(n+1−p)

=


√
Nf, p = n+ 1

0, otherwise
(25)

Equation (25) shows that only mode n+ 1 is excited and, therefore, 6

x̃ss
n+1(τ) =

√
Nf

Γ̃
(n+1)
11

ejnστ (26)

is the only non-zero modal response in the steady-state. The response of sector
i (in physical coordinates) follows from the transformation given by Eq. (20)
and is given by xss

i = eT
i x̃ss, or

xss
i (τ) = Xejφiejnστ , i ∈ N (27)

where x̃ss(τ) =
(
0, . . . , 0, x̃ss

n+1(τ), 0, . . . , 0
)T

and wn(i−1) = ejφi have been

employed and X = f/ Γ̃
(n+1)
11 is the steady-state amplitude of the blades.

Equation (27) shows that each blade behaves identically except for a constant
phase shift from one sector to another, which is captured by the inter-blade
phase angle φi. This approach offers a significant computational advantage
over the brute force solution of the full N–DOF system, and it is employed in
Section 3.2 for the general case when the absorbers are free to move.

3.1.2 Eigenfrequency Characteristics and Conditions for Resonance

Since the transformation given by Eq. (20) is unitary, the (dimensionless)
natural frequencies ω̄(i)

11 are preserved and they follow in the usual way from

K̃
(i)
11 and M̃

(i)
11 . In terms of the parameters defined in Table 2, they are given

by

ω̄(i)

11 ≡
ω(i)

11

ωo

=

√√√√1 + δσ2(1 + µ(α+ γ)) + 2ν2(1− cosϕi)

1 + µ (α+ γ)2 , i ∈ N (28)

6 It is customary in the rotordynamics literature to designate the system modes
in terms of their “diamatral components.” Specifically, if 0 < n ≤ N/2 (or 0 <
n ≤ (N − 1)/2 if N is odd) then an n e.o excitation can only excite modes with n
“nodal diameters”. However, such a designation is slightly more cumbersome if one
considers larger values of n (in this work we consider 0 < n < N) and hence we
shall say instead that an engine order n excites only mode p = n+ 1.
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where ωo is given by Eq. (4) and ϕi is defined by Eq. (3). For zero inter-blade
coupling (ν = 0) all of the natural frequencies are identical, and they increase
with increasing rotor speed σ due to centrifugal effects. The presence of the
absorber masses (µ 6= 0) slightly lowers the natural frequencies. For very small
absorber masses relative to the mass of the blades, that is, 0 < µ � 1, the
natural frequencies can be approximated by

ω̄(i)

11
∼=

√
1 + δσ2 + 2ν2(1− cosϕi), i ∈ N (29)

which clearly exhibits the centrifugal stiffening effects of the primary systems
and also the effect of the coupling. Finally, if µ = ν = σ ≡ 0 we recover
ω̄(i)

11 = 1, or ω(i)

11 = ωo, which was used in Section 2.1 to nondimensionalize the
model.

It is clear that there will be repeated natural frequencies due to the cosine
term in Eq. (28), and in particular since cosϕi = cosϕN+2−i (for appropriate
values of i), a feature shared by all linear cyclic systems with nearest-neighbor
coupling. This degeneracy of the eigenfrequencies is due to the structure of
K̂11, which has the form circ (a, b, 0, . . . , 0, b), and is manifest in the cyclic
term

1− cosϕi = 1− cos
(

2π(i−1)
N

)
(30)

in the modal stiffness matrix of Eq. (22), and hence in the corresponding nat-
ural frequencies. The natural frequency corresponding to i = 1 (zero harmonic
of Eq. (30)) is distinct, but the remaining natural frequencies appear in re-
peated pairs, except for the case of even N , in which case the i = (N + 2)/2
frequency (N/2 harmonic) is also distinct. There are (N − 2)/2 such pairs if
N is even and (N − 1)/2 pairs if N is odd.

In the turbomachinery literature it is common to plot the natural frequencies
in terms of the “diametral components,” that is, the number of “nodal di-
ameters” (n.d.) in their attendant mode shapes [34]. However, in light of the
crucial role centrifugal stiffening plays in the absorber performance (this is in-
vestigated in Section 4), we shall opt instead for an interference, or Campbell
diagram representation of the natural frequencies. Such a diagram is shown in
Fig. 2a for N = 10 blades and for a particular sector model. In this figure, the
natural frequency loci are plotted in terms of the dimensionless rotor speed,
and they are seen to increase for increasing σ due to centrifugal effects. The
diametral component of each frequency locus is also indicated.

In general, there may be a system resonance whenever nσ = ω̄(i)

11(σ) or, equiv-
alently, nΩ = ω(i)

11(Ω), and these possible resonances can be identified by the
intersections of the natural frequency loci with the engine order lines nσ in
Fig. 2a. Such resonances can arise, for example, from excitations with multiple
dominant orders, mistuning [1], or nonlinear effects. However, for linear cyclic
systems, and in the absence of parameter mistuning, an engine order n (with
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Fig. 2. (a) Campbell diagram for N = 10, α = 0.84, δ = 0.67, γ = 0.169, µ = 0.015,
ν = 0.5, and engine orders (e.o.) n = 1, 2, . . . , N − 1 and (b) the corresponding
frequency response curves with f = 0.01, and ξb = ξc = 0.

0 < n < N) excites only mode p = n + 1, which is clear from Eq. (25). 7

This is shown in Fig. 2b, which is a plot of the frequency response curves for
f = 0.01, ξb = ξc = 0, and for various engine orders n. The corresponding
intersections of nσ and ω̄(n+1)

11 (σ) are indicated by the circles in Fig. 2a. The
resonant frequency for the n = 3 case is indicated in Table 3, along with other
data corresponding to Fig. 3 and Fig. 4; these are explained in Section 3.2.2
and Section 4.2, respectively.

3.2 Response of the General System

We now turn to the forced dynamics of the overall 2N -DOF system, which are
governed by Eq. (9), and employ an approach similar to that of Section 3.1.1.
In the present case the system matrices M̃, C̃, and K̃ are block circulant,
and one can (block) decouple these equations to a set of N , 2–DOF forced

7 See [32] for a description of the resonance structure for the case when n ≥ N .
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Table 3
Data to accompany Figs. 2–4 for a model with N = 10, n = 3, α = 0.84, δ =
0.67, µ = 0.015, and ξa = ξb = ξc = 0. Then βcr = −0.00701 (from Eq. (B.2) of
Appendix B) and βapp

cr = −0.00706 (from Eq. (49) of Section 4.2).
Fig. Tuning β γ ñ n̂ n̂app ν σres

2 – – 0.169 – – – 0.50 0.442
3a Over +0.15 0.127 3.45 3.473 3.487 0.01 0.338
3b Over +0.15 0.127 3.45 3.473 3.487 0.25 0.364
3c Over +0.15 0.127 3.45 3.473 3.487 0.50 0.443
4a Over +0.10 0.139 3.3 3.322 3.335 0.50 0.429
– Exact 0 0.168 3 3.021 3.032 0.50 –
4b Under −0.00351 0.169 2.989 3.011 3.021 0.50 –
4c Under −0.10 0.207 2.7 2.720 2.729 0.50 0.461

oscillators by employing the result given by Eq. (A.9) of Appendix A. 8

3.2.1 Modal Analysis

We introduce the change of coordinates

q = (E⊗ I)u, or zi = (eT
i ⊗ I)u, i ∈ N (31)

where E is the N × N complex Fourier matrix and ei is its ith column, ⊗
is the Kronecker product (these are defined in Appendix A), I is the 2 × 2
identity matrix (the dimension of I corresponds to the number of DOF in each
sector), and u = (u1,u2, . . . ,uN)T is a vector of modal, or cyclic coordinates
ui = (x̃i, ỹi)

T . Substituting Eq. (31) into Eq. (9) and multiplying from the
left by the unitary matrix (E ⊗ I)H = (EH⊗ I) yields a system of N block
decoupled equations, each with two DOF. They are given by

M̃pu
′′
p + C̃pu

′
p + K̃pup = (eHp ⊗ I)f̂ejnστ , p ∈ N (32)

where (eHp ⊗ I)f̂ is the pth 2× 1 block of (EH⊗ I)f̂ . The 2× 2 mass, damping,
and stiffness matrices associated with the pth mode follow from Eq. (A.10) of
Appendix A and are given by

M̃p = M

C̃p = C + 2Cc(1− cosϕp)

K̃p = K + 2Kc(1− cosϕp)

 , p ∈ N (33)

8 The number of DOF in each decoupled system is that of an individual sector, in
this case two.
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where ϕp is defined by Eq. (3), the elements of M, C, and K are defined in
Table 1 and their attendant parameters are given in Table 2, and the coupling
matrices Cc and Kc are defined by Eq. (7). In light of Eq. (25), the pth modal
forcing vector takes the form

(eHp ⊗ I)f̂ =

eHp f̂11

0



=


√
N f , p = n+ 1

0, otherwise
(34)

where f̂11 is the system forcing vector for the case when the absorbers are
locked in their zero positions relative to the blades (Eq. (17)), f = (f, 0)T is
the sector forcing vector (Eq. (8)), and 0 = (0, 0)T . Since only mode p = n+1
is excited, un+1(τ) is the only nonzero modal response in the steady-state.

Assuming harmonic motion, and in light of Eq. (34), the pth steady-state
modal response follows easily from Eq. (32) and is given by

uss
p (τ) =


√
N Z̃−1

n+1 fejnστ , p = n+ 1

0, otherwise
(35)

where
Z̃p = K̃p − n2σ2M̃p + jnσC̃p, p ∈ N (36)

is the pth modal impedance matrix. The response of sector i (in physical co-
ordinates) follows from the transformation given by Eq. (31) with uss(τ) =
(0, . . . ,0,uss

n+1(τ),0, . . . ,0)T and is given by

zss
i (τ) = Z̃−1

n+1f e
jφiejnστ , i ∈ N (37)

where wn(i−1) = ejφi has been employed. From Eq. (37) it is clear that each
blade/absorber combination behaves identically except for a constant phase
shift from one sector to another, which is captured by the inter-blade phase
angle φi. This approach offers a significant computational advantage over the
brute-force solution to the full 2N–DOF system, as given by Eq. (19).

3.2.2 Eigenfrequency Structure and Conditions for Resonance

The 2N dimensionless natural frequencies of the system are defined implicitly
by the characteristic polynomial

det
(
K̂− ω̄2M̂

)
= 0,
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the solution of which can be quite involved for any reasonable bladed disk
model. This effort can be significantly reduced, however, by instead using the
modal matrices defined by Eq. (33). We recall that each M̃p and K̃p follow

from a unitary (similarity) transformation of M̂ and K̂ and hence the system
natural frequencies are preserved. These eigenfrequencies follow from the N ,
second-order characteristic polynomials det

(
K̃p − ω̄2M̃p

)
= 0, or

det
(
K− ω̄2M + 2Kc(1− cosϕi)

)
= 0, i ∈ N (38)

where the sector mass, stiffness, and coupling matrices are defined in Table 1
and by Eq. (7). Equation (38) features the same cyclic term, i.e., Eq. (30), that
was encountered in Section 3.1.2 and we thus expect similar eigenfrequency
characteristics to the ones described therein. If P is the number of DOF in
an individual sector (in the present study P = 2), then there are P natural
frequencies ω̄(i) corresponding to each i ∈ N . There are, in this case, N such
groups of P = 2 natural frequencies of the overall system. The multiplicity
of these groups of natural frequencies is identical to that of the individual
eigenfrequencies described in Section 3.1.2.

If vp is an eigenvector of the pth decoupled modal system, then the correspond-
ing normal mode of the overall system is ep ⊗ vp, where ep is the pth modal
vector for the case when the absorbers are locked relative to the blades. 9 With
the exception of the p = 1 mode, vp is influenced by the overall system config-
uration, and in particular by its elastic coupling, which is clear by inspection
of the modal stiffness matrices K̃p. In a particular mode of vibration, the blade
and absorber in each sector oscillate either in phase or out of phase relative to
one another with amplitudes that depend on the strength and nature of the
inter-sector coupling, and these features are captured by vp. The dynamics of
each sector are identical, except for a constant difference in phase from one
sector to another, and this is captured by ep. Hence the modal configuration
of the overall system is described by a composite of these two vectors, which
is mathematically given by ep ⊗ vp.

The 2N dimensionless natural frequencies ω̄(i)

1,2 (i ∈ N ) are plotted in Fig. 3
in terms of the rotor speed σ for N = 10, n = 3, for a particular sector model,
and for various levels of the inter-blade coupling ν. (The natural frequencies
ω̄(i)

11 and ω̄22 are also shown for reasons discussed below.) In these Campbell
diagrams, the N natural frequencies ω̄(i)

1 branching from σ = 0 (since N is
even there are (N − 2)/2 = 4 repeated pairs) correspond to in-phase modes,
wherein the absorber/blade combination in a particular sector oscillates in

9 When the absorbers are locked each of the the system matrices is a circulant. Since
all circulant matrices share the same linearly independent eigenvectors, which are
the columns of the Fourier matrix (see Appendix A), the system normal modes are
ep with p ∈ N .
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phase. The remaining N natural frequencies ω̄(i)

2 have the same number of
repeated pairs and correspond to out-of-phase modes. As shown in Fig. 3a,
the frequencies ω̄(i)

1 and also ω̄(i)

2 are nearly coincident when the inter-blade
coupling is weak, that is, when ν is small and they spread out for increasing
ν, which is shown in Fig. 3b and Fig. 3c. In the absence of inter-blade coupling,
ω̄(i)

1 are identically coincident (as are ω̄(i)

2 ) and there are exactly P = 2 distinct
natural frequencies, each with multiplicity N .

The frequency loci of Fig. 3 exhibit the classical eigenvalue veering phe-
nomenon, or mutual repulsion of the eigenfrequencies [35, 36]. To see this,
we focus on Fig. 3a, where the sets of frequencies ω̄(i)

1 and ω̄(i)

2 are mutually
nearly coincident. This plot also shows the natural frequencies ω̄(i)

11 (resp. ω̄22),
corresponding to the case when the absorbers (resp. blades) are locked relative
to the blades (resp. rotor). As the rotor speed σ is increased from zero, the
natural frequencies ω̄(i)

1 (resp. ω̄(i)

2 ) initially lie close to ω̄22 = ñσ (resp. ω̄(i)

11),
where the absorber tuning order ñ is defined by Eq. (14). (For zero rotor speed
ω̄(i)

1 and ω̄22 are, in fact, coincident and each has the same initial slope of ñ.)
They exhibit veering near the intersections of ω̄(i)

11 and ω̄22, and for large rotor
speeds the eigenfrequencies ω̄(i)

1 asymptotically approach ω̄(i)

11 for each i ∈ N .
However, the frequencies ω̄(i)

2 nearly track ω̄22 = ñσ as σ becomes increasingly
large, but with a slight offset in slope. This is shown in the inset of Fig. 3a.
In fact, it can be shown that

ω̄(i)

2 → n̂σ as σ →∞, (39)

where the critical absorber tuning order n̂(ñ) > ñ is defined by Eq. (B.1) in
Appendix B. This is a crucial observation, one that is exploited in the absorber
tuning of Section 4. Finally, note that there is a fixed relationship between ñ
and n̂, which is nearly linear for ñ > 1. Once the absorber mass µ and its
tuning order ñ are prescribed, then the critical tuning order is automatically
set and can be approximated by

n̂app = (1 + α2µ) ñ, (40)

which works quite well for ñ > 1 and for reasonable choices of α and µ.

Possible resonances can be identified in Fig. 3 by the intersections of the
eigenfrequency loci ω̄(i)

1,2(σ) with the order line nσ, and they correspond to
rotor speeds σ = σres for which nσ = ω̄(i)

1,2(σ). However, it was shown in
Section 3.2.1 that only mode n + 1 is excited in the steady-state, and hence
there will be a system resonance only when

nσ = ω̄(n+1)

1,2 (σ), or, equivalently nΩ = ω(n+1)

1,2 (Ω) (41)

is satisfied. These resonances are indicated by circles in Fig. 3 and they are
summarized in Table 3 along with other relevant data. The main objective of
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sionless natural frequencies ω̄(i)
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this work is to select the absorber parameters to avoid such resonances over a
range of rotor operating speeds; this is the subject of the next section.

As a final note, the inter-blade coupling ν is generally quite small, typically on
the order of 1%. However, in order to show clearly which modes are excited,
and also the effects of absorber (de)tuning, a rather large (unrealistic) value
of the coupling will be employed in the ensuing numerical analysis; this does
not qualitatively affect the approach nor the conclusions.

4 Absorber Tuning

Absorber tuning refers to a particular choice of absorber parameters to atten-
uate, as much as possible, the response of the primary systems (blades) over
a range of operating speeds, and in particular near resonance. This is done by
prescribing the dimensionless parameters µ, γ, and α, which in turn specify
the absorber mass m, the radius of its path r, and it’s placement along the
blades, respectively. It is shown in Section 4.1 that, in the absence of damp-
ing, there exists an absorber tuning such that full annihilation of the blade
vibrations is possible, although this may require large-amplitude vibrations
of the absorbers. This tuning is accomplished by matching the order of the
isolated absorbers to that of the excitation, just as is done with frequencies
in the classical dynamic vibration absorber [6], and also with orders for the
centrifugal pendulum vibration absorber [7]. In the presence of small absorber
damping, however, it becomes impossible to eliminate the blade vibrations
completely, and the situation becomes more complicated. 10 The effects of
detuning 11 the absorbers relative to the excitation order is explored in Sec-
tion 4.2. It is shown that overtuning the absorbers results in only one system
resonance over all possible rotation speeds, even though there are two DOF
per sector and there are N such sectors, and the same is true for most values
of undertuning. However, there exists a small region of absorber undertuning,
bounded on one side by the exact tuning (zero detuning), for which there are
no system resonances. This no-resonance gap motivates a particular tuning
strategy, which offers a significant reduction of the blade amplitudes and is
robust to random perturbations of the system model.

10 An analysis of the damped system is underway and will be considered in a future
paper [37].
11 In this work detuning means that all absorbers are identically over- or under-
tuned relative to n. This is not to be confused with mistuning, which refers to small
random uncertainties in the system parameters. In the turbomachinery literature,
detuning and mistuning are often used interchangeably, but they must be clearly
distinguished in this investigation.
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Consider again the Campbell diagrams in Fig. 3. Whereas n is fixed for a
particular engine order excitation, the tuning order ñ depends on the model
parameters α, δ, and γ (these are prescribed by design), and the additional
choice for the dimensionless absorber mass µ sets the critical tuning order
n̂(ñ). The tuning strategy employed here is to simply choose these parameters
to optimally orient the line ñσ (and hence n̂σ) relative to nσ in the frequency-
σ plane. This in turn sets the asymptotic behavior of the system natural
frequencies ω̄(i)

1,2 and hence prescribes the system resonance structure. It is
clear that by choosing ñσ = nσ (this corresponds to zero detuning) there will
be no crossings of the order line nσ and the natural frequency loci ω̄(i)

1,2(σ), and
hence there will be no system resonances over the full range of possible rotor
speeds. However, slight errors in this tuning can introduce a resonance, and
therefore such a design is not robust. One can more generally avoid resonances
by choosing parameters such that ñ ≤ n < n̂(ñ). This is clear from the
large-σ asymptotic behavior of ω̄(i)

2 , and specifically from the inset of Fig. 3a.
The existence of this finite, but narrow, tuning range allows one to design an
absorber system with some level of robustness to uncertainties.

The arguments described above are developed in detail in the next section
using the steady-state system response of Section 3.2, and in the context of
absorber detuning in Section 4.2.

4.1 Exact Tuning

It is customary to introduce the tuning order ñ as one of the absorber param-
eters, and this is done in the present study via the substitution

γ =
α+ δ

ñ2
, (42)

thereby replacing γ with ñ in the formulation. With zero system damping,
i.e., ξa = ξb = ξc = 0, and after some simplification, the steady-state response
described by Eq. (37) can be reduced to[

xss
i (τ)
yss

i (τ)

]
=

[
X
Y

]
ejφiejnστ , i ∈ N (43)

where

X =
fñ2(n2 − ñ2)

Γ

Y = −
fñ2

(
δ
α
(n2 − ñ2) + n2(1 + ñ2)

)
(
1 + δ

α

)
Γ


(44)
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are the blade and absorber steady-state response amplitudes and

Γ = µα2(1 + ñ2)2n2σ2 + ñ2(n2 − ñ2)

+ (n2 − ñ2)
(
µαδ(1 + ñ2)− ñ2(n2 − δ)

)
σ2

+ 2ν2ñ2(n2 − ñ2)(1− cosϕn+1),

where ϕi is defined by Eq. (3). The ideal, or exact absorber tuning follows by
inspection of the first entry of Eq. (44) and is given by

ñ = n, or ω̄22 = ñσ = nσ. (45)

If the system is tuned according to Eq. (45) the blade and absorber amplitudes
reduce to

X = 0

Y = − fn2

µα2
(
1 + δ

α

)
(1 + n2)σ2

 , (ñ = n) (46)

which shows that the blade vibrations can be eliminated completely. In this
case the absorber amplitudes are inversely proportional to the mass ratio µ
and also to α(α+δ). It is therefore desirable to make the absorber masses large
relative to the blade mass and to place them as close to the end of the blades
as possible. In practice, however, there are limits on the size and makeup of
the absorber masses (typically µ is very small, on the order of 10−2 to 10−3)
and their placement relative to the blades. The negative sign in Y implies that
the absorbers oscillate out of phase with respect to the excitation. Physically,
this means the absorbers exert forces on the blades that identically counter
the action of the applied loading for all time and for all rotor speeds. 12

4.2 Absorber Detuning and the No-Resonance Gap

By implementing the absorber tuning given by Eq. (45) one is simply setting
the natural frequency of the isolated absorbers to the excitation frequency,
that is, ω̄22 = ñσ = nσ, and the absorbers are said to be exactly tuned. Again,
we emphasize that the said tuning is valid at all rotation speeds, a feature that
is made possible by the structure of ω̄22(σ) = ñσ. However, any perturbation
of the model or absorber parameters, due to in-service wear, environmental
effects, and so on, will invariably destroy the exact tuning. To account for such

12 These results remain valid even for varying rotor speeds, that is, σ = σ(τ), so
long as variations in the rotor speed occur on a much longer time scale than the
dynamics of the blades and absorbers.
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effects, and to allow for intentionally detuned designs, we let

ñ = n(1 + β), (47)

where β is a detuning parameter. Perfect, or exact tuning corresponds to
β = 0, while undertuning (resp. overtuning) corresponds to β < 0 (resp.
β > 0).

Figure 4 depicts the blade/absorber frequency response amplitude curves and
also the natural frequency loci for a set of three representative detuning values.
The corresponding tuning orders, detuning data, and the resonant rotor speeds
are given in Table 3, along with data for exact absorber tuning. In these plots
we take f = 0.01 and use the parameters employed in Fig. 3c. The solid lines
in the blade and absorber response curves show the response amplitudes as
a function of rotor speed. The dashed lines in the blade frequency response
curves correspond to the blade amplitudes when the absorbers are locked in
their zero positions relative to the blades; these curves are used for reference
to assess the dynamic effects of the absorbers.

Overtuning the absorbers (i.e., setting β > 0) increases the slope ñ of ω̄22(σ) =
ñσ relative to the engine order n in the frequency-σ planes, and it is clear
from Fig. 4a that a resonance of the in-phase mode corresponding to ω̄(n+1)

1 is
guaranteed. For sufficiently large undertuning such that β < βcr < 0 (with βcr

defined below), the out-of-phase mode corresponding to ω̄(n+1)

2 is excited near
resonance; an example of this situation is shown in Fig. 4c for β = −0.10.
One of the more interesting findings of this study is that there are no system
resonances for absorber tuning satisfying

βcr < β ≤ 0, (48)

where βcr is the critical absorber undertuning and is given by Eq. (B.2) of Ap-
pendix B. Zero (resp. critical) detuning, that is, β = 0 (resp. β = βcr), corre-
sponds to ñ = n (resp. n̂ = n). An example of tuning within the no-resonance
gap defined by Eq. (48) is shown in Fig. 4b for β = βcr/2 = −0.00351, where
βcr = −0.00701. This case clearly demonstrates the effectiveness of properly
tuned absorbers. The resonance that occurred at σres = 0.442 when the ab-
sorbers are locked is completely eliminated, and the response amplitudes of
the blades are reduced over the full range of possible rotor speeds.

It should be noted that impacts between the absorbers and the blades will
occur whenever |yi| = 1, or |ψi| = ψo, and this threshold can be identified in
Fig. 4 by log|Y | = 0. It appears from Fig. 4 that the absorbers may experience
impacts over quite a large range of rotor speeds. Keep in mind, however, that
the presence of damping will invariably reduce the blade/absorber amplitudes,
and one cannot asses whether or not impacts will occur in its absence. The
effects of damping will be described in a forthcoming paper [37], and the
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Fig. 4. Absorber and blade frequency response curves and Campbell diagrams for
N = 10, n = 3, α = 0.84, δ = 0.67, µ = 0.015, ν = 0.5, f = 0.01, and zero damping:
(a) +10% detuning (β = +0.10); (b) −0.351% detuning (β = βcr/2 = −0.00351);
(c) −10% detuning (β = −0.10); (– –) frequency response with the absorbers locked.
The critical absorber detuning is βcr = −0.00701. See Table 3 for the corresponding
tuning order data and resonant rotor speeds σres.

impacting dynamics are treated in [15] for the case of a single blade/absorber
combination. An investigation of the impact dynamics for the full cyclic system
of Fig. 1a is left for future work.

Another way to visualize the no-resonance gap defined by Eq. (48) is to con-
struct a plot of the rotor speeds σres corresponding to possible resonances ver-
sus the absorber detuning parameter β. Such a plot is shown in Fig. 5 for the
same parameters used in Fig. 3 and Fig. 4. In this diagram, the no-resonance
gap is identified by the region between the dotted lines corresponding to β = 0
and β = βcr, where βcr = −0.00701 for this case.

The extent of the no-resonance gap depends on the absorber parameters and
the engine order, but is independent of the inter-blade coupling ν. The sensi-
tivity of the gap to variations in these parameters is indicated in Fig. 6, which
follows from Eq. (B.2) in Appendix B. (A simpler approximate expression,
which works quite well over a wide range of parameters, is described below.)
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Fig. 5. Rotor speeds σres corresponding to possible resonances (– –) and those that
satisfy Eq. (41) (—) versus the absorber detuning β for N = 10, n = 3, α = 0.84,
δ = 0.67, µ = 0.015, and ν = 0.50. The no-resonance gap is defined by βcr < β ≤ 0,
where βcr = −0.00701.

In all cases, the sensitivity is most pronounced for small engine orders and it
decreases for increasing n. As shown in Fig. 6a (resp. Fig. 6b) the critical de-
tuning βcr exhibits near-linear (resp. -quadratic) behavior in terms of µ (resp.
α), and by inspection of Fig. 6c it is nearly independent of δ for most engine
orders (n > 2). Note that βcr vanishes (implying that the no-resonance gap
vanishes) in the absence of the absorbers (µ = 0) or when the absorbers are
attached to the periphery of the rotor (α = 0). This is consistent with intu-
ition since zero-mass absorbers cannot provide the required loads to counter
the action of the excitation on the blades. Also, if the absorber and blade
pendulum attachment points coincide on the circumference of the rigid rotor,
their dynamics become independent. It is clear, therefore, that both µ and α
are coupling parameters in the sense that their departure from zero implies
dynamic coupling between the blades and absorbers.

The parameter trends described above, and in particular those shown in Fig. 6a
and Fig. 6b, motivate an expansion of βcr in terms of µ (resp. α) about µ = 0
(resp. α = 0) while keeping only linear (resp. quadratic) terms. Both expan-
sions result in the simple approximation

βapp
cr = − (n2 + 1)2

2n2(n2 − δ)
µα2 +O(µ2, α3), (49)

which works quite well over a large range of realistic parameter values.

Based on the above analysis it is reasonable to choose β = βcr/2, which is
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Fig. 6. Critical percent undertuning −βcr × 100% of the absorbers versus (a) the
dimensionless absorber mass µ (with α = 0.84 and δ = 0.67), (b) the dimensionless
distance from blade base to absorber base point α (with δ = 0.67 and µ = 0.015),
(c) the dimensionless radius of rotor disk δ (with α = 0.84 and µ = 0.015), and
(d) the engine order n (with α = 0.84, δ = 0.67, and µ = 0.015). The dashed
line in (d) corresponds to the large-n approximation of βcr given by Eq. (B.3) in
Appendix B.

simply the average of the exact and critical detuning. Then Eq. (47) becomes

ñ = n
(
1 + βcr

2

)
(50)

and the engine order n is very close to (but not exactly) the average of n̂(ñ)
and ñ. Such a tuning strategy, which is used in the example shown in Fig. 4b,
guarantees (in the absence of damping) no system resonances and it offers
good robustness to parameter and model uncertainties. If one has detailed
information about the nature of the model uncertainties, such information
could be used to provide a more optimal tuning.
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5 Conclusions and Directions for Future Work

An implementation of order-tuned vibration absorbers to a cyclically symmet-
ric bladed disk model has been investigated. A standard change of coordinates
based on the cyclic symmetry of the system was employed to reduce the gov-
erning 2N equations of motion to a set of N , reduced-order equations, and
absorber tuning strategies were formulated based on these equations. It was
shown that ideal, or exact absorber tuning—where the absorber tuning or-
der is chosen to match the order of the excitation—completely eliminates the
system resonances and (in the absence of damping) results in zero-amplitude
steady-state blade vibrations over all rotor speeds. Such a tuning scheme,
however, is susceptible to the effects of parameter uncertainties. An impor-
tant finding of this study is that, in addition to the exact tuning, there exists
a range of absorber undertuning values for which there are no system res-
onances. Therefore, a practical tuning strategy might involve intentionally
detuning the absorbers within this no-resonance gap. This approach offers a
more robust design against system resonances, but at the expense of some
residual steady-state blade vibrations (which will occur in any case, due to
other effects, not modeled herein). As is the case with classical absorber the-
ory [5, 6], the presence of damping will invariably alter this picture. However,
for these order-tuned absorbers, it is desired to have small damping, since
they remain tuned over all operating conditions. The effects of damping on
the effectiveness of the absorbers will be considered in a future paper [37].

The absorber tuning scheme presented here is based on linear vibrations of
an ideal undamped system with identical blades and identical absorbers. The
results offer a basic understanding of the effectiveness of order-tuned vibra-
tion absorbers on the forced response of a bladed disk, and serve as a first
step to the investigation of more realistic models. Some topics for future work
include the inclusion of general-path absorbers that will allow for large ampli-
tude (nonlinear) responses [38, 39], the effects of damping [37], and multi-DOF
blade models [16] with, for example, nonlinear effects, imperfections [40], and
intentional mistuning [41, 42].
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A Mathematical Preliminaries

This appendix reviews some mathematical topics that may not be familiar
to the reader, including the Kronecker product, the Fourier matrix, and the
theory of circulant matrices. Special attention is given to the diagonalization
of circulants and block circulants, the results of which are used to decouple the
governing equations of motion given by Eq. (16) and Eq. (9), respectively. A
detailed account of the theory of circulant matrices can be found in the work
by Davis [23]; proofs of many of the results are detailed in [16, 22] from a linear
vibrations viewpoint. See also [17, 18, 21] for further insight into uncoupling
the dynamic equations of motion for periodic structures.

A.1 The Kronecker Product

Let the matrices A and B be m×n and p×q, respectively. Then the Kronecker
(direct) product of A and B is the mp× nq matrix

A⊗B =


a11B a12B · · · a1nB
a21B a22B · · · a2nB

...
...

. . .
...

am1B am2B · · · amnB

 . (A.1)

Some selected useful properties of the Kronecker product are the following:

(1) If A, B, C, and D are square matrices such that AC and BD exist, then
(A⊗B)(C⊗D) = (AC)⊗ (BD).

(2) If A and B are invertible matrices, then (A⊗B)−1= A−1 ⊗B−1.
(3) If A and B are square matrices, then (A⊗B)H= AH ⊗BH.

Here, ( · )H = ¯( · )T
denotes the conjugate transpose.

A.2 The Fourier Matrix

The N ×N complex Fourier matrix is defined as

EN = [eik] ; eik =
1√
N
w(i−1)(k−1), i, k = 1, . . . , N (A.2)

where w = e
2jπ
N is the primitive N th root of unity, and j =

√
−1. When the

dimension of EN is clear, the subscript N will be omitted.

29



It is shown subsequently that all circulant matrices share the same linearly
independent eigenvectors, the elements of which compose the N columns (or
rows) of E. They are denoted by the column vectors

ei =
1√
N

(
1, w(i−1), w2(i−1), . . . , w(N−1)(i−1)

)T

, i = 1, . . . , N. (A.3)

Equation (A.3) can also be written in terms of ϕi, which is given by Eq. (3),
by noting that ejϕi = w(i−1).

An important property of the Fourier matrix is that it is unitary and, therefore,

EHE = EEH = I, (A.4)

where I is the identity matrix. Finally, if E is unitary then so are the matrices
EH, E⊗ I, and (E⊗ I)H = EH⊗ I.

A.3 Circulant Matrices

An N×N circulant matrix (or circulant for short) is formed from an N -vector
by cyclically permuting its entries, and is of the form

C =


c1 c2 · · · cN
cN c1 · · · cN−1
...

...
. . .

...
c2 c3 · · · c1

 . (A.5)

Thus a circulant matrix is defined completely by an ordered set of generating
elements c1, c2, . . . , cN . It is convenient to define the circulant operator circ ( · )
that takes as its argument these generating elements and results in the array
given by Eq. (A.5), that is,

C = circ (c1, c2, . . . , cN) . (A.6)

An NP ×NP block circulant matrix is defined similarly to Eq. (A.5) and has
the representation given by Eq. (A.6), where each entry ck is replaced by the
P×P matrix Ck for k = 1, . . . , N . The ordered set of matrices C1,C2, . . . ,CN

are referred to as its generating matrices.
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A.4 Diagonalization of Circulants

Equation (A.5) can be diagonalized via the unitary (similarity) transformation

EH
NCEN =


λ1 0

λ2

. . .

0 λN

 , (A.7)

where

λi =
N∑

k=1

ckw
(k−1)(i−1), i = 1, . . . , N. (A.8)

As a consequence, all circulant matrices share the same eigenvectors, which
are given by Eq. (A.3). Their eigenvalues are given by Eq. (A.8) and depend
on the generating elements c1, c2, . . . , cN .

An NP × NP block circulant matrix C with P × P blocks Ck can be block
diagonalized via the unitary (similarity) transformation

(EH
N ⊗ IP )C(EN ⊗ IP ) =


Λ1 0

Λ2

. . .

0 ΛN

 , (A.9)

where 0 and IP are the P × P zero and identity matrices, respectively, and

Λi =
N∑

k=1

Ckw
(k−1)(i−1), i = 1, . . . , N. (A.10)

Note that (EN⊗IP )H = (EH
N⊗IP ). Since Eq. (A.9) is a unitary transformation,

it preserves the eigenvalues of C. Hence its eigenvalues are the eigenvalues of
the N , P ×P matrices Λi. If vi is an eigenvector of Λi then the corresponding
eigenvector of C is ei ⊗ vi.

B The Critical Detuning and Tuning Order

The critical absorber tuning order n̂ is defined implicitly by Eq. (39) and
represents the limiting slope of the natural frequencies ω̄(i)

2 in the frequency
versus σ curves of Fig. 3. It is convenient to express n̂ in terms of the absorber
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tuning order ñ, which is introduced via Eq. (42). Then

n̂(ñ) =

√√√√ â1µ+ â0 +
√
â2

1µ
2 + b̂1µ+ b̂20

2ñ2
, (B.1)

where
â0 = ñ2(ñ2 + δ)

b̂0 = ñ2(ñ2 − δ)

â1 = α2(ñ2 + 1)
(
ñ2 + δ

α
+ 1

)
b̂1 = 2α2ñ2(ñ2 + 1)

(
(ñ2 + 1)(ñ2 + δ)− δ

α
(ñ2 − δ)

)


.

The critical absorber undertuning can be obtained by replacing ñ with n(1+β)
in Eq. (B.1), setting n̂ = n, and then solving for β = βcr. Then βcr is given
implicitly by

(1 + βcr)
2 =

a1µ+ c0 +
√
b2µ2 + b1µ+ c20

c1µ+ 2c0
, (B.2)

where
a1 = α2

(
δ
α
− n2

(
2 + δ

α

))
b1 = −2α2n2(n2 − δ)(n2 + 1)

(
2 + δ

α

)
b2 = α2δ2(n2 + 1)2

c0 = n2(n2 − δ)

c1 = 2α2n2
(
n2 − δ

α

)


.

Note that when µ = 0, the right hand side of Eq. (B.2) is unity, which implies
βcr = 0 (i.e., the no-resonance gap vanishes), and the same is true when α = 0
(in which case a1 = b1 = b2 = c1 ≡ 0, but c0 6= 0).

It is clear from Fig. 6 that changes in βcr due to parameter variations decrease
for increasing engine order. In the limit as n→∞ Eq. (B.2) reduces to

(1 + βcr)
2 =

1

1 + α2µ
, (n→∞) (B.3)

which is shown by the dashed line in Fig. 6d. It depends only on α and µ and
approximates βcr to within 3% of its limiting large-n value for n ≥ 10.
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