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ABSTRACT is convenient to develop a dynamic model for the overall struc:
This paper describes a methodology for developing reduced- ture by taking advantage of the dynamic properties of the sub
order dynamic models of nonlinear structural systems that are structures. Component Mode Synthesis (CMS) was develope
composed of an assembly of component structures. The ap-with those ideas, in order to synthesize models that are describe
proach is a nonlinear extension of the fixed-interface compo- in terms of the component structures and to take advantage
nent mode synthesis technique developed for linear structuresmodel size reduction carried out at the substructure level. Ther
by Hurty and modified by Craig and Bampton. Specifically, are two general types of CMS methods; they are known as th
the case of nonlinear substructures is handled by using fixed- fixed-interface and the free-interface approaches. The fixec
interface nonlinear normal modes. These normal modes are con-interface CMS technique, developed by Hurty ( [1], [2]) and
structed for the various substructures using an invariant mani- simplified by Craig and Bampton ( [3]), is widely used, since
fold approach, and are then coupled through the traditional lin- the reduction procedure is straightforward and typically produce
ear constraint modes (i.e., the static deformation shapes pro-highly accurate models with few component modes ( [4]). An
duced by unit interface motions). A simple system is used to extensive review on CMS can be found in [5]. CMS-type meth-
demonstrate the proof of concept and show the effectiveness ofods are well developed for linear structural models and the
the proposed procedure. Simulations are performed to show thathave been used extensively, especially in the aerospace indus
the reduced-order model obtained from the proposed procedure( [6], [7], [8], [9], [10], and etc.).
outperforms the reduced-order model obtained from the classi- o ) )
cal fixed-interface linear component mode synthesis approach. _ The finite element (FE) method is a versatile tool for mod-

Moreover, the proposed method is readily applicable to large- eling .complex structures, and is used in CMS to model and cha
scale nonlinear structural systems. acterize the substructures. Generally, accurate models of cor

ponent structures require a large number of FE degrees of fres
dom (DOF). For linear systems, model reduction can be achieve
INTRODUCTION using linear modal analysis, wherein one simply truncates th
Many Complex structures are Composed of several relatively higher modes of free vibration. In fact, this is how one carries
simple substructures that are assembled together. This occurs irout model size reduction for the substructures in linear CMS
trusses, bladed-disk assemblies in turbine rotors, aerospace andiowever, the dynamic analysis (e.g., the determination of natu
ground vehicles, and many other applications. In such cases it ral frequencies, mode shapes, time responses) of such structul
can require considerable computational effort, and this is espe

cially the case for nonlinear structures ( [11]).

*Address all correspondence to this author.



The difficult issue of model size reduction for nonlinear wherel is the identity matrix/\ the diagonal matrix of squared
structures continues to be a major challenge for computational linear frequenciesf(n,n) a vector of nonlinear forces the
vibration analysis. For relatively simple systems one can use modal position vector, angithe modal velocity vector. The com-
nonlinear normal modes (NNMs) for this task. For example, ponent form of equation (1) is given by
Shaw and Pierre have developed systematic procedures to obtain
reduced-order models (ROM) via NNMs using invariant mani-
folds ([12], [13], and [14]). Asymptotic series were initially used
to approximate the geometry of the invariant manifold, and this fi +wi2 ni = finj,nj) (2)
approach was applied to the study of a variety of systems, such
as a nonlinear rotating Euler-Bernoulli Beam ( [15]). Peshatck
al. developed a numerically-based Galerkin approach to calcu-
late the geometry of the NNM invariant manifolds out to large
amplitudes of vibration ( [16]). These procedures can be used wherew is the linear free vibration natural frequency of made
for quite general nonlinearities over a wide range of amplitude, andQ is the number of retained linear modes.
and they have been applied to many systems, including the ro-  In order to search for a particular individual NNM, it is
tating beam ( [17]). Recently, these methods have been shownassumed that the NNM manifold is parameterized by a sing|
to be applicable in conjunction with nonlinear FE models ([18]), modal position-velocity pair corresponding to the mode of inter-
which opens a new frontier for their application to more complex est, referred to as the master mode. This is accomplished by u
nonlinear structural systems. ing the fact that for a NNM response all of the remaining modal

The present paper describes recent research that is aimedpositions and velocities are slaved (constrained) to this maste
at extending the fixed-interface linear CMS method to nonlin- mode. For thésth nonlinear mode, we takg = ny, andvy = N
ear structures by making use of the fixed-interface NNMs of the as the master states. The remaining slave states are expressec
component structures. By synthesizing the reduced-order repre-
sentations of the substructures, one can obtain accurate low-order
models of nonlinear structures that are composed of assemblies
of substructures. Ni = X(u,Vi) = XNk Nk) @)

The paper is outlined as follows. We first review the de- = Yiuow) = Yo )
velopment of NNMs, as needed for the individual substructures. ni ko Yk (Mo Nk
The associated invariant manifold equations, parameterized by
modal position and velocity, are formulated, and a numerical for i=1,23,...,Q, i #k.
collocation method is presented that allows one to obtain the
solution of the NNM invariant manifold. Then, the procedures

for fixed-interface nonlinear component mode synthesis are de- that are to be determined. The constraint functions in equation

tscr(;bed. Atﬂvte-[t)r? F sptr;]n%-mas(,js system Is Lljse.d as an Zxamplte(S) and (4) are obtained by an invariant manifold procedure tha
(I) er;:)ns rate the method, anhd some conclusions are drawn Ogenerates equations that can be solved for the unknown co
close the paper. straint relations. The process begins by taking a time derivativ

of the constraint equations, yielding

for i,j=1,23,...,Q

Equations (3) and (4) constitute a set of constraint equation

1 FORMULATION OF INVARIANT MANIFOLD PARAM-
ETERIZED BY MODAL POSITION AND VELOCITY

We begin with a general discrete representation of the vi- ' X . 0% .
brations of a nonlinear structural system, obtained either by a ni = aTUk-F aTVk (5)
finite element model followed by linear modal expansion, or by K K
a Rayleigh-Ritz approach. We assume that the system at linear Ni = ﬁukJr %vk (6)
order is undamped. This assumption greatly simplifies the prob- Ouk OVk

lem, but can be relaxed in principle. In this case, the equations of
motion for anQ-DOF system are uncoupled at linear order and
can be expressed in the form:

for i=1,23,...,Q,i#Kk.

The time dependence in these equations is eliminated b
using the following relationsx = vk, Vk = ik = —ooﬁ Nk +
) fk(nj,Nj). Then, the constraints (equations (3) and (4)) are sub
I i+An=f(n,n) (1) stituted in the resulting expression everywhere in place of the



slave state variables, resulting in a set of partial differential equa- whereg, ande, are the patch indices in thg andvy directions,

tions for the functionsX (uk, vk), Yi(Uk, vk))- This set of N - 2, respectively, andN§ andN§ are the number of patches used in
time-independent, partial differential equations govern the geom- theuy andvy directions, respectively.
etry of thekth manifold, and are given by Substituting equations (9) and (10) into equations (7) anc

(8), the partial differential equations governing the geometry of
thekth manifold in the local coordinatesy v¢) are given by:

0
Y = 7)(4 k+7 (A)%Uk
o 0% 0 .
+ fk(XMYJvukaVk)) (7) i = F(dv+ve) ave( (A)ﬁ (dy+ug)
oY
—6f X+ fi(X},Yj, U ) = A (—w? uy (X1, Y5, Oy UE, dy V) (13)
6
+fk(XJ’ijuk7Vk)) ©) — 2 X+ fi(Xj, Y], dy + UE, dy + ) = (dv+\,9)
aY;
for IvJ :1727373Q7 IaJ 7ék +#( ('q( (du‘i‘uﬁ)"‘fk(XJ7Yj,du+UE,dV+\/E)) (14)

These equations are not solvable in closed form (except in fori,j=1,23,...Q1i,j#k
very special cases) and methods for obtaining approximate solu-
tions forX; andY; are described in the next section. The solution of equations (13) and (14) on the local domair

is obtained by expanding{,Y;) in terms of basis functions as:

2 INVARIANT-MANIFOLD SOLUTION
Asymptotic expansions can be used to obtain approximate
solutions of the invariant manifold equations, equations (7) and Np,u Np,v

)
(8), for smooth nonlinearities, but such solutions are only locally XU M) =5 Y GMLMim(ug, V) (15)
valid ([12], [13]). Numerical Galerkin-based solutions have also ||\1 1”T1

p,u Npv

been developed, wherein one can utilize either local or global
basis functions to describe the invariant manifold ( [16]). In i (U, Vo) = lzi Z D LM, m(Ue V), (16)
this work we employ a Galerkin-based procedure that relies on o .

a patchwork of local solutions to obtain a solution that is valid where LM, m(Ug ) = Ti-(Uic/b) x Tmn-1(k/ V), (17)
over the entire domain, € [—Up, Up] and vy € [—Vp, Vi].

We describe the development of the method for a local do- whereT,_1(x) andTy_1(X) are standard Chebyshev polynomials
main described by € [—up, up] and Vg € [—Wp,Wp]. Once this defined overx € [-1,+1], and theC's and D’s are the to-be-
procedure has been developed, it can be applied to each patchgetermined expansion coefficients. Equations (15) and (16) ar
and the final result is obtained by collecting the results for all substituted into the local manifold-governing equations, equa
patches such that the entire domain is covered. The relations be-tions (13) and (14). Normally, each of the resulting equations i
tween the coordinates in the global domaiR, (k) and those in projected onto the basis functions, but here we employ a colloce
the local domainu, i) are given by tion method, which is computationally more efficient yet retains

very good accuracy. This is carried out by projection of the equa
tions ontoDirac delta functionsn the local master coordinates
over the local domain, yielding

= dy+ Ug, 9)
Vi = Oy + Vi, (10)
U
where d = ~Up + ()@ D+, (D) 0 = [, St~ Wp ¥k~ ¥a) |~ 3 DM
Ug-Vi .M
d d Vi 1 12 Im Y LM m
and dy = — b—&-(N\?)(Q/ )+ Vb, (12) +ZCi (dv+ V) v
m k



1 maLMI m

,ZC

(—02(dy +U8) + o) | dLE dVE (18)

_ [Mu Mu] [XI} +[Ku Ku} Pﬂ]
_ e e \E_\E 1M M Ma My X3 Ka Ku X3
/U%VE?S(uk U ps Yk — Vicq) (*)Z%C. Im a a (20)
I, oLM;, G|(X):| _ l: O:|
M+ 301+ +[GJ(X) °
+ZD"“6LM'm (— R (dy + US) + fi) | dLE dVE (19)
[Mu MIJ]B{XI}BJF[K“ K|‘]:|B|:X|:|B
for i=1,2,3,..,Q,i#k; Ma My | [Xs Ka Kaa] [ Xs o
pzlv---;Np,u; G|(X) B_ 0 B
q = 1, ceey Np_]v7 + GJ (X) - FJ 5

where (g ,,Vgq) € [~Up,Up] x[—Vb,Wp] are the collocation  with junction boundary conditions on displacements and forces
points. Equations (18) and (19) constitute a seR@ — 1) x

Np.u x Npy nonlinear equations in th€’s andD’s. Note that

there areNS x NS sets ofC's andD’s. However, if the system

is conservative and the nonlinear terms are functions of solely X§ = x§7 (22)
the modal positions, then onl:25x N§ x N§ sets ofC’s and FLEP (23)

D’s need to be solved for, and the remaining coefficients can J ’
be generated using symmetries in the solution. Once all of the
expansion coefficients are obtained, Xis andY'’s, which de-
scribe the slaved modes, are known functions of the master state
(ug, V). Fori =k, these known functions are used to exprisa
equation (2) in terms of only; andvg, rendering a single-DOF
oscillator as the reduced-order-model for KTeNNM.

where(-)* denotes quantities associated with substruayend
Qll terms defined below have theinP counterparts. The vector
X% contains all coordinates for the substructure and has di-
mensionN®, X[ is the vector of interior (non-interface) physical
coordinates of dimensianf, andX§ is the vector of junction (in-
terface) physical coordinates of dimensign G} is a vector of
the nonlinear forces associated with &g equationsG§ is the
3 FIXED-INTERFACE NONLINEAR COMPONENT vector of nonlinear forces associated with ¥feequations, and
MODE SYNTHESIS F{ is the vector of reaction forces from substructBiapplied on
substructure. M}, Kfj, etc., are mass and stiffness matrices,

In this section, we extend the concept of the fixed-interface ) ' ) °
respectively, defined in an obvious manner.

CMS of Craig and Bampton ( [3]) by making use of the fixed-
interface NNMs instead of the fixed-interface linear normal
modes (LNMs). First, the nonlinear structural system is par- 3.2 System Representation in Linear Modal Coordi-
titioned into two component structures. Then, fixed-interface nates
dynamic representations of both substructures are constructed, In this section, the (typically) large number of physical co-
where the nonlinear models are expressed in terms of fixed- ordinates for each substucture is first reduced to a smaller (y:
interface LNMs. These substructure models are then reduced us-still possibly large) number of coordinates by truncating using
ing the NNM constraint relations, and subsequently synthesized the substructures’ fixed-interface linear modes; note that this i
with linear constraint modes to produce a ROM that describes the first place where an approximation is made. The physice
the dynamics of the combined structure. coordinates of substructurasandp are transformed into a trun-
cated set of fixed-interface linear modal coordinates using th

3.1 System Representation in Physical Coordinates following coordinate transformations:

Consider a structure that is partitioned into two substruc-
tures, denoted byt and 3. The equations of motion of the
substructures in physical coordinates can be written separately, na
along with appropriate conditions on the common junction coor- XS =W = [q’ﬁl ng] {ng] (24)
dinates, as follows: ¢



XP=whnP= [of Wl (25)

ng
ne

where®y; is theN® x n® matrix of retained fixed-interface linear

normal modesy)y; is the vector of retained fixed-interface linear

modal coordinates (of dimensiof ), W2 is theN® x nc ma-

trix of linear constraint modes)g is the vector (of dimension
nc ) of linear constraint modal coordinates, and similar terms

are defined for substructufe The procedures for calculating

This yields the fixed interface nonlinear equations of motion
expressed in fixed-interface linear modal coordinates, as follows

Inn fin +Ann NN+ Gn(nn) = 0 (29)

This fixed-interface model is still relatively large and is to
be ultimately reduced to a single DOF using the nonlinear moda
reduction procedure described in sections 1 and 2. Note that i
terms of matching notation, the funcuaiBN and dimensiom
here are—f and Q, respectively, in those sections. The NNM

the retained fixed-interface linear normal modes and the linear reduction provides the constraint relations between the slave
constraint modes will be described subsequently. Note that at states and the master states of kHefixed-interface NNM for

this step, the dimension of the system of equations for substruc-

turea has been reduced fromif = n* 4+ nc) to (n* +nc) with
n® << n, and the same is true for substruct@re

3.2.1 Fixed-Interface Linear and Nonlinear Nor-
mal Modes. The concept of fixed-interface linear CMS of
Craig and Bampton ( [3]) is extended by making use of the fixed-
interface NNMs in place of the fixed-interface LNMs. Since the
procedures for substructurasandf3 are the same, these super-
scripts will be omitted from the development.

Consider equations (20) and (21) wiXy = 0, that is, with
the interface fixed. This yields

My X 4+ Ky X +G(X,X3=0) =0. (26)

Using standard linear modal analysis (with the modes ob-
tained forG, = 0), we obtain the normalized fixed-interface lin-
ear modal matrix associated with the interior physical coordi-
nates®,y (of dimensionn; x n, wheren << n;). Then, the re-
tained fixed-interface linear modal matdy is defined as

O ] . (27)

o[

The nonlinear equations of motion (26) are then transformed
into fixed-interface linear modal coordinates using the following
coordinate transformation:

X) = ®Pn NN- (28)

a substructure, and can be expressed as follows:

) (30)
i) (31)

for i=123,...,n i £k

At this stage we have single mode nonlinear models for the
substructures, based on a fixed interface model. We now turn 1
the procedure for coupling these component structure models 1
one another through the interface.

3.2.2 Linear Constraint Modes. The definition of a
linear constraint mode from [3] is adopted here. It is defined by
statically imposing a unit displacement on one physical coordi
nate of the set of junction coordinates and zero displacements ¢
the remaining coordinates of the set. This procedure is applie
consecutively to all junction coordinates. Again, this process is
the same for the andf3 substructures, and therefore these su-
perscripts are omitted. The collection of linear constraint mode:
is obtained from

7Kﬁl K

WYe
lic

(32)

_ {‘Hc
lic

=[]

whereW,c has dimension, x nc andl ;¢ has dimensionc x nc.
Note that nonlinear constraint modes are not considered i
the present study, for a few reasons. First, to do so would requir
additional steps involving the derivation of another set of master
slave relations to describe nonlinear constraint modes (even



they are static). Also, if one were to use nonlinear constraint
modes in the synthesis procedure, the coefficients of the non-
linear terms would be functions of the constraint mode ampli-

tudes, which would make the synthesis process cumbersome to

the point of being impractical. Furthermore, and perhaps most
importantly, since fixed-interface methods work best for assem-
blies of weakly coupled subsystems, for which fixed-interface

(linear or nonlinear, as the case may be) modes are well-suited
to describe component motion accurately, it seems appropriate
to use linear constraint modes to represent the small interface-

induced motion in the components.

Equations (20) and (21) are transformed into linear modal
coordinates using equations (24) and (25). The equations of mo-
tion for both substructures expressed in terms of these coordi-
nates are given by

[lNN MNc}a{ﬁN}a+{ANN 0 ]a[ﬂNr
Mcn Mcc | | fic 0 Kcc Nc
(33)
+[9N(”Nan0):|a { Or
GC(nNanC) FC
[lNN MNcr{ﬁNr+[/\NN 0 ]B{HN]B
Mcn Mcc | | fic 0 Kcc| |[Nnc
(34)
Gl 1 101P
+{~NWN7WC] :{ }
Ge(nnsne) Fc|

with junction boundary conditions on the displacements and
forces:

B

X§=ng = n=xF, (35)
F& = F9 andFb = F9 (36)
FA+FE — o (37)

We now turn to the synthesis procedure.

3.3 Synthesis with Nonlinear Modal Reduction

In this section, the model size of the substructures is reduced
using the NNM constraint relations. The substructure ROMs are
then synthesized to obtain the final ROM that describes the dy-
namics of the combined structure.

Again, the superscripts andp are omitted in the derivation.
The component forms of equations (33) and (34) are given by

6

nc
A+ Zm!icﬁi? + oM+ Mnk.n®) =0 (38)
S=
..N nC
Ak + ZmL“ S + wfnk +ak(nV,nk,n®) =0  (39)
CN+ N CC:+ C < C,.C
mrJ i + st fis S;k?s ns
+ MRS =F, (40)
fori,l =1,2,3,....n, i, £k;
r=123,...,nc,

wherek is thek" fixed-interface master mode defined in section
3.2.1. From equation (38), the expression fi$} is obtained ,
and it is used in equation (40). Rearranging and grouping term
in equation (40) yields

CN N CCupdate c c c
My i zl ‘*‘Zlkrc
+geurdagnN nil nf) = F? (41)
where CCupdatei mrs +erSC*7 (42)
and CC* _ z CN E\ISC7 (43)
i=Lj#
and ~rC,update:g(rZ+g$,*’ (44)
n
and G- = 5 mi"(-wfni -4, (45)
for r=1,23,..,nc.

The modal constraints given in equation (30) are used ir
equations (39) and (41) to reduce the equations of motion ac
sociated with the synthesized fixed-interface linear modal co
ordinates (which are coupled to the constraint modes) onto th
KM fixed-interface NNM invariant manifold (which is uncoupled
from the constraint modes). This approximation will yield an ac-
curate ROM if substructures andp are weakly coupled, that is,
the actual NNM invariant manifold of dimensi@x (2+ n¢) of
the whole structure remains close to Kfefixed-interface NNM
invariant manifolds of the substructures, which are of dimensior
2 x 2. Note that the fixed-interface master modes of the substruc
tures need not be the same.

With the NNM reduction of substructuresandp, equations
(39) and (41) can be expressed in matrix form as



1 Mkc . (A)E 0 . Nk ¢
|:MCK Mé‘é’a‘e} [ﬁc} [ 0 Kec|] |Nc X1 X2 %3
i (46) KoK Kk
J{ Gk(Nk,Nk,Nc) r_[o]a 2 °

G nnc) ] [F K1 | m, P

e [T L

Mok M Updae 0 Kee| |Nne

(47)

Jr[ Glé({]kahkﬂC) ]B [ 0 r
<Nk Nk Ne) Fa]~’

Figure 1. A five-degree of freedom spring-mass system.
along with the junction boundary conditions from equations (35)
and (37). The final form of the synthesized ROM is obtained
by imposing the junction conditions, equations (35) and (37), on
equations (46) and (47), resulting in

B substructure

i SR CR
T - K,k K
Lo W ) e o 0N e S
0 1 Mg g [ +] 0 (@f)? o | |ng m F;J“F ’
M% ME M| Lfic 0 0 Kec] lne ? * 7 KLk, ks
48
r éu ( ) wﬁ 2 3
|3 8 o substructure v substructure
+ G = ,
Gupgate 0
h update update,a update,3 _
wnere M - (M +M )a (49) Figure 2. System substructures.
and Kec = (K& C+KB ), (50)
and GgPdare — G”pdate“(nwr]k,nc) to (2+nc) DOFs. Also, note that all these procedures can be
n Gupdateﬁ(n f] ne) (51) and have been computationally automated. Therefore, it is quit
C k> tIC)-

practical to interface this fixed-interface nonlinear CMS with

nonlinear finite element models of the form in equations (20) anc
In summary, this nonlinear CMS process involves two steps (21).

of model reduction, one of which is standard and uses linear
modes, while the other involves the NNMs. First, we use the
linear modal reduction described in section 3.2 to reduce the sys-4 APPLICATIONS

tem DOF from(n}’ +n{3+ nc) to (® +nP+nc). Note that this A five-DOF nonlinear spring-mass system is used as ¢
reduction is not central to the technique, and may not be used in “proof of concept” example that demonstrates the procedures ar
some systems (in fact, it is not done in the example considered shows the effectiveness of the proposed method. The system
in the next section). Then, the key step makes use of the non- schematically depicted in Figure 1, and naturally partitions intc
linear modal reduction based on the approach described in sec-the three substructures shown in Figure 2. The general features
tions 1 and 2, which reduces the system size ftafrnP 4 nc) this system are that the coupling massis connected to ground



with a very stiff spring«, such that its isolated natural frequency
is significantly larger than the fixed-interface natural frequencies

of the two attached subsystems (that is, when they are attached 00 0 B K K 0 o8
to ground instead of tan). In such a case, mass; will have om0 3 i k_ 2 3
a relatively small amplitude for typical responses, and the fixed- 0 ”(;2 X% + _02 (ke +ka) —ka X%
interface modes of the two attached subsystems will be strongly Mg X3 ki ke X3
reflected in the modes of the combined system. Thus, the pro- (54)
cedure consists in developing single-DOF fixed-interface NNMs —ks(Xg — XE)3 FJB“
for the attached subs_yst(_ams, and combining these using the pro- + k3(Xg 7XL15)3 _ ks(Xg 7XF23)3 =| 0
posed method, resulting in a three-DOF nonlinear ROM that cap- K (xB B XB)3 0
tures the dynamics, except for the high-frequency modes of the SV T2
two attached subsystems. However, by using NNMs to describe
the subsystems, the essential nonlinear interactions between the
linear modes in the substructures will be contained in the result- y v
ing ROM. 00 01 1% ke 011N
0 0 X5+ | - +Kg) — X
The equations of motion of the five-DOF spring-mass sys- ma g ke (k6_ ke) ke 7
. 00ms] [ 0 ks ks | [
tem are given by (55)
—kz(x—x7)° Fy*
k=X~ k04— [ = | ©
k(X5 —x5)3 0
m O O O O X1
8”(‘)2;338 8 Z =8 =x! (56)
00 0m O] |% FP+ R =0 (57)
000 Om| % FY+ F*=o0. (58)
(ke +l(|i+ ke) (k_+k?<4) 7?(4 _CI)(G 8 il The system parameters used for this studynare- 5,my =
+ 02 2_k4 k4 0 0 Xz (52) larn3:1>rn4:l7rn5:17k1:507k2:17k3:2ak4:57k5:
ke 0 0 (Ko-+ks) ks | | 1,ks = 4,k; = 1,kg = 45, andkg = 1.
0 0 0  —ks kg " The natural frequency of substructuxrés w® = 3.16 rad/s,
1L the first (linear) natural frequency of substructris wE =0.69
k(%o —%1)3 — Kz (x4 —x1)3 0] rad/s, and the first (linear) natural frequency of substructuse
ka(Xz — X1)3 — ks(xg — %) 0 w] = 1.40 rad/s. Therefore the substructuBeandy are coupled
+ ks (X3 —x2)2 =10 through substructure via weak coupling, since® >> w?, (o\l’.
k7(xa —x1)2 — ko (X5 — X4)3 0 Applying the procedures from section 3.2.1, the fixed-
ko(xs —x4)3 0 interface nonlinear mode manifolds for the fundamental mode:

The equations of motion for the individual substructures and

the junction boundary conditions are given by

myx§ + kyx§ = FJGB +FY

(53)

of substructure$ andy are obtained. In this simple case the
manifolds can be expressed as constraint functions in which th
second linear modal amplitude and velocity for a substructure
depend on the first modal amplitude and velocity of that sub:
structure. The results obtained numerically for the modal ampli
tude functions are shown in figures (3) and (4). Note that thert
are similar surfaces obtained for the slaved modal velocities, al
though they are not shown here.

Then, applying the procedures from section 3.3, a nonlinea
three-DOF ROM is obtained. In this case it describes the motiol
of the coupling mass and the first NNM for each of the attachec
substructures. This model is simulated with initial conditions
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Figure 3. The contribution of the second fixed-interface linear mode am-

plitude r]g = XS(I’]?, I’]E) to the first fixed-interface nonlinear mode man-
ifold of substructure [3.

Figure 5. The time response of the displacement X1 of mass My from
figure 1, which corresponds to X‘i‘, XE, and X\ll from figure 2.

T T
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—— Original Model, 5 DOF

05- 1 {4 )

2R

LA XX
BLRLRLAL

s
LLLL

05 4 Wl \‘\A Ny 1

-1.51-

Figure 6. The time response of the displacement Xy from figure 1, which
Figure 4. The contribution of the second fixed-interface linear mode am- p

! corresponds to X, from figure 2.
plitude r]‘z’ = Xg(r]‘{, r]\l’) to the first fixed-interface nonlinear mode man-
ifold of substructure Y.

CMS (this is the linearized version of the previous model), anc
the three-DOF nonlinear CMS model developed by the propose
approach. Figures (5) to (9) depict the comparison of the time re
sponses of the various physical degrees of freedom obtained |

simulations of these four models. In these figures the dashed lir
For comparison purposes we use four models constructed labeled NLCMS corresponds to the three-DOF nonlinear CMS

in various manners. They are: the original five-DOF nonlinear model, the dash-dot line labeled LCMS corresponds to the three
model given in equation (52), a three-DOF nonlinear model ob- DOF nonlinear model obtained using linear CMS, the dotted line
tained using linear CMS (that is, by projecting the nonlinear sub- labeled LCMSLPrb corresponds to the three-DOF linear mode
system onto the fixed-interface linear mode and the linear con- obtained using linear CMS, and the solid line labeled Original
straint mode), a three-DOF linear model obtained using linear Model corresponds to the five-DOF original model. From the

initiated on the first fixed-interface nonlinear mode manifolds of
substructure§ andy, as follows:r]g =15n) =04, andnc =
0.1, with initial modal velocities taken to be zero.
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Figure 7. The time response of the displacement X3 from figure 1, which

p

corresponds to X3 from figure 2.
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Figure 8. The time response of the displacement X4 from figure 1, which
corresponds to X\zl from figure 2.

simulation results it is clear that the fixed-interface nonlinear
CMS model outperforms the other low-order models, including
the linear CMS model, which is what is most commonly used in
this type of problems.

It should be noted that there is a range of system parame-
ters where this method gives satisfactory results. One particular
trend worth noting is obtained by varying the stiffnéss As k;

- *‘NLCMS, 3 6OF
| ~ LCMS, 3 DOF
05 LCMSLPrb, 3 DOF
—— Original Model, 5 DOF
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Figure 9. The time response of the displacement X5 from figure 1, which
corresponds to Xg from figure 2.

becomes more accurate, but the amount of substructure intera
tion is reduced, leading to a system which consists of essentiall
decoupled motions for the two attached substructures. In thi
case, the coupling masg responds in a quasi-static manner to
the forces applied at the interface by the attached substructure:

5 CONCLUSIONS

In this paper, we have shown how to extend the fixed-
interface linear CMS technique of Craig and Bampton ( [3]) to
nonlinear structures by making use of fixed-interface NNMs in
place of fixed-interface LNMs. This approach allows one to build
nonlinear reduced-order models with improved accuracy for sys
tems that are composed of assemblies of substructures. The ¢
ample system presented here is quite simple, and the model r
duction is not very significant (from five to three DOFs), but the
method is suitable for more significant reductions, for example
for industrial structures. This follows from the fact that the NNM
method has been developed to the point where it can be applie
to systems with thousands of DOFs. Current work is focusing or
systems with many more DOFs, and includes substructures th
are modeled by nonlinear FE techniques. Specifically, the cas
of rotating beams coupled through an elastic hub is under cor
sideration, where each rotating beam and the hub are consider
as substructures.

is reduced to approach the same order as the stiffnesses of the
substructures, the fixed-interface approximation begins to break ACKNOWLEDGMENT

down and the accuracy of the nonlinear CMS model deteriorates.
On the other hand, dg is increased, the nonlinear CMS model
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