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Steady-State Responses in
Systems of Nearly-Identical
Torsional Vibration Absorbers
In this paper we consider the steady-state response of a rotor fitted with a system of
identical torsional vibration absorbers. The absorbers are of the centrifugal pendu
type, which provide an effective mean of attenuating torsional vibrations of the rotor
given order. The model considered employs absorbers that are tuned close to the or
the excitation, with an intentional mistuning that is selected by design, and imperfec
among the absorbers which arise from manufacturing, wear, and other effects. It is s
that these systems can experience localized responses in which the response ampl
one or more absorbers can become relatively large as compared to the response
corresponding system with identical absorbers. The results are based on an exact s
state analysis of the mathematical model, and they show that the strength of the loc
tion depends on the average level of absorber mistuning (a design parameter), the
nitude of the relative imperfections among the absorbers, and the absorber damping
found that the most desirable situation is one in which the relative imperfections are
as small as possible, and that this becomes more crucial when the levels of mistunin
damping are very small. The results of the analysis are confirmed by simulations o
fully nonlinear equations of motion of the rotor/absorber system. It is concluded tha
presence of localization should be accounted for in absorber designs, since its pre
makes the absorbers less effective in terms of vibration reduction and, perhaps
significantly, it can drastically reduce their operating range, since such absorbers
cally have limited rattle space.@DOI: 10.1115/1.1522420#
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1 Introduction
Research on the phenomenon of localization has shown

when the degrees of freedom of a periodic structure are we
coupled and there are some irregularities or disorder among th
mode localization may occur. This results in confined regions
the system~that is, specific degrees of freedom! where vibration
energy is concentrated. The underlying feature of these system
the presence of multiple system modes with close natural freq
cies. Some of the relevant work on localization in mechani
vibrations includes the following papers: Hodges@1# and Hodges
and Woodhouse@2# showed that structural irregularities can res
in localized motions in elastic systems. Pierre and Dowell@3#
investigated localization phenomenon in a chain of coupled os
lators, and Pierre et al.@4# theoretically and experimentally inves
tigated localization of the free modes of vibration of disorder
multi-span beams constrained at slightly irregular intervals. W
and Pierre@5,6# studied both free and forced vibration localizatio
in nearly periodic mistuned assemblies with cyclic symmetry
singular perturbation approach has been shown to be very u
in describing localization behavior by Happawana et al.@7#. Also,
it has more recently been found that localization can occur
nonlinear systems, even when the subsystems are perfectly tu
In this case, the mistuning is caused by the amplitude depend
of the subsystems’ frequencies and other nonlinear effects.
for example, Vakakis and Centikaya@8#, King and Layne@9#, and
Chao and Shaw@10#.

In a previous study of localization in vibration absorber sy
tems, the authors showed that when the ratio of the coupling
tween the absorbers to the imperfections among them is smal
free vibration modes of the undamped rotor/absorber system
calize @11#. An interesting feature of this system is that the co

1Corresponding author
Contributed by the Manufacturing Engineering Division for publication in t

Journal of Manufacturing Science and Engineering. Manuscript received Au
2001; Revised July 2002. Associate Editor: G. Flowers.
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pling is through the primary~rotor! inertia, and the coupling pa
rameter is an inertia ratio. The results of that study motivated
present investigation, which focuses on the steady-state resp
of systems of nearly-identical centrifugal pendulum vibration a
sorbers~CPVAs!. An important feature of these absorbers is th
they are tuned to a given order of rotation, rather than to a gi
frequency, and are therefore effective at all rotation speeds.
torical background and applications of CPVAs can be found
@12,13#, and the papers by Shaw and co-workers listed in
references.

Since this work spans the fields of localization and vibrati
absorber design, a comment on terminology is in order. Spe
cally, the termmistuning is used in different contexts in thes
fields. In this paper the termmistuningrefers to the relative dif-
ference between the order of the absorber, that is, the orde
which it is tuned and the order of the applied torque.2 This is a
parameter that is set by the designer of the absorber system
absorber systems are designed so that they all have the same
ing, and thus the same mistuning. The termimperfectionhere
refers to a deviation from the desired tuning, which results fr
manufacturing tolerances, wear, and other factors, and is not
tated by design. These imperfections will vary among absorber
a given system.

The paper is organized as follows. Section 2 describes the
sorber system and the mathematical models used in the ana
and simulations. Section 3 describes the analytical expression
the steady state response of the linearized system and cons
some special cases. Section 4 presents sample results from
examples and a discussion of some general parameter trends
paper closes with a discussion in Section 5.

e
ust

2These absorbers use the centrifugal field to establish the restoring force, an
thus be tuned to given order, rather than a given frequency, and are effective a
order at all rotor speeds.
2003 by ASME Transactions of the ASME
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2 Mathematical Formulation
The idealized system consists ofN CPVAs, modeled as poin

massesm, mounted on a rotor with moment of inertiaJ, as sche-
matically shown in Fig. 1. The nonlinear, dimensionless equati
of motion for this system are obtained by Lagrange’s method
are given by@14#

wsi91@si81g̃i~si !#w82
1

2

dxi

dsi
~si !w52masi8 , i 51, . . . ,N

(1)

n

N (
i 51

N Fdxi

dsi
si8w

21xi~si !ww81g̃i~si !si8ww81g̃i~si !si9w
2

1
dg̃i

dsi
~si !si

2w2G1ww8

5
n

N (
i 51

N

mag̃i~si !si8w2mow1Go1G~u!, (2)

where~•!8 represents differentiation with respect to the rotor a
gular orientation,u, and the various terms are defined below. No
that the equations of motion have been formulated in such a m
ner that the rotor angle,u, is the independent variable, in place
time. This converts the nonlinear forcing term,G~u!, into a peri-
odic forcing term, which facilitates the analysis.3 The ith absorber
is riding on a path specified by the functionRi(Si), chosen by
design.Ri denotes the distance from a point on theith absorber
path to the~fixed! center of rotation, andSi is an arc length vari-
able along the path.si is the nondimensional arc length variab
given bysi5Si /Ro , whereRo is the value ofRi at the vertex of
the path, i.e.,Ro5Ri(Si50). w is the ratio of the rotor angula
velocity, u̇, to the nominal rotor angular velocity,V, i.e., w
5 u̇/V. The variablessi and w represent the generalized coord
nates for thisN11 degree of freedom system. The parametersma
andmo represent the nondimensional damping coefficients for
absorbers and the rotor, respectively, i.e.,ma5ca /mV and mo
5co /JV, whereca , andco are the equivalent viscous dampin
constants for the absorber/rotor and rotor/ground interfacesGo
and G~u! are the nondimensional mean and fluctuating com
nents of the applied torque, that is,Go5To /JV2 and G(u)
5Tu /JV2. It is assumed that all absorbers have the same m
m, the same damping,ma , and the same value ofRo . The param-
eter n represents the ratio of the total moment of inertia of
absorbers about the center of rotation to the rotor inertia, i.en

3In rotating systems the applied torques generally depend explicitly on the r
angle, rather than time.

Fig. 1 Schematic diagram of a rotor fitted with multiple CPVAs
Journal of Vibration and Acoustics
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5Io /J, where I o5moRo
2 and mo5Nm. The dimensionless path

functionsxi(si) and g̃i(xi) are defined as follows:

xi~si !5S Ri~siRo!

Ro
D 2

(3)

g̃i~si !5Axi~si !2
1

4 S dxi

dsi
~si ! D 2

,

wherexi is simply (Ri /R0)2 andg̃i is related to the tangent alon
the absorber path. The fluctuating component of the app
torque is periodic and generally contains several harmonics
most situations only one or two harmonics have significant am
tude, and therefore we approximate the fluctuating torque by
dominant harmonic, taken to be of ordern. For example, in four-
stroke IC engines,n is equal to half the number of cylinders.

Equation~1! represents the dynamics of the absorber mas
and it is clear that theith absorber is only indirectly coupled to th
other absorbers through the dynamics of the rotor, represente
w. Equation~2! represents the torque balance on the rotor, wh
it is seen that the dynamic effect that each absorber has on
rotor arises in an identical manner, and their total effect is c
tured in the summation terms. This type of coupling leads to
interesting symmetry in the system, which can result in a vari
of interesting instabilities and bifurcations@10,14,15#.

The phenomena of interest here can be captured using a lin
ized model of the equations of motion. To that end, the abso
path functionxi(si) is expanded as follows@16#

xi~si !512ñi
2si

21O~si
4!, (4)

where ñi is the ~order! tuning of theith absorber. This tuning is
determined by the curvature of the absorber path at its vertex@13#.
It is convenient to express the path order,ñi , as follows:

ñi5n~11s i !,

wheres i is a ~typically small! quantity that describes the mistun
ing and imperfection of theith path. The mistuning represents
nominal value ofs i that is the same for all absorbers, while sm
differences between absorbers are caused by imperfections.

For realistic systems, many of the dimensionless parameters
small, including the inertia ration, the absorber damping leve
ma , the mistuningss i , and the fluctuating torqueG~u!. These
observations follow, respectively, since one typically uses a r
tively small amount of inertia for the absorbers, the absorb
should be lightly damped for good performance~since they re-
main tuned at all rotor speeds!, they are tuned near the order of th
applied torque, and the torque is scaled by the kinetic energ
the rotor, which is typically large. These facts will allow for som
useful approximations in the analytical results.

The model of interest is obtained by first cancelling the me
rotor torque with the mean bearing torque,mo5Go , which dic-
tates the nominal dimensionless rotor speed,w51. The dynamic
variables are then linearized about the operating condi
(si ,w)5(0,1). This results in linear equations of motion for bo
the rotor and the absorbers. The linearized rotor equation ca
solved forw8, resulting in

w85S 1

11n D FG~u!2
n

N (
k51

N

~sk92mask8!G (5)

which is the linearized rotor angular acceleration expressed
terms of the absorber dynamics. This quantity is a useful mea
of the torsional vibration level, since it is zero in the desir
operating condition, that is, when the rotor spins at a constant r
However, it must be noted that the rotor acceleration is domina
by nonlinear effects, even when the absorbers behave in an e
tially linear manner@10#. This is due to the fact that the absorbe
effectively cancel the linear component of the rotor accelerati
This will be evident in the numerical simulations.

The linearized absorber equations are given by
otor
JANUARY 2003, Vol. 125 Õ 81
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si91masi81ñi
2si52w8, i 51, . . . ,N, (6)

from which it is clear that the rotor acceleration acts as a ro
tional base excitation, applied identically to each absorber. I
now straightforward to eliminate the rotor equation of motio
leaving a set of coupled linear equations that describe the dyn
ics of the absorbers, as follows,

si91masi81ñi
2si2

n

N~11n! (k51

N

~sk92mask8!52
G~u!

11n
,

i 51, . . . ,N. (7)

These equations have a very special structure that arises from
physical nature of the coupling: each absorber is identic
coupled to all other absorbers, including itself, through the su
mation term, which arises from the rotor acceleration.

The steady-state response of this systems of equations, an
conclusions drawn from it, form the main results of this paper

3 The Steady-State Response

Exact Solution. We use a complex formulation of the prob
lem to conveniently determine the steady state response o
system. The periodic torque of ordern is modeled byG(u)
5 f ejnu where f PC is the complex torque amplitude andj
5A21. The resulting steady-state absorber responses are
pressed assi5Aie

jnu where eachAiPC, and the steady-state ro
tor response, expressed in terms of its angular acceleratio
taken to bew85Bejnu whereBPC.

When these are substituted into Eq.~7!, the following equations
for the steady-state absorber amplitudes are obtained:

Aig i1r(
k51

N

Ak5b, (8)

where

g i5ñi
22n21 jnma ,

r5
n

N~11n!
~n21 jnma!,

b52
f

11n
. 6 (9)

It is not difficult to uncouple this system of equations. This
accomplished by noting from Eq.~8! that the quantity

Aig i5b2r(
k51

N

Ak5D (10)

is independentof i, andD is defined for convenience. The fact th
Aig i is the same for each absorber is not surprising, since
simply a frequency domain statement of Eq.~6!, which results
from the fact that each absorber is driven identically by the ro
acceleration. Thus, the absorber amplitudes can be express
Ai5D/g i . From this result, it can also be seen thatD5B, which
represents the complex magnitude of the rotor acceleration.

In order to uncouple the amplitude equations, we use

Akgk5Aig i , ;k,i , (11)

solve for eachAk in terms ofAi , substitute this into Eq.~8!, and
solve forAi , resulting in

Ai5
b

g i S 11r(k51
N

1

gk
D , i 51, . . . ,N. (12)

This result expresses the complex response amplitude of thith
absorber in terms of known system and excitation parameter

Note that the excitation ordern plays the role of the excitation
frequency, but that this quantity is fixed in these applicatio
82 Õ Vol. 125, JANUARY 2003
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Therefore, these results are not used to quantify the absor
frequency responses, but rather as means of investigating
features of the response depend on parameters such as th
sorber damping, the inertia ratio, the number of absorbers, and
mistuning and imperfections of the absorbers.

These results also allow for the solution of the complex ro
acceleration amplitude, which can be expressed in several fo
including

B5D5b2r(
k51

N

Ak5
b

11r(k51
N

1

gk

, (13)

where the latter is very useful since it expresses the result dire
in terms of the system and excitation parameters. This amplit
contains information about the ultimate system performance,
is, the rotor vibration, as measured by its angular accelerat
However, as noted above, an accurate measure of the rotor a
eration requires inclusion of at least the leading order~quadratic!
nonlinear terms.

It is interesting to note that the ratios between the absor
amplitudes are given directly by Eq.~11!. Thus, one can immedi-
ately compute the ratio of largest to smallest absorber amplitu
by using max(Ai /Ak)5max(gk /gi) and noting that, when the ab
sorber dampings are equal, this is determined by using the
sorber with the most mistuning fork and that with the smalles
mistuning fori. Thus, the largest amplitude ratio is given by

maxuAi /Aku>Asmax
2 1~ma /n!2

smin
2 1~ma /n!2, (14)

where small terms involvings2 have been ignored. Thus, it i
seen that for small damping the maximum ratio of mistunin
plays the key role in the degree of localization in the system. A
for moderate levels of damping, any differences in mistunin
have a less pronounced effect.

Some Special Cases.Insight about the system response c
be obtained by considering some special cases of interest.
results from these cases yield convenient and insightful fo
when approximations are made based on the small paramete
sumptions described above. Specifically, when the ‘‘small para
eter assumption’’ is made in the following developments, it im
plies that the result has been expanded in terms of
dimensionless parametersn, s i , ma and f, and quantities involv-
ing products of these parameters have been ignored.

The first special case is that of identical absorbers, such
ñi5ñ0; i , which implies thats i5s0; i and g i5g0; i . This
analysis is useful for setting the average level of mistuning to
designed into the absorbers. The small parameter assum
yields

Ai>
2 f

n~2s0n1 j ma1nn!
, (15)

and

B>
2 f ~2s0n1 j ma!

2s0n1 j ma1nn
. (16)

Note that there is a resonance for small damping when the m
tuning satisfiess052n/2. This corresponds to the case when t

Table 1 Data for example 1

Absorber a.s b. s c. s d. s

1 0.0016 0.0016 0.0016 0.001
2 0.0120 0.0013 0.0013 0.001
3 0.0080 0.0080 0.0015 0.001
4 0.0100 0.0100 0.0100 0.001
Transactions of the ASME
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Fig. 2 Absorber amplitudes versus fluctuating torque level for example 1. See
Table 1.
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excitation order matches that of a natural mode of the system
which all absorbers move synchronously and out of phase w
respect to the rotor. For small values of the inertia ration, this
resonance is very close to the ideal tuning point,s050. Note also
that the rotor acceleration is equal to zero when the abso
damping and mistuning are both zero. Due to the close proxim
of the resonance to the ideal tuning point, a small amoun
positive mistuning is typically employed to provide robustne
against potential resonance problems. In fact, this resonance e
has an important nonlinear character and is quite well unders
@12,14#.

The next special case is when two sets of absorbers are tak
have mutually identical levels of mistuning, one of which is ze
and the others0 . The goal here is to observe what happens i
subset of absorbers is perfectly tuned, while another group is
tuned. Without loss of generality~for this case!, it is assumed that
the first M absorbers are identically mistuned withs i5s0 , i
51,2, . . . ,M (,N) and the remainingN2M absorbers are per
fectly tuned, that is,s i50, i 5M11, M12, . . . ,N. Again using
the small parameter assumptions, the results for the complex
plitudes of the absorbers and the rotor are given, respectivel
follows:

A15 . . . 5AM>
2 f N jma

n~N~2s0n1 j ma!~ j ma1nn!2M2s0n2n!
,

AM115 . . . 5AN>
2 f N~2s0n1 j ma!

n~N~2s0n1 j ma!~ j ma1nn!2M2s0n2n!
,
J

(17)
and

B>
2 f j ma~2s0n1 j ma!

N~2s0n1 j ma!~ j ma1nn!2M2s0n2n
. (18)

Of course, theM5N case matches the previous special ca
These results offer useful insights into the response that are m
clear by considering the zero damping case,ma50. Here the rotor
acceleration is zero (B50) as are the amplitudes of the firstM
absorbers, that is, those that are mistuned. The response amp
of the perfectly tuned absorbers in this case is given byAi5
2 f N/((N2M )nn2), i 5M11, . . . ,N. In this case, the mistune
d Acoustics
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of

ss
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a
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am-
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absorbers do absolutely nothing—they do not move and do
dynamically contribute to the rotor vibration~other than acting
like a flywheel!. The rotor vibration is completely attenuated b
the set of tuned absorbers, whose amplitudes are magnified b
ratio N/(N2M ) when compared to the case when all absorb
are ideally tuned. This amplification allows them to make up
the lack of contribution from the mistuned absorbers. Here
localization is clearly evident. The most severe case is when o
one absorber is perfectly tuned, in which case its amplitude
given by AN52 f N/(nn2) while the remaining absorbers hav
zero amplitude. The localization becomes less severe if more
sorbers are perfectly tuned, until the caseM5N, considered
above, where no localization occurs. Of course, the presenc
damping makes these results less sharp, in terms of the tuning
the degree of localization. Generalizations of these observat
can be made for cases in which there are two or more group
absorbers, each mutually identically mistuned.

In order to examine these effects for more general conditio
specifically with imperfections, we turn to some numerical e
amples in which the absorbers are given individual values of t
ing.

4 Numerical Examples and Parameter Trends
For all cases in this section we consider a system of four

sorbers,N54, with the following numerical data: inertia ratio
n50.1662 and torque ordern52.4

The Effects of Imperfections Among Absorbers—Example
1. For this example we take the damping to bema /N50.0013.5

Four cases are considered, for which the mistuning levels
shown in Table 1. The first case corresponds to a situation wh
the absorbers are mistuned in a positive manner, but one abs
has an imperfection such that it has a smaller mistuning level t
the remaining three. The second case corresponds to a situ
where two absorbers have smaller mistuning

4These values are borrowed from the study of a particular in-line, four-cylin
engine by Denman@13#.

5The absorber damping is modeled as an equivalent linear viscous damping
does not depend on the total mass of the absorber system, i.e., the quantityma /N
5ca /moV is a fixed physical quantity.
JANUARY 2003, Vol. 125 Õ 83
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levels than the other two. The third case corresponds to a situa
where the absorbers are only slightly mistuned, and one abso
has an imperfection that gives it a larger mistuning level than
other three. The fourth case corresponds to a situation where
the mistuning level is small and there are imperfections among
absorbers.

The amplitudes of the steady-state responses of the four ab
ers are plotted versus the applied torque level for these four c
in Fig. 2. The simulation results shown are obtained by num
cally solving the full nonlinear equations of motion for the case
epicycloidal absorber paths~these paths are the closest to bei
linear over a wide range of amplitudes, cf.@13,15#!. Also note that
the dashed line represents the absorbers’ response for the s
when all absorbers are identical and perfectly tuned to the orde
the applied torque. It is clear from this figure that localizati
indeed occurs for this system. The severity of the localizat
depends on the tuning differences, that is, the imperfections,
tween the absorbers. The absorbers with smaller mistuning le
localize whenever any of the other absorbers have larger leve
mistuning. This follows since the absorbers with tuning closes
the ideal tuning will do most of the work in counteracting th
applied torque. It is also clear from the figure that the strength
the localized response depends on the number of absorbers
localize. As expected, the most severe case occurs when on
sorber has a small level of mistuning compared to the remain
absorbers, that is, case 1~a!, as shown in Fig. 2~a!. These obser-
vations are consistent with the special cases considered in
previous section.

The Effects of the Average Level of Imperfections—
Example 2. This example is limited to the most severe case
which only one absorber localizes. Here, the damping level is k
the same as that in example 1, but the overall levels of imper

Table 2 Data for example 2

Absorber a.s ~%! b. s ~%!

1 0.0003~0.03! 0.0002~0.02!
2 0.0024~0.24! 0.0012~0.12!
3 0.0016~0.16! 0.0008~0.08!
4 0.0020~0.20! 0.0010~0.10!
84 Õ Vol. 125, JANUARY 2003
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tions are reduced. The two cases shown in Table 2 are consid
The first case has imperfection levels one fifth of those in exam
1~a!, while the second case has imperfection levels one tenth th
of example 1~a!. The amplitudes of the absorbers’ steady-st
responses versus the applied torque level for these two case
shown in Fig. 3. It is clear that localization becomes weaker wh
the imperfection levels are reduced.

The Effects of the Average Level of Mistuning—Example 3.
In this example three cases are considered, in which nomina
tentional mistuning levels of 0.016, 0.033, and 0.05 are adde
all four absorber paths of example 1~a!, respectively. The relative
imperfections among the absorbers’ paths are similar to thos
example 1~a!, and are shown in Table 3. The amplitudes of t
absorbers’ steady-state responses versus the applied torque
for these three cases are shown in Fig. 4. It is clear that the sy
becomes less localized when a positive intentional mistuning
introduced, especially when it is large compared to the imperf
tions in the absorbers’ paths.

The Effects of Damping. To see the effects of the absorb
damping level, the cases of examples 1~a!, 2~a! and 2~b! are re-
considered with variable damping levels. The ratios of the ma
mum to the minimum absorber amplitudes,uAmax/Aminu, are plot-
ted versus the damping levelma for these examples in Fig. 5.6

These results clearly demonstrate that increasing the abso
damping decreases the strength of the localized response.
note that the strength of the localization is greater as the ma
tude of the imperfections is increased. This is due to the fact
as the absorber tunings become more spread out, the abs
closest to perfect tuning will do the bulk of the absorbing.

The Effects of Varying the Tuning of a Single Absorber. In
each of the two cases considered here, a certain mistuning lev
assigned to three of the absorbers and the mistuning of the fo
absorber is varied from zero to the corresponding value of
other absorbers. The levels of mistuning for the three absor
are taken to be 0.008 and 0.002 for the two cases. Figure 6 sh
the maximum absorber amplitude ratio versus a measure of
difference in mistuning between the absorbers. Note that as
difference in mistuning between the fourth absorber and the o

6Note that all curves start at the ratio between the largest and smallest leve
mistuning, which is 7.5 for all cases considered here.
Fig. 3 Absorber amplitudes versus fluctuating torque level for example 2.
See Table 2.
Transactions of the ASME
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Table 3 Data for example 3

Absorber a.s b. s c. s

1 0.018 0.035 0.052
2 0.028 0.045 0.062
3 0.025 0.042 0.058
4 0.026 0.043 0.060
Journal of Vibration and Acoustics
three becomes larger, the degree of localization becomes stro
It is also clear that the localization is stronger for higher absol
magnitudes of mistuning. This is due to the fact that the lar
mistuning prevents the three absorbers from working effectiv
while the forth absorber does virtually all the absorbing when
mistuning is relatively small~that is, on the right side of the
graph!.
Fig. 4 Absorber amplitudes versus fluctuating torque level for example 3. „a…
snÄ0.016, „b… snÄ0.033, „c… snÄ0.050. See Table 3.

Fig. 5 Effect of damping level on localization
JANUARY 2003, Vol. 125 Õ 85
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Fig. 6 Effect of mistuning differences on localization

Fig. 7 Nondimensional rotor acceleration versus fluctuating torque level for ex-
ample 1. From numerical simulations.
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5 Discussion

Summary. In the presence of small imperfections betwe
the absorber paths, localization can occur in the forced ste
state response of CPVA systems. The severity of the local
responses depends on~i! the level of damping,~ii ! the imperfec-
tions among the absorber tunings,~iii ! the average level of mis
tuning, and~iv! the number of absorbers experiencing localiz
tion. These results can be quantified using the analytical res
which can be used to guide absorber design specifications.

A Note on System Performance. There are two primary rea
sons why localized responses should be avoided in these abs
RY 2003
n
dy-

zed

a-
lts,

rber

systems. The first is that they degrade system performance
terms of the ability of the absorbers to attenuate torsional vib
tions. The second is the fact that the localizing absorber~s! will hit
its ~their! amplitude limits at a smaller level of applied torque th
if there were no localization. This means that for a limited rat
space, localization decreases the system’s operating range.

These consequences are demonstrated in Fig. 7, which sh
the amplitude of the nondimensional angular acceleration of
rotor for the systems given in examples 1~a! and 1~b!. The figure
also shows the case of the perfectly tuned system in which
absorbers move at the same amplitude. This figure was obta
by numerically simulating the full nonlinear equations for the ca
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of epicycloidal paths. Note the essentially nonlinear characte
this response, even though the absorber motions are quite a
rately described by their linearized equations.

The simulations are run up to a torque level at which at le
one absorber reaches a limit in amplitude that is imposed by
nature of this path@13#. It is seen that the perfectly tuned path
offer the lowest rotor torsional vibration levels over the wide
range of torques. A modest amount of localization, given by
ample 1~b!, does not have much effect on the torque range,
results in larger vibration levels. The more severe localization
example 1~a! yields slightly larger vibration levels, but, more im
portantly, it causes a significant reduction in the operating ran

Recommendations. Increasing the damping level reduces t
severity of localization~when it occurs!, but this is not a desirable
solution to the localization issue, since it severely affects abso
performance~see Eq.~18! and note the strong dependence onma).
In addition, damping is difficult to implement into absorber d
signs in a controlled manner. A more effective solution to av
localization in CPVA systems is to introduce a small amount
intentional mistuning in the absorber paths, as demonstrate
Fig. 4. The mistuning level can be implemented by kinema
configuration of the absorber paths, and should be selected t
relatively large compared to the imperfections among the abs
ers. This strategy, which requires information about the toleran
caused by manufacturing, wear, and thermal effects, will rend
CPVA system robust against localization, and will maintain go
absorber performance, since mistuning does not affect rotor a
eration as severely as does damping~cf. Eq. ~18!!.

It has long been known that positive mistuning is useful
avoiding the nonlinear jump behavior that occurs for absorb
with the popular circular path@12#. In fact, virtually all absorbers
used in practice employ some type of positive mistuning, eit
linear ~achieved by order selection! or nonlinear~achieved by em-
ploying a cycloidal absorber path@14#. More recently the authors
have shown that this type of mistuning is also beneficial for avo
ing a symmetry-induced nonlinear instability that occurs for
wide range of absorber paths@14#.

Therefore, a suggested design strategy would include cons
ation of both localization and dynamic instabilities, based on
timates of system parameters such as damping, the inertia r
etc., as well as bounds on the uncertainties in the absorber pa
eters. The selection of the mistuning level could then be m
based on avoiding all types of dynamic behaviors that reduce
effectiveness of the absorbers.
Journal of Vibration and Acoustics
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Finally, many of these features of absorber systems are
rently being investigated using an experimental facility that p
mits one to systematically control the excitation, and measure
responses of the rotor and the individual absorbers@17#.
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