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fVector Space (or Linear Space): A vector space (V, )
consists of a set (of vectors) V, a field (of scalars) IF and two
operations viz. addition of vectors (+) and multiplication of
vectors by scalars (-), which obey the following axioms:

1. Addition is given by
+: VXV —->V:(x+y) ox+y;ltis
# Associative:
(x+y)+z=z+ (y+z2), Ve,y,z €V
o Commutative:x+y=y+x, Ve,y €V
# d!identity 0, (called the zero vector), s.t.
r+0=0+x=a, Ve €V
o d!inverse: Vx € V, J!(—x) € V s.t.
x+ (—x) = 0;
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2. Multiplication by scalars is given by
.t FXV — V(a,x) — ax, where Ve € V and
Va,3 € T,
® (af)x = a(Bx)
® lx =x, Oxx = 0;
3. Addition and multiplication by scalars are related by
distributed laws viz.
® VreV, Va,B€EF (a+ B)r = ax + Bx
® Ve,y e V,Va e Fa(x+y) =axr+ ay.

Subspace: Let W be a subset of V. If W Is a vector space
itself, with the same vector space operations as YV has, then

it Is a subspace of V.

o
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flnner Product Space: A vector space (V, F) is an inner
product space Iif there is a function {-,-) : ¥V X V — I such
that for every x,y,z € V and a € F the following hold:

® (r+y,z)=(x,2)+ (Y, 2),
(T, y + 2) = (z,y) + (x, 2)

(z,ay) = af{x,y) Va €F
lz)|? = (z,z) > 0
(x,x) = 01f and only = = 0.

e o o o

(x,y) = (y,x), where the overbar denotes the
complex conjugate operator.

The function (-, -) Is called the inner product on V.

o
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The supremum or least upper bound (LUB) of a set S of
real numbers is denoted by sup(S) and is defined to be the

sma
num
num
also

lest real number that is greater than or equal to every
per in S. Every nonempty subset of the set of real

pers that is bounded above has a supremum that is
an element of the set of real numbers.

sup{r ER:0< <1} =sup{fr eR:0< <1} =1.

The

Infimum or greatest lower bound (GLB) of a set S of

real numbers is denoted by Inf(S) and is defined to be the
biggest real number that is smaller than or equal to every
number in S. Any bounded nonempty subset of the real
numbers has an infimum in the non-extended real numbers.
inff{freR:0<x <1} =0.
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fVector Norms: Let X’ be a vector space, a real-valued
function || - || defined on X Is said to be a norm on X If it
satisfies the following properties:

x| > 0 (positivity) ;
x| = 0 if and only If x = 0 (positive definiteness) ;
az|| = |al||x||, for any scalar o« (homogeneity) ;

x + yl|| # ||x|| + ||y|| (triangle inequality) for any
re Xandy € X.

e o o o
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fFinite-dimensionaI Vector p-norm: Let x € R™. Then we
define the vector p-norm of x as

n 1/p
felly o= (Y fail?) " tor1<p< oo
=1

In particular, when p = 1, 2, oo, we have

n
el s= Y fals flllz o= | D il
- \=

[2]|co := max [xz;]
1<i1<n
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quuivaIence between p-norms: All p-norms are equivalent
In the sense thatif || - || and || - || 3 are two different

p-norms, then there exist positive constants ¢; and cs such
that

cilzlle < llzllp < caf|zlla

for all z € R™.
For the 1—, 2—, and co—norms, we have

lz]l2 < [lzlls < vnllx]l2
[z]loo < llzll2 < v7l|2]loo
[Zlloo < ll2]l1 < 12|l

—p.8/3



fH(’jlder Inequality: For all z € R"*, y € R",
1 1
2yl < Nlzllpllyllg, —+ - = 1.
p q

For p = q = 2, Holder’s inequality results in the
Cauchy-Schwarz inequality.

For £, spaces with f € £, g € £, and 11) + % = 1:

/ £ (t)g(t)|dt < ( / If(t)lpdt>1/p ( / Ig(t)|th>1/ "

o
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fMatrix Induced Norms: Let A = [a;;] € R™*", then the
matrix norm induced by a vector p-norm is defined as

| Az||
|Allp := sup £ = max | Az
220 ||Zllp  lzl,=1

® The induced matrix 2-norm

|All2 = /Amac (AT A)
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® The induced matrix 1-norm
m
|All1 = max » |ag]
Ji=1
® The induced matrix oo-norm

n
|Allco = m?XZ |aij|
j=1

# Frobenius norm (not an induced norm)
| Allp = ViraceATA = | /577 | 577 |ai; 2.

o
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fFacts of Matrix Norms: Let A € R™*™ and B € R™*!,
given unitary matrices U € R™*™ and V € R"*", i.e.,

Ul =1,,, V'V = I,,, we have

Al < [[All2 < vl Al
Al < 4]l < VRl Allx
[UAV||2 = [|A]l2
|A|lp, < 1,thendet(f — A) #0

lAll2 < /1
lABp <

|A1 + Az|lp <

|Allpl| Bllp
[A1llp + | A2]lp
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Proof of %HAHOo < |A]l2 < vVm|Alloo

| Az|2
|A]|2 := sup —
z£0 |[zl2  llzl=1

[Az|[eo < [[Az]l2 < vm|Az||

1zlloo < llzllz < vnllz]lo

Ax vm||Ax
sup | Az lo < ||AJl2 < sup | Azflo
z#0 V1| || o z#£0  ||T||oo
1

= —|[|A]lcc < ||All2 £ VM|l Al
vn

o
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Proof of =[|A[l1 < [lAll2 < vall Al

Ax
| Allz = sup 12202 _
z£0 |[zl2  llzll=1

[Az]l2 < [[Az|]1 < v'm|Az]|2
lzll2 < llzllr < Vnllz]|2

Aml \/ﬁAwl
A2 Ay < sup YA

sup
z£0 /|| z||1 z#0 |||

1
— || A]l1 < ||All2 < vVnl||A]1
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fProof of |[UAV ||2 = ||Al|2
vl =1,,; viv =1,
|UAz||2 = 2P ATUTU Az = ' AT Ax = || Ax||5
=|[UA[2 = max ||[UAz||2 = max [[Az|2 = ||All2

|||2=1 lz|l2=1
=[|AV]2 = [VT A" |2 = A2 = [|All2
=UAV |2 = ||All2
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Proof of | Aflz < /[ All1]|Allsc

[All7 = Amaz (AT A) => AT Az = || A||32

Al ]lz]l1 = [|AT Azl
< A" 1Ml Al ||l
= | Allco [[All1]|2]]1
= [lAllz < VIIAll1[Allo
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Proot of |AB||, < [|Allp|Bllp

ABx
1AB]|, = sup 257l
x#0 ||a3||p

_lABa)|, 1Bz,

z,Bz#0 || Bzxllp ||x|p
A Bx

< w48l 1B

y#20 |[Yllp  z#0 |lz|lp
= ||Allp||Bllp

=AB|lp < [[Allpl|Bllp

—p.17/3



- -

Proof of ||A1 + Az||p < [[A1llp + [[A2]lp

A1 + Az|lp = max [[(A1 + A2)z|p

= max ||Ai1x + A2x||p

< max (||Aiz| + ||A2z||p)

< max ||Aiz||p + max [|A2x||p
lzllp= lzll,=1

= |[A1llp + [[Az]lp
=||A1 + Az2l|lp < ||A1llp + || Az2]lp
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fEigenvalues: Roots of the characteristic polynomial
det(\I,, — A), where A € R"*"™,
Repeated Eigenvalues: The number of linearly independent
elgenvectors q; associated with an eigenvalue \; repeated
with an algebraic multiplicity m; is equal to the nullity of
(A;I, — A). This dimension is given by
q; = n — rank(\;I,, — A) and is called the geometric
multiplicity of A;, since it is the dimension of the subspace
spanned by the eigenvectors.
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fHermitian Matrix: A Hermitian matrix H € C™*™ (or
self-adjoint matrix) is a square matrix with complex entries
which is equal to its own conjugate transpose, I.e.,

H = H* If H € R"*™, then H is symmetrical. Facts are:
# All the eigenvalues of a hermitian matrix H are real.

# The Jordan from representation of a hermitian matrix is
diagonal.

# The eigenvectors of a hermitian matrix corresponding
to different eigenvalues are orthogonal.

® Let \,;n and \,,q2 be the smallest and largest
eigenvalues of a hermitian matrix P. Then we have

Aminl|Z||a < 2* Pz < Apaz||z||3 for any z € C".

o
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fPositive Definite Matrix: A Hermitian matrix P € C"* X" |s

positive definite (positive semidefinite) if and only if any one
of the following conditions holds:

o All the eigenvlaues of P are positive (nonnegative).

# All the leading principle minors of P are positive (all
the principal minors of P are nonnegative).

#® There exists a nonsingular matrix IN (a singular matrix
N) suchthat P = N*N.
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fTopoIogical Concepts in R"
Convergence: A sequence {xx} € R™,converges to
x € R™If
|t — x|| — 0 as k — oo,

which is equivalent to saying that, Ve > 0, 3N € N such
that

|zx — || < e, Yk > N.

Open Set: Aset S C R™ Is open If, for every vector x € S,
one can find an e—neighborhood of x
N(x,e) ={z € R" |||z — z|| < €} such that N(x,e) C S.

Closed Set: Aset S C R" is closed if and only if its
complement in R™ is open. S is closed if and only if every
Lconvergent sequence with elements in S has its limitin S.
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fBoundedness: A set S is bounded if there is » > 0 such
that ||z|| < r forallx € S.
Compact: A set S Is compact if it Is closed and bounded.
Boundary: A point p is a boundary point of a set S if every
neighborhood of p contains at least one point of S and one
point not belonging to S. The set of all boundary points of
S, denoted by 958, Is called the boundary of S. A closed set
contains all its boundary points. An open set contains none
of its boundary points.
Interior: The interior of aset S'is S \ 9S.

Closure: The closure of a set S, denoted by S, is the union
of S and its boundary. A closed set Is equal to its closure.
Connected: An open set S Is connected if every pair of
points in S can be joined by an arc lying in S.
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Region: A set S is called a region if it is the union of an

open connected set with some, none, or all of its boundary
points. If none of boundary points are included, the region
Is called an open region or domain.

Convex: A set S Is convex If, for every =,y € S and every

real number 6,0 <

0 < 1,thepointfx+ (1 —0)y € S.

Continuous Functions: A function f : R — R™ is said to

be continuous at a

|z — yl

point x If, given € > 0, 36 > 0 such that

<d=|fz) - fll <e.

A function f is continuous on a set S if it is continuous at
every point of .S, and it is uniformly continuous on S if, given
e > 0thereis d > 0 (depending only on ¢) such that the

Linequality holds for

allz,y € S.
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If £is uniformly continuous on a set S, then it is continuous
on S. The converse is not true in general. However if S is a
compact set, then continuity and uniform continuity on S
are equivalent.

The linear combination of any two continuous functions is
continuous. The composition of two continuous functions f;
and fs, i.e., (f2 o f1)(-) = f2(f1(-)) is continuous.

Image: If f : S — R™, then the set of f(x) suchthatx € S
IS called the image of S under f and is denoted by f(.5).

If f£Is a continuous function defined on a compact set S,
then f(S) Is compact; hence, continuous functions on
compact sets are bounded.

If f:S — R, then there are points p and g In the compact
set S such that f(p) < f(x) < f(q) forallx € S.
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If is a continuous function defined on a connected set S,
then f£(.S) is connected.

A function f defined on a set S Is said to be one to one on
S if whenever x,y € S, and x # y, then f(x) # f(y). If
f 8§ — R™ is a continuous one-to-one function on a
compact set s C R"”, then f has a continuous inverse f—1
on £(S),i.e., f1(f(x)) = =.

A function f : R — R™ Is said to be piecewise continuous
on an interval J C R if for every bounded subinterval

Jo C J, fis continuous for all x € Jy, except, possibly, at a
finite number of points where f may have discontinuities.
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Implicit Function Theorem: Assume that

f : R™ x R™ — R"™ is continuously differentiable 2 at
each point (x, y) of an openset S C R™ x R™. Let (xg, yo)
be a point in S for which f(xg,yo) = 0 and for which the
Jacobian matrix [0 f/0x](xo, yo) IS Nonsingular. Then there
exist neighborhood U C R™ of g and V' C R™ of yg such
that for each y € V the equation f(x,y) = 0 has a unique
solution x € U. Moreover, this solution can be given as

x = g(y), where g is continuously differentiable at y = yo.

9The partial derivatives exist and are continuous at the esiggd point.
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fMean Value Theorem: Assume that f : R — RIS
continuously differentiable at each point x of an open set
S C R™. Let x and y be two points of S such that the line
segment
L(x,y) :={z|z=0x+(1—-0)y, 0 <0 <1} C S. Then
there exists a point z of L(x, y) such that

)~ @) =2 -

r'rx==z
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Taylor’s theorem: If f is an n € N times continuously
differentiable function on [a, ] and n 4+ 1 times
differentiable on (a, x), then

F@) = f@)+ F@)e —a)+ T D —a)? oo
(n)
L] (a )(a:—a)"—l—Rn,
n!
where the remainder R,, IS give by
F D (2) n
R, := 1) (x —a)" 1,3z € (a, ).

LThis IS a generalization of the mean value theorem.
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Taylor’s series:

(@

f(x) = f(a) + f'(a)(z — a) + (x—a)’+---

(k) (a
_Zf @ _ayt

Monotonic Sequence: A sequence {sy,} is said to be
o monotonically increasing If s,, < sp4+1, 1 € N;
o monotonically decreasing if s,, > sp+1, n € N.

o
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fTheorem: Suppose {s,} Is monotonic. Then {s;}
converges If and only if it is bounded.
Proof: Suppose s,, < s,+1. Let E be the range of {s,, }. If
{sn} Is bounded, then 3s the least upper bound of E. Then
sn < s, Vn € N. For every e > 0, there is IN such that
s —e < sy < s, otherwise s — £ would be an upper bound
of E. Since {s;} increases, n > N therefore implies
s — e < sp < s, which shows that {s,, } converges to s
(«<). = Is follows from the fact that if {s,,} converges, then
{sn} Is bounded.
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Normed Linear Space: A linear space X is a hormed linear
space Iif, to each vector x € X, there is a norm ||x||.
Cauchy Sequence: A sequence {x;} € X is said to be a
Cauchy seqguence If

|xx — xm|| — 0 @s k, m — oo.

Every convergent sequence is Cauchy, but not vice versa.
Banach Space: A normed linear space X is complete if
every Cauchy sequence in X’ converges to a vector in X. A
complete normed linear space is a Banach space.
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fBanach Spaces:
[,[0,00) spaces for 1 < p < oo : For each p, [,[0, c0)
consists of all sequences x = (xg, 1, -+ ) such that
> o 1 |xi|P < oo. The associated norm is

[ [0, 00) space consists of all bounded sequences
x = (xg, 1, ), and the I, norm s

[zl := sup |-
(]
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fBanach Spaces:
L,(I) spaces for1 < p < oo : For each p, L,(I) consists
of all Lebesgue measurable functions x(t) defined on an
interval I € R such that

1/p
x| ¢, = (/ |a:(t)|pdt) < oo, forl < p < oo.
I

and
|z(t)|| g :=sup|z(t)| < oo.
tel

C'|a, b] space consists of all continuous functions on the
real interval [a, b] with the norm defined as

o lzllc = sup |a()].

t€(a,b]
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fLogic and Proofs:

Law of the Excluded Middle: Every statement must be

either true or false.
Logical operators:

Statement Notation
P and Q PAQ
PorQ@ PV AQ
If P, then Q (or P implies Q) P = Q
P ifand only if Q (or P and Q are equivalent) | P < Q
not P - P

where P and @ are statements.

o
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fA statement P is a necessary condition of a statement Q if
Q implies P (Q = P). A necessary condition P of a
statement Q must be satisfied for the statement Q to be
true.

A statement P Is a sufficient condition of a statement Q if P
iImplies Q (P = Q). A sufficient condition P is one that, if
satisfied, assures the statement Q'’s truth.

A statement P is a necessary and sufficient condition of a
statement Q if P ifand only if Q (P < Q).
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Tautologies: True statements for any cases.

Statement True/False
P =P True
(P = Q) < (—Q = —P) (Contrapositive) True
P\ —-P True
PAP=Q) =Q True
(P=Q) N(Q=R)= (P=R) True

The converse of P = Q, i.e., Q = P Is not always true.
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fProof by Negation (or Contradiction): To prove P = Q,
#® Assume P istrue and Q is false, i.e., P A =Q IS true.
# Derive a contradiction F..

# Thus our assumption (P A Q) is false. Hence if P is
true, Q must be true.

In summary, we use
(PA-Q) = F| = [P = Q]

where F' IS a contradiction.

o
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fProof by Induction: To prove P(n) is true for all n,
#® Prove P(1) Is true.
# Prove for all n, if P(n) is true, then P(n + 1) Is true.
# Then for all n, P(n) Is true.

In summary, we use

P(1) AVn|P(n) = P(n+ 1)] = Vn, P(n).
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