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Some Notation Sets, functions

1. R is the set of real numbers. C is the set of complex numbers.
2. N is the set of integers.

3. The set of all n x 1 column vectors with real number entries is
denoted R". The 2'th entry of a column vector z is denoted x;.

4. The set of all n x m rectangular matrices with complex number
entries is denoted C™*™. The element in the ¢’th row, j7'th

column of a matrix M is denoted by M;;, or my;.
5. Set notation:

(a) a € Aisread: “a is an element of A”
(b) X C Yisread: “X is a subset of Y

(c) If A and B are sets, then A x B is a new set, consisting of
all ordered-pairs drawn from A and B,

Ax B:={(a,b):a€ A be B}
(d) The expression {.A : B} is read as:

“The set of all insert expression A

such that insert expression B.”

Hence

3. 2
{x cR : Y 27 < 1}
i=1
is the ball of radius 1, centered at the origin, in 3-dimensional
euclidean space.

6. The notation f : X — Y implies that X and Y are sets, and
f is a function mapping X into Y
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Fields

A field consists of: a set F (which must contain at least 2 elements)
and two operations, addition (+) and multiplication (-), each map-
ping F x F — F. Several axioms must be satisfied:

e For every a,b € F, there corresponds an element a + b € F,
the addition of a and b. For all a,b,c € F, it must be that

a+b=0b+a
(a+b)+c=a+(b+c)
e There is a unique element 8 € F (or Of, 0, or just 0) such

that for every a € F,a + 6 = a. Moreover, for every a € F,
there is a unique element labled —a such that a + (—a) = 6.

e For every a,b € F, there corresponds an element a-b € F, the
multiplication of a and b. For every a,b,c € F
a-b=>b-a
a-(b-c)=(a-b)-c.
e There is a unique element 17 € F (or just 1) such that for every

a € F,1-a=a-1=a. Moreover, for every a € F,a # 0, there
is a unique element, labled a=! € F such that a-a! = 1.

e For every a,b,c € F,
a-(b+c)=a-b+a-c

Example: The real numbers R, the complex numbers C, and the
rational numbers Q are three examples of fields.
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Vector Spaces

A vector space consists of:

e a set V, whose elements are called “vectors,” and

e a ficld F (often just R or C, and then denoted F) whose ele-
ments are “scalars.”

Two operations,

e addition of vectors, and

e scalar multiplication
are defined and must satisfy the following relationships:

e For every u, w € V, there corresponds a vector u+w € V such
that for all u,v,w € V

Lu+tw=w+u
2. (u+w)+v=u+(w+0v)

There is a unique vector 6y (or Oy, 0, or just 0) such that for
every w € V, w + 0y = w. Moreover, for every w € V, there is
a unique vector labled —w such that w + (—w) = 6.

e For every a € F and w € V there corresponds a vector aw €
V. The operation must satisfy 1w = w for all w € V and for
every u,w € V., «, 8 € F the distributive laws

L. a(u+w) = au+ aw
2. (a4 Bu = au + fu
must hold.
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Vector Spaces Product Spaces

If Z and W are vector spaces over the same F, then Z x W is also
a vector space (field F), with addition and scalar multiplication

defined “coordinatewise.”

Specifically, if g1, g0 € Z x W, then each g; is of the form
g = (zi, w;).
For a € F, define

aqr = (az,awy), @+ q = (21 + 22, w1 + wo)
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Vector Spaces Simple Examples

en >0,V =R" F = R, addition and scalar multiplication
defined in terms of components

(z+y)i =z +y, (o), =az
en >0,V =C" F = C, addition and scalar multiplication
again defined in terms of components.

en >0,V =C" F =R, addition and scalar multiplication
again defined in terms of components.

en.m >0,V =F"" F =F, addition and scalar multiplica-
tion defined entrywise

(A + B)m’ = Ai,j + Bi,j7 (aA)i,j = OzAm'

e V = all continuous, real — valued functions defined on [0 1], F =
R. Addition and scalar multiplication defined pointwise: for

f,geV,aeR
(f +9)(z) = flz)+g(z), (af)(z)=af(z)

e V := all piecewise continuous, real-valued functions defined on
[0 00), with a finite number of discontinuities in any finite in-
terval, 7 = R. Addition and scalar multiplication defined
pointwise, as before. For future, call this space PC[0, 00).

e Same function space as above, with further restriction that
mex|f(z)] <ooor [T |f(m)dn < oo
Call these PC[|0, 00), and PC1[0, 00), respectively.
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Linear Algebra Vector/Matrix Notation

1. In a statement, if F appears, it means that the statement is true
with F replaced by either R or C throughout the statement.

2. The set of all n x 1 column vectors with real number entries is
denoted R"™.

3. The set of all n X m rectangular matrices with complex number
entries is denoted C"*™. The element in the ¢’'th row, j’th

column of a matrix M is denoted by M;;, or my;.
4. If x € C, x € C is the complex conjugate of x.

5.1f M € F™™ then M' is the transpose of M; M* is the
complex-conjugate transpose of M

6. If Q € F"" and Q*Q) = I, then @ is called unitary.
7Ry ={aeR:a>0}, N, ={keN:k >0}
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Linear Algebra FEigenvalues

1. Eigenvalues: A € C is an eigenvalue of M € F"*" if there is a
vector v € C", v # 0,,, such that

Muv = M\

The vector v is called an eigenvector associated with eigenvalue

A
2. The eigenvalues of M € F™*™ are the roots of the equation
pru(A) =det (A, — M) =0
3. Fact: Every matrix has at least one eigenvalue and associated
eigenvector, since the polynomial pys(A) has at least one root.

4. Fact: The eigenvalues of a matrix are continuous functions of
the entries of the matrix

5. For any n x m matrix A, and m X n matrix B, the nonzero
eigenvalues of AB are equal to the nonzero eigenvalues of BA.

6. A matrix M € F™" is called Hurwitz if all of its eigenvalues
have negative real parts.

7. A matrix M € F"" is called Schurif all of its eigenvalues have
absolute value less than 1.
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Linear Algebra Determinant Facts

1. If A and B are square matrices, then
(a) det (AB) = det (BA) = det(A) det(B)
(b) det(A) = det(AT)
(c) det (A*) = det(A)

2. For any n X m matrix A, and m X n matrix B,

(a) det (I, + AB) = det (I,,, + BA)

(b) (I, + AB) is invertible if and only if (I,,, + BA) is invert-
ible, and moreover,

(c) (I, + AB) " A= A(I,, + BA)™
3. If X and Z are square, Y compatible, then

det( X ¥

Z
4. If X and Z are square, invertible, Y compatible, then

) = det(X) det(Z)

X0l [ Xt 0
Y 7 | —Zz7lyxt z!
5. If A and D are square, D invertible, B, C' compatible dimen-
sions, then
A B| A—BD'C BD'][I 0
C D| 0 I C D
so that

A B -1
det { c D ] = det (A — BD C) det(D)
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Linear Algebra Matrix Inversion Lemmas

1. Suppose A and D are square, D invertible, B, C' compatible
dimensions. If A — BD~'C' is invertible then

l A B ]‘1 B [ I 0 (A-BD'C)™" —(A-BD'C)"' BD! ]
C D ~ | -pc D! 0 I
B (A-BD"'0)™" —(A-BD™'C)"'BD!
B [ -D'c(A-BD"'C)"" D'C(A-BD™'C)'BD !+ D! ]

2. It A and D are square, invertible, B, C' compatible dimensions,
then

det(D)det (A— BD™'C) = det(A)det (D — CA™'B)
and if not 0, then
(A=BD'C) ' =A'4+A'B(D-CA'B) CA!

3. If A is square and invertible, and B, C and D are compatibly
dimensioned, then vectors di, do, e1 and ey satisfy

€1 A B d1
— 4,
if and only if they satisfy

oD
dy B Al —A°'B €1
€9 N CA' D-—CA'B do

€2
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Linear Algebra More Matrix Facts

In reparametrizing some optimization problems involving feedback,
the following is useful: Let T' € F"*" be given. Define

S1:={K (I -TK)™ : K € F™" det (I — TK) # 0}

Sy :={Q € F™" : det (I — QT) # 0}
Then S; = Sy, and S, is dense in F™*": that is, for any Q € F™<,
and any € > 0, there is a () € S5 such that

max |qi; — qij| < €
1§i§m‘qw Gij|
1<j<n
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Normed Vector Spaces

Suppose (W, F) is a vector space (again, F is either R or C). If
there is a function ||-|| : ¥V — R such that for any u,v € V, and
acF

o [ull =0

o ull =0 & u=0,
o [laull = [ [[ull

o |lu+oll < lull +[lv]

then the function ||-|| is called @ normon V, and (V, F) is a normed
vector space
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Normed Vector Spaces Norms in F"

For a vector v € F", let v; be the ¢'th component. Define

n
olly = 3o

1=1

n )\ 12
Joll, = (£ o)

1=1
ol = uax fud

Each of these separate definitions satisfy all of the 4 axioms that
a morm must satisfy (all axioms are easy to check except triangle
inequality for ||-||,, which we will verify in a few slides).

Hence each of |||, [IIl5, ][/ o, &re norms on F”.

We will pretty much exclusively use the ||-||, norm and often drop

the subscript 2, simply using ||-||. Some easy facts are

1. For v € F", ||Jv||* = v*v
2

2. Forv e F" w € F™, = ||lo|I” + |lw||”.

3. 1fQ € F™" Q*Q = I, then for all v € F" ||Qu|| = ||v||
4. Given Q € F™™", Q*Q) = 1,,
(r:zeF" 2] <1} = {Qr € B lo] < 1)
and

{z o eF" [z =1} ={Qz : z € F", [jz]| = 1}
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Inner Product Spaces

A vector space (V, F) is an inner product space if there is a function
< +,» >V xV — C such that for every u,v,w € ¥V and o € F
the following hold:

L.

SN ISR
v
o O

if and only if u = 0.

The function (-, -) is called the inner product on V.

Two vectors u, w € V are said to be perpindicular, written u L w
if (u,w) = 0.

The most important inner product spaces that we will use in this
section are (R",R) and (C", C), with inner products defined as

n
T
u,w € R", (u,w) =X ww; =u" w

]

n
u,w € C", (u,w) =X ww; = u'w
1
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Schwarz inequality General setting

On (V, F), define a function using by the inner-product. For each
v € V define
Nw) = {v,v)

The Schwarz inequality relates inner products and N.
Theorem: For each u,w € V |(u, w)| < N(u)N(w).
Proof: Given u and w, find complex number « with |a| = 1, and
a(u,w) = [(u,w)|. Then for any real number ¢,

0 < (u+ tow,u + taw) = N(u)* + 2t [{u,w)| + t*N(w)*.
This is a quadratic function. Characterizing that the minimum

(over the real variable t) is non-negative gives the result.

[{u, w)| < N(u)N(w)

The triangle inequality follows for N as well: Given any u,w € V,

Nu+w)* = (u+w,u+w)

N(u)? + 2Re ({(u, w)) + N(w)?
N(u)? + 2 [{u, w)| + N(w)?
N(u)? + 2N (u)N(w) + N(w)?
(N(u) + N(w))’

Hence, N is actually a norm on V), so every inner-product space is

I IA A

in fact a normed vector space, using N, the norm induced from the
inner product. So, unless otherwise notated, using the symbol ||-||
when working with a inner-product space means the norm induced
from the inner product.

Note, if u and w are perpindicular, then ||u + wl||* = ||u||® + ||Jw|°,
which is the “Pythagorean” theorem.
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Take A € C™"" Then

I
1. The m columns of Z are linearly independent, and are per-
. : . —A”
pindicular to the n linearly independent columns of 7
n

2. Take n > m, and assume the columns of A are linearly inde-
pendent. Suppose A is n X (n —m), has linearly independent
columns, and AT A = 0. If X is n X n, and invertible, then
XA and X *A | each have linearly independent columns, and
are perpindicular to one another.
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Linear Transformations on Vector Spaces

Suppose V and W are vector spaces over the same field F. If
LV — WV satisfies

L(av + fu) = aL(v) + BL(u)

forall o, B € F,and all v,u € V), then L is a linear transformation

on V to W.

Examples:

LYy =C"W=0C" M e C"™" and L defined by matrix-

vector multiplication: For v € V), define L(v) as
L(v) := M, or componentwise (L(v)), := g M;jv;
j=1
2.V = RV, W = R, A € R"™", and L defined by a
Lyapunov operator, For P € V| define L(P) as
L(P)=A"P+ PA

3.V = PCy[0,00), W = PCL[0,00), g € PC1[0,00), and L
defined by convolution, For v € V, define Lv as

(Lv) (8) = [ g(t — T)u(r)dr

For the remainder of this handout, focus on the linear operator
defined by matrix-vector multiplication, and other results about
matrices.
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Linear Algebra Matrices as linear transformations

If M € F"' then M naturally defines a linear transformation
Ly F™ — F” via standard matrix-vector multiplication.

For any v € R™
Ly(v) = Mv

Typically, we will not take care to distingush the matrix from the
operation. Simply note that matrix-vector multiplication in a linear
transformation on the vector, namely, for all u,v € F™, o, 8 € F,

M (au+ pv) = aMu + BMwv

Using norms in F'" and F", the norm of the matrix transformation
can be characterized
Define

B M,
M0 = 250,

This is the maximum amplification obtainable, via matrix-vector
multiplication, measuring sizes in the domain and range with norms.
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Linear Algebra Induced Norms of Matrices

Easy Facts: For M € F"™™

1. Other characterizations are possible

M= s 1Ml = (Ml

n
2. Easily proven: ||[M||,.; = Hax Zgl nm
m

3. Easily proven: ||[M|| = max »_ | M|
1

4. Later: ||M]],._, is characterized in terms of the eigenvalues of
M*M.
5. Interchanging rows and /or columns of M does not change || M|, 4,

1M ]lyy, o1 [|M]] -

6. Given U € F™" V' € F"™*™ hoth unitary (ie., U*U = I,,, V*V =
I,,), then for any M € F™*™

||UMVH2<—2 = ||MH2<—2

T I M|,_. < 1, then det (I — M) #0

a<—uo

8. For matrices A, B, C' of appropriate dimensions,
[AB|l oy < [[All o 1Bl 5
A+ Clloy < Al + €

ae—y = Qe Qe
9. Deleting rows and/or columns does not increase [|-||,_ . Specif-
ically, for matrices A, B, C' of appropriate dimensions,
A
[4 B, 2141, o =z
pep
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Linear Algebra Schur Decomposition

Theorem: Given a matrix A € C™ " There exists a matrix

Q) € C™" with

e *Q) =1,, and
o (J*AQ) =: A upper triangular.

Remarks:

L.

Proof is straightforward — induction along with Gram-Schmidt
Orthonormalization process.

. The matrix @ has orthonormal rows and columns (since Q*Q) =

QQ" =1,)

. Since Q*AQ) is upper triangular, the eigenvalues of Q*AQ) are

the diagonal entries.

In this case, Q7' = Q*, so the eigenvalues of Q*AQ are the
same as the eigenvalues of A. The order that the eigenvalues
appear is arbitrary (they can be sorted in any order). This will
be clear from the proof.

. The Matlab command schur computes (reliably and quickly)

a Schur decomposition.
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Linear Algebra Schur Decomposition (proof)

Note that the theorem is true for 1 x 1 matrices, ie., n = 1, simply

take @ := 1, and A = A.

Now, suppose that the theorem statement is true for n = k£, ie., sup-
pose it is true for k x k matrices. Furthermore, let A € F#+Dx(k+1)
Let v € C* ! be an eigenvector of A, with corresponding eigenvalue
A € C (possible since every matrix has at least one eigenvalue). By
definition, v # 0.1, and hence we can (by dividing) assume that
v*v = 1. Now, using the Gram-Schmidt orthogonalization proce-

dure, choose vectors vy, v, . .., v; each in C¥! such that

{Ua U1, U2, ... ,’Uk}
is a set of mutually orthonormal vectors. Stack these into a square,
(k4+1) x (k+1) matrix V := [v vy vy -+ vgl.

Note that V*V = I, ;. Moreover, there is a matrix I' € C*** and
a vector w € CF such that

A w*
0 T

By then induction hypothesis, since I' is of dimension k, there is a
matrix P € C*¥* and upper triangular ¥ € C*** with P*P = I,
and P*I'P = V. Hence, we have

1 0 10_10 A w* 10_)\w*P
0 P* oPrP| |0oP||lOTI||lOP] |0 W

which is indeed upper triangular. Moreover

1 0
0=V { -
has Q*Q) = I;,1 as desired.

o]

] VAV
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Linear Algebra Symmetric, Hermitian, Normal Matrices

Definition: The set of real, symmetric n X n matrices is denoted

S"*" and defined as
Sxn . {M c R™" - MT _ M}
Definition: The set of complex, Hermitian n X n matrices is

denoted H"*", and defined as

ann = {M c Can : M* — M}

Definition: The set of complex, normal n X n matrices is denoted

N and defined as
NP ={M e C"™": M*M = MM™*}

Note that
STLXH C HTLXTZ C NTLX”
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Linear Algebra Symmetric, Hermitian, Normal Matrices

Fact: Hermitian matrices have real eigenvalues:

Proof: Let A € C be an eigenvalue of a Hermitian matrix M =

M*, and let v # 0,, be a corresponding eigenvector, so that Mv =
V.

Note that

2Re (V) [lo]* = Aol + Ao’

v (Av) + (Av)*v

v*Mov + (Mv)" v

v*Muv +v*M*

v*Mv 4+ v* Mo using M = M*
20" Mwv

= 2\ ||

Since v # 0,,, the norm is positive, divide out leaving
Re(A) = A

as desired.

Remark: If M € H"* ", the eigenvalues of M are real, and can
be ordered

N> A > >,

and it makes sense to write
Amax(M)  and Ay (M)

without confusion
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Linear Algebra Symmetric, Hermitian, Normal Matrices

Fact: An upper triangular, normal matrix is actually diagonal.

Check it out...

Fact: Given () € C™"*" satistying Q*Q) = I,,, then for any M €
CTLXTL
MeN & Q"'MQeN

The proof is simple:

)

QM MQ =QMMQ

= QM QQMQ - QM QY M

I 1
< QMQQMQ = Q" MQQQ"M*Q
= (@MQ) Q"™MQ =Q"MQ (Q"MQ)

)

Hence,

Fact: A normal matrix M has an orthonormal set of eigenvectors,
ie., there exists a matrices (), A € C"*" with

i Q*Q - ]na
e A\ diagonal
o M = QAQ*
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Linear Algebra Symmetric and Hermitian Matrices

If M = M*, then
{z"Mx - [lzlly = 1} = [Awin(M), Amax(M)]
Proof: Basic idea:
o Let QAQ* = M be a Schur decomposition of M

e Since M = M*, A is diagonal and real
e Notate £ .= Q*x, noting ||Q¢||, = |[£]|, for all &,

Then
("M ||z]l, =1} = {z"QAQ"x : ||, = 1}
= {&"AE: Q¢ = 13
= {& A iéll, =13
= {S n 6l s 16 =1
For any a € [0, 1], define

§1 = \/a, === =0, =V]—a
yielding
S NGF =ah +(1—a)\,
i=1

which shows by proper choice of a, anything in between A\; and A,
can be achieved.

Warning: Take M = M*. Then
{o" Mz lzll, <1} # Auin(M), Amax(M)]
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Linear Algebra | M, o

Now, return to expression for || M||,. 5.
2 2
My = o 1M

= max | Mz
[

= ﬁﬁx " M*Max
x|l=1

= Apax (M*M)

Hence, || M|y, 4 is often denoted by & (M), called the maximum
singular value of M. Since the nonzero eigenvalues of AB equal
the nonzero eigenvalues of BA, it follows that

g(M)=a(M")
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Linear Algebra Definite Hermitian (and Symmetric) Matrices

Definition: A matrix M € H™" is

1. positive definite (denoted M > 0) if w*Mu > 0 for every
ue C'u+#0,.

2. positive semi-definite (denoted M > 0) if u*Mwu > 0 for every
u e C".

3. negative definite (denoted M < 0) if u*Mu < 0 for every
ue C u+#0,.

4. negative semi-definite (denoted M =< 0) if w*Mu < 0 for
every u € C".

For A, B € H™" write A < Bif A— B =< 0. Similarly for <, >
and >.

Easy Facts:

1.If A< Band B < A, then indeed, A = B. If A < B and
C <D, then A+ C <B+D.

2. L € F™"™ invertible, M € H™*", then
M>0& LML >0

3. L € F" full column rank (so n > m), M € H™ " then

M>=0 = LML >0

4. For any W € F™" W*W > 0.
5. For any W € F"_if rankW = m, then W*W > 0.
6. M > 0 if and only if A\p(M) > 0.
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10.

11.

12.

13.
14.

If M e H"" then M <0 < (=M) >0

Ay Ay € HP) Ay = 0, Ay > 0, then for each t € [0, 1],

(1 —t)Al +tAy = 0

. Given X e HV", Z € H™ ™ and Y € F"™*™,
XY

0 X>=0,Z2>0

{Y*Z -0 = X>0,7>

() bounds are easily converted into definiteness relations. For
any matrix M € C™"*"

c(M)<p & M*M— 31, <0
o MM — 32, <0
& (M) <p

If M is invertible, and M* = M, then M > 0 if and only if
M~ = 0.

Warning: If M # M*, then M having positive, real eigen-
values does not guarantee z*Max > 0. Instead, check M + M*,
since it is Hermitian, and 2* Mz = J2* (M + M*) z. For ex-

ample,

M —
0 1

110}

If M+ M* <0, then eigenvalues of M have negative real-part

If M = M* < 0, then for any A = A*, there is an € > 0 such
that M +tA <0 for all [¢| <.
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Linear Algebra S-procedure

Theorem: Let Tifzo be a family of matrices, with each T; € C"*",
and T = T;. If there exist scalars {d;}'_, with d; > 0, and

k
T() — > dz/Tz > 0
1=1

then for all z € C" which satisty x*T;x > 0 for 1
follows that x*Thx > 0.

Proof: Let z € C" satisty x*T;xz > 0 for all 1 <7 < k. Hence,
x # 0. By hypothesis, we have

< i<k it

T x>0

k
Ty — X diT;
=

which implies
k
2 Tox > . dix*Tix > 0
i=1
as desired. f

Remark: Fasily replace > with > in above statement.
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Linear Algebra Singular Value Decomposition (SVD)

Theorem: Given M &€ F"*™ Then there exists

o U € F™" with U*U = I,
o V € F™ " with V*V = I,

e integer 0 < k < min (n,m), and

e recal numbers oy > 09 > -+ > 05 > 0
such that
> 0
M=U V*
0 o]
where Y € R¥¥% is
'01 0O --- 0|
po| V!
0 O O
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Linear Algebra SVD (proof)

Proof: Clearly M*M € H™ ™ is positive semi-definite. Since it
is Hermitian, it has a full set of orthonormal eigenvectors, and the
eigenvalues are real, and nonnegative. Let {v1,vs,...,v,,} denote
an orthonormal choice of eigenvectors, associated with the eigenval-
ues

M2 2> 0= 2= =X, =0

For any 1 < 5 < m, we have

|Mu; || = viM*Mu,
= )xjv;-‘vj
=\
Hence, for 7 > £, it follows that Mv; = 0,,.
For 1 < j <k, define o; := \/A;. Next, for 1 < j < k, define
vectors u; € F" via

1
wu; = —Muv;
J J
g

Note that for any 1 < 5, h < k,

* _ 1 .
upU; = O_hajth Muv;
— L o) .
= ghgjvh(/\ﬂj)
— Tig*ay.
T O'hvhvj
This implies that uju; = d5;. Hence the set {uy,...,us} are mu-
tually orthonormal vectors in F". Using Gram-Schmidt, construct
vectors ugy1, ..., U, to fill this out, so
{ug, .o Up, U1, -5 U}

is a mutually orthonormal set if vectors in F". Now we want to
consider uj Mv; for 4 cases (depending on how h, j compare to k.
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o 1 <h<kandl <y <k Substituting gives

upMv; = *viM*Mo,
= “Loju

= 0,0p;

e any h, with 5 > k. Substituting gives
uiMv; = uj(Mv,)
= u;0
= 0
o h >k, and 1 < j < k. Substituting gives

>k _ k . .
uyMv; = uj (oju;)
= Ojupu;

= 0

Defining matrices U and V' with columns made up of the {u,}y_,
and {v;}’_, completes the proof. f
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Linear Algebra Matrix Square Roots

If M = M* > 0, then there is a unique matrix S satisfying

o S=.5"
e S > 0 (moreover, S >0 < M > 0)
e S*=M

S is called the Hermaitian square-root of M and denoted M 2.
Facts:

1. Calculating the Hermitian square root of M:

(a) Do a Schur decomposition of M, so M = QAQ*.
(b) Since M = M*, A is diagonal and real.

(c) Since M > 0, the diagonal entries of A are non-negative,
denote them as Ay, Ao, ..., A,

(d) Define _

\/)Tl 0O --- 0
0 \/)TQ 0
_ 0 0 \/)Tn
(e) Note that S = S* =0, and S* = M.

2. If M = M* = 0, then M is invertible, and M ~! is Hermitian
and positive definite. Hence it has a Hermitian square root. In

fact , -
(M) = (M%)

. B . . )
so write M ~2 without any confusion as to its meaning.

S =q

1
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Linear Algebra Schur Complements

Fact: Given M € H™" and L € C™", with L invertible. Then
M0 & L"ML >0

Fact: Given X € H™" Y € H™*™,
{X 0

0 Y]>O < X >=0andY =0

Fact: Given X € H™" Z € F"",

X Z
AN

]>O S X —-Z77 0

Proof: Use L := { Ln 0 ]

—7Z* 1, |
This leads to what is typically called the “Schur complement” the-
orem.

Fact: Given X € H"V", Y € H™"™ 7 ¢ C"™™
{ X 7

gy |70 Y = 0,and X — ZY ' Z* = 0

Proof: Note that it Y > 0,

L, 0
0 Y

7 )

I, 0
0 Y32
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Linear Algebra More Schur Complements

Lemma: Suppose X1 € F"*", Y1, € F"", with X1 = X{| >
0, and Y7, = Y]] > 0. Let r be a non-negative integer. Then
there exist X195 € F"*" Xo9 € F"™*" such that Xy = X3,, and

—1
o
X1 Xm}}() | {Xn X12} :{Yn ]

X7y Xoo X7y Xoo 77
if and only if
Xll In X11 In
~ 0 d k <
{ I YH]_ an ran I v <n+r

These last two conditions are equivalent to X, = Y7' and
rank (Xll - YiIl) S r.

Proof: Apply Schur Complement and Matrix inversion Lemmas...

< By assumption, there is a matrix L € F"*" such that X, —
Yy;t = LL*. Defining X5 := L, and X9 := I, and note that

. YH?
I

= Using the matrix inversion lemma (item 1), it must be that

X L - - (X1 — L) — (X —LL7'L
L I | | -L*(Xu—-LL*)™" L*(Xn—-LLY) 'L+,

Vil = X — X12X5' X5,
Hence, X171 — Y7 = X12X5' X7y = 0, and indeed,
rank (X11 — Yﬂl) = rank <X12X2_21Xf2) <.

The other rank condition follows because
In _Y1;1 Xll In [n 0 . Xll - lel 0
0 In In 3/11 _5/1]1 ]n N 0 }/11
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Linear Algebra Constant Matrix Optimization

Lots of the control design algorithms we will study (H, for in-
stance) hinge on the following result from linear algebra:

1. Given R € F>XL U € F>*™ and V € FP*! where m, p < [.

2. We want to minimize o [R + UQV| over Q) € F"*?.

@ %

3. Suppose U, € FXU=m) and vV, € FU=*! have

are both invertible

o |U UL

1
o U'U, = Omx(l—m)7 ij_k — Opx(l—p)

Then

Qel}%?flxpﬁ[R—}— UQV] <1

if and only if
Vi(RFRR—1T)V] < 0
Ui (RR*—1)U, < 0

Remark: Essentially, R must be smaller than 1 on the directions
that U and V are perpendicular to.
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Linear Algebra Matrix Dilation Lemma

Matrix dilation problems are of the form:

Given a partially specified matriz - when can the unspecified
elements be chosen so that the full matriz has some property?

Already seen one type of problem. Next, we derive a main elemen-
tary matrix dilation theorem. We start simple and build...

Given A € C™*" it is clear that

X
A

min o
XeCaxn

=0 (A)

and this can easily be achieved by choosing X := 0. Pick some

X<
AT

Lemma: Suppose Y € F"*" is invertible. Then

v > & (A). Characterize all X that give &

(X eF" . X*X < YY) = (WY : W € F*" 5 (W) < 1)

Proof:

A simple chain of equivalences

XX <YY & X' X-YY <0

Y [X*X — VY]V <0
Y *X*XY 1 -T<0

o (XY <1
c(W)<land W=XY !
gW)<land X =WY

to T
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Linear Algebra Matrix Dilation Lemma (cont’d)

The lemma easily gives

Lemma: Given A € F*" and v > ¢ (A). Then

il -

{W (421, — A*A)

{XEqun:U

D=

:WEF‘IX”,J(W)<1}

Proof:

Another chain of equivalences

(X

A
Now apply previous Lemma.

><7 & XX +A'A -~ <0

& X*X <4 — A*A
& X*X < (21 — A*A)' (421 — A*A)'?

Equivalently, for any X € F&" and v > 7 (A), we have

_1
<y & 0 | <1

X (y°I, — A*A)
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Linear Algebra Matrix Dilation (cont’d)

Similarly, for B € F©*P and v > & (B), we have
(XeFr":6| X B|<q}=

(1, — BB)'W - W € oo 5 (W) < 1]

Along these lines, a corollary follows:

Corollary RV: Given R € F™"* V € F*" with V full row rank.
Then

QrEnFiglxt g(R+QV)=a(RV])

where V| € F=0x7 gatisfies

v

ViVi=1I,_, , ViV*=0 , det
Vi

40
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Linear Algebra Proof of Corollary

Proof: let S € F™! be invertible such that V, := SV € F*x»
satisfies V,V* = I,. Then, for any Q € F"*' we have

R+QV = R+QS™ 'SV
= R+QS57'V,

Since S is invertible, by picking (), we equivalently have complete
freedom in picking Q,(:= QS1). Hence

S o (R+QV) = min o (R+0QV) =
Also,
Vo

T =
vV,

is a square, unitary matrix. Hence,

min o (R+Q,V,) = min o (R+ Q,V,)T")

QOGFnXt QoanXt

But (R + Q,V,) T™ is simply
(R+QV,)T"=| RV} +Q, RV} |

The minimum (over ),) that the maximum singular value can take
on is clearly & (RV), which is achieved when

Q,:= —RV} = —RV*S"*

and hence

Q = Q.5
—RV*5*S
= —RV*(VV*)™
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Linear Algebra Dilation Main Result

Given A € F™" B € F*P (' € F™*P what is
X B
A C

min o
XeFaxn

The theorem, independently (and in many different forms) by Sara-
son, Adamjan-Arov-Krien, Sz Nagy-Foias, Davis-Kahan-Weinberger,

dl

and Parrot is:

Theorem: Given A, B and C as above. Then

X B
A C

min o
XcFaxn

=max{a[A Cl.o

Remark: X = 0 typically does not achieve the minimum cost.
Try a simple, real 2 X 2 example...

Note that the 2 x 2 block matrix can be written as

el =laelle]xter

which is a special form of the R + UQV expression.
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Linear Algebra Dilation Main Result

Theorem: Given A € F"*" B € F©*P,C € F"*P. Then

T )

A C
Proof: Clearly, nothing smaller than the right-hand-side is achiev-
able. Take any v > & [ AC } Then

min o
XeFaxn

]_max{a[A Cl.o

m)}nc_f jg]<7<:> m)}n&({X B]S_%><1
where A
S =~ — C*][A C |

Hence there exists an X such that & <~ if and only if

X B
A C

X[1o]s2+[oB]s? <1

@ 1% R
What should V| be? It needs to satisty V, V* =0 and V, V| = I.
The first condition implies that

min o
X

I
0

so that V| is of the form V| = [ 0 L } S7 for some (at this point)
arbitrary L. The second condition requires

ViVi=I = L(y*I-CC)L" =1

VIV =0V, 52 { _ 0

1
so that L = (y?1 — C*C) ? is a suitable choice.
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Linear Algebra Dilation Result(cont’d)

Hence, the original equivalence continues,

miny 7 (QV + R) <1 < o (RV)) <1

— 5|B (721—0*0)_%1 <1
<:>a:B <
_C fy

Hence, any ~ larger than both ¢ [A C] and & is achievable,

C

using, for instance
X :=-B(yI-CC) CA

Moreover (though we do not explicitly use it) the minimum is
achieved (compactness argument).
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Linear Algebra Constant Matrix Optimization

Partial answer to the R + UQV problem when similarity scalings
are included:

1. Let R,U,V,U, and V| be given as before.

2. Let Z  F™! be a given set of positive definite, Hermitian

matrices
Then
inf o |Z'2(R+UQV)Z | <1
<

if and only if there is a Z € Z such that
VI(R"ZR—-Z)V] <0
and

Ui (RZ'R = 27" ) UL < 0.

ME 234, UC Berkeley, Spring 2003, Packard

108



Linear Algebra Constant Matrix Optimization

Proof: For each fixed Z € Z, consider the problem
. [, _1
6(Z):= inf o [Za (R+UQV)Z

Define R := Z*RZ~3.U = Z3U,V = VZ~ 2. Note that the
columns of of Z~2U | span the space orthogonal to the range
(column) of U, since <Z_%U L>*0 = 0. Similarly, the rows
of Vi 7 2 span the space orthogonal to the range (row) of V.
Therefore, for fixed Z € Z, §(Z) < « if and only if

Utz (Z%RZ—%Z—%R*Z% - 021) Z72U, <0,
and
Vv, 22 (Z—%R*Z%Z%RZ—% . 042]> Z2VE < 0.
These simplify to
Ui (RZ7'R = a?Z UL <0, (1)

and

Vi (RZR—-aZ) V] <0 (2)

as claimed. f
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Linear Algebra Constant Matrix Optimization

The previous results are directly useful in discrete-time problems.

Using similar techniques, the analogous theorem for definiteness can
be proven:

Theorem: Given R € F* .U € F>*™ and V € FP*! where
m,p < 1. Suppose U, € FXU=m) and V| € FU=P)*! have

are both invertible

o | U U.|.

V
Vi
o UUy = Opxc(i=m)> VVI = 0px(1—p)
Then, there exist a () € F"*? such that
[R+UQV]+[R+UQV]" <0
if and only if
U (R+RHU, <0, Vi(R+R)V =<0
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Completion of squares

Lemma: S = 5" > 0, T given square matrices. For every K,
—TK*— KT*+ KSK = —-TS™'T".

Furthermore, K := T'S™! achieves equality.
Proof: Complete squares as
—TK"— KT"+ KSK

= (KSYV? — 1S 1?) (KSY? —T7S12) —18-'T*
= =TS~'T"

Note that equality is achieved by making K SY? — TS~1/2 = 0,
which can be accomplished with K = TS~ 1.

Lemma: S = 5* = 0, KerS C KerT'. Let K be any solution of
the equation K¢S =T'. Then for every K

_TK*— KT*+ KSK = —TK; — KoT* + KoSK; (= —KoSK))

Proof: For any K,

T (Ky— K)' + (Koy— K)T* — KoSK; + KSK
= (Ky— K) S (Ky— K)'
=0

To verify the equality, simply substitute for T". Also note that the
equation K¢S = 1" may have many solutions. If Ky and Ko are
two such solutions, then by making the argument twice above, we

have
KOJSKS?1 = K()?QSKS:Q

Equivalently, TK071 = TKO’Q.
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