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Nonlinear Systems and Control

Lecture#9
Lyapunov Stability



fQuadratic Forms

n n
V(z) = 2l Px = y: y:pij:cia:j, P =pPr
1=17=1

Amin(P)”w”2 < z! Pz < AmaX(P)Hmnz
P > 0 (Positive semidefinite) if and only if X\;(P) > 0 V1
P > 0 (Positive definite) if and only if X\;(P) > 0 V4

V (x) Is positive definite if and only if P is positive definite
V (x) is positive semidefinite if and only if P is positive
semidefinite

P > 0 if and only if all the leading principal minors of P are

Lpositive
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fLinear Systems

T = Ax
V(z) = ! Px, Pp=prPl>0

V(z) =l Pi + &7 Px = 2T (PA + ATP)x def —zl'Qux

If Q > 0, then A is Hurwitz
Or choose @Q > 0 and solve the Lyapunov eguation
PA+ ATP=—-Q

If P > 0, then A Is Hurwitz

LMatIab: P = lyap(A’, Q)
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fTheorem A matrix A is Hurwitz if and only if for any

Q = Q' > 0thereis P = PT > 0 that satisfies the
Lyapunov eguation

PA+ ATP=—_Q

Moreover, If A Is Hurwitz, then P is the unigue solution

|dea of the proof: Sufficiency follows from Lyapunov’s
theorem. Necessity is shown by verifying that

P = /OO exp(ATt)Q exp(At) dt
0

IS positive definite and satisfies the Lyapunov equation
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fLinearization Consider = f(x). f(x) Is continuously
differentiable in D. By the mean value theorem:

filw) = £(0) + 2 (z)a
with z;, = o;2, and 0 < o; < 1.
Let
o ()
F(x) :=
Bfn (zn)

Then f(z) = F(z)z and F(0) = 21(0) =

B = f(z) = F(z)x = [A + G(z)|x
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fLinearization = f(x) = F(x)xr = [A+ G(x)]z. By

continuity of 2%t, we have

G(x) :=F(x)—A—0as x—0

Suppose A is Hurwitz. Choose Q = Q! > 0 and solve the
Lyapunov equation PA + ATP = —Q for P. Use
V(x) = ! Px as a Lyapunov function candidate for

r = f(x)

el Pf(x) + f1(x)Px

!l P[A + G(x)]xz + 21 [AT + GT (x)] Px
!l (PA + AT P)x + 22T PG(x)x
—zl'Qx + 22T PG(x)x

V(z)
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o | .
V(@) < —2"Qa +2||P|| |G(@)]| |||

For any v > 0, there exists » > 0 such that

[G(@)|| <, Vx| <r

z'Qz > Amin(Q)|1z|? & —2'Qz < —Amin(Q)|z||?

V(z) < —[Amin(Q) — 2v[|P|]llz]I?, V¥ |z <7
Choose
Amin(Q)

v <
2|| P

LV(:c) = ! Pz is a Lyapunov function for & = f(x)
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fWe can use V(z) = ! Pz to estimate the region of
attraction

Suppose V(x) <0, VO<|z| <

Take ¢ = min z! Pz = Amin (P) 72

|z||=r

{z' Pz < c} C {llz|l <}

All trajectories starting in the set {«! Px < ¢} approach the
origin as t tends to co.

Hence, the set {1 Pz < c} is a subset of the region of
attraction (an estimate of the region of attraction)

o
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fExampIe -

:i:l = —I2
$.2 p— I —|— (a:% — 1)%2
5, 0 —1 |
A p— —f p—
ox | ,.—g 1 —1

has eigenvalues (—1 % j+/3) /2. Hence the origin is
asymptotically stable

1.5 —0.5
0.5 1

TakeQ =1, PA+ATP=—-T = P=

" Awin(P) = 0.691
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|7 V(x) = ' Px = 1.52% — z123 + T3

V(x) (31 — @2)(—=x2) + (—z1 + 222)[z1 + (2] — 1)z2]

_(CE% + wg) — (CB‘%wz — ZCB%wg)

V3

. 5
V(z) < —||z||*+]|z1| |z122| |21 —222| < —||w||2+7||w||4

where |z1| < |lz|, |z1z2] < llzl|?, |21 — 222 < V5| 2]

. 2 def
Viz) <0 foro < ||z||? < —= = r?
(@) =12 < =
2 2
Take ¢ = Amin(P)r — 0.691 X ﬁ — 0.018

L{V(w) < ¢} is an estimate of the region of attraction
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fExampIe:
= —g(z)

g(0) =0; xg(x) >0, Vx#0 and « € (—a,a)
V@) = | o) dy

: oV
V(w) — %[—g(w)] — _92(55) <0,Vx € (—a, a)a x #£ 0
The origin is asymptotically stable

If xg(x) > O for all  # 0, use

B V@) =42t + [ o) dy




V(z) = 2% + /Owg(y) dy

IS positive definite for all x and radially unbounded since
Vx) > %wz

V(z) = —zg(z) — g(z) <0, Vz#0

The origin is globally asymptotically stable
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fExampIe: Pendulum equation without friction

T1 T2

— a sin oy

T2

V(x) =a(l —cosxy) + %wg

V(0) = 0 and V (x) Is positive definite over the domain
—2m < xq1 < 27

V(x) = axysinxy + xo2®s = axgsinx; — axgsinx; = 0

The origin is stable

LSince V() = 0, the origin is not asymptotically stable
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fExampIe: Pendulum equation with friction

T1 T2

— asinx; — bxs

T2

L,

V(x) =a(l —cosxy) + 5 T2
V(a:) = a&1sin Ty + ToLs = — bwg

The origin is stable

V (z) is not negative definite because V (z) = 0 for z3 = 0

Irrespective of the value of x4

o
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fThe conditions of Lyapunov’s theorem are only sufficient.
Failure of a Lyapunov function candidate to satisfy the
conditions for stability or asymptotic stability does not mean
that the equilibrium point is not stable or asymptotically
stable. It only means that such stability property cannot be
established by using this Lyapunov function candidate

Try
Vie) = %SBTPZB + a(1 — cos x1)
— %[wl 2] P11 P12 1 + a(1 — cos x1)
| P12 P22 | | T2

L p11 > 0, p11p22 — P%z >0
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f V(.’L‘) — (pllml + P12T2 + a sin .’L‘l) Lo
+ (p1271 + p22x2) (—asinx; — bxa)
a(l — pa2)xesinxy — apiox sinxy

+ (p11 — p12b) T172 + (P12 — P22b) T2
p22 =1, p11 =bpiz2 = 0<p12<b, Take pi2 =b/2
Viz) = — %abwl sinaxy — %bwg
D= {z € R*||z:| < 7}
V (x) is positive definite and V () is negative definite over D

The origin is asymptotically stable

LRead about the variable gradient method in the textbook
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