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Nonlinear Systems and Control
Lecture#4
Qualitative Behavior Near
Equilibrium Points
&

Multiple Equilibria



fThe gualitative behavior of a nonlinear system near an
equilibrium point can take one of the patterns we have seen
with linear systems. Correspondingly the equilibrium points
are classified as stable node, unstable node, saddle, stable
focus, unstable focus, or center

Can we determine the type of the equilibrium point of a
nonlinear system by linearization?
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fLet p = (p1, p2) be an equilibrium point of the system

1 = f1(x1,z2), o = fa(x1,x2)

where f; and fs are continuously differentiable
Expand f; and f» in Taylor series about (p1, p2)

1 = fi(p1,p2) +ai1(x1 — p1) + a12(x2 — p2) + H.O.T
2 = fa(p1,p2) + a21(x1 — p1) + az2(x2 — p2) + H.O.T

a1y — Of1(x1, z2) a1y — Of1(x1,x2)
8$1 r=p ’ 3$2 r=p
gt — 0 f2(x1, x2) o — 0 f2(x1, x2)
L 21 = Py ) 22 = s —
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f1(p1,p2) = f2(p1,P2)

Yy — 1 — p1
1 = @1 =
Yo = @ =
Yy~ Ay
" - 9f1 Of
_afll ai2 Ox1 0T
B o
. gz oL
1
a1 a22 i

Y2 — T2 — P2

Tr=p

ST
ai11yi1 + aiz2y2 + Hg -
a21Yy1 + a22y2 + H.O.
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Eigenvalues of A

Type of equilibrium point
of the nonlinear system

A< A1 <0 Stable Node
Ay > A1 >0 Unstable Node
Ao < 0 < Aq Saddle
at 18, a<0 Stable Focus
at 18, a>0 Unstable Focus
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Linearization Fails
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fExampIe -

&1 = —xg — pxi(x] + x3)

To = @I1 — ,ua;z(a:% + wg)

x = 0 1s an equilibrium point

af _ [ —pBa?+23) —(1+2umzs)
ox (1 — 2puzix2) —p(xf + 3x3)
5 U
A — of _ |0 -1

- ox =0 1 0

r1 =rcos@and xo = rsinf = 7= —purdand 6 =1
LStabIe focus when p > 0 and Unstable focus when u < 0
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fFor a saddle point, we can use linearization to generate the
stable and unstable trajectories

Let the eigenvalues of the linearization be A\; > 0 > X5 and
the corresponding eigenvectors be v; and v,

The stable and unstable trajectories will be tangent to the
stable and unstable eigenvectors, respectively, as they
approach the equilibrium point p

For the unstable trajectories use g = p £ awv;

For the stable trajectories use xg = p + avs

« IS a small positive number
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fl\/lultiple Equilibria

Example: Tunnel-diode circuit

a':l = O.5[—h(a31) -+ $2]
w.z = O.2(—$1 — 1.5%2 —+ 1.2)

h(x1) = 17.76x1—103.79x%+229.62x3 —226.31x7+83.72x>

'R
1.

0.8 T ‘ Q1 = (0'063’ 0'758)
0.6[[Q X2 S ' Q2 = (0.285,0.61)

0.4} S

02 Q0 Q3 = (0.884,0.21)
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8f | —0.5h(z1) 0.5
or —0.2  —0.3
- —3.598 0.5
— , HKigenvalues: — 3.57, —0.33
—0.2 —-0.3
 1.82 0.5
— ,  Kigenvalues : 1.77, —0.25
—0.2 —-0.3
| —1.427 0.5
— , HKigenvalues: — 1.33, —0.4
—0.2 —-0.3

IS a stable node; Q5 Is a saddle; Q3 Is a stable node
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x'=0.5(-17.76 x + 103.79 ¥ - 229.62 x° + 226.31 x* - 83.72x° + y)
y'=02(-x-15y+12)

15

-0.5&

-0.5

X

Cursor pasition: (1.02, -0.905)

15

The second unstable trajectory --* a possible eq. pt. near (0.063, 0.7G6).
Ready .

The forward orbit from (1.7, 2.2 --* 3 possible eq. pt. near (088, 0.217.
The backward orbit from (1.7, 2.27 left the computation window.

Ready.
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nysteresis characteristics of the tunnel-diode circuit

u==F,

Y = VR
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