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SISO relative-degree ρ system:

ẋ = f(x) + g(x)u, y = h(x)

f(0) = 0, h(0) = 0

LgL
i−1
f h(x) = 0, for 1 ≤ i ≤ ρ − 1, LgL

ρ−1
f h(x) 6= 0

Normal form:
η̇ = f0(η, ξ)

ξ̇i = ξi+1, 1 ≤ i ≤ ρ − 1

ξ̇ρ = L
ρ
fh(x) + LgL

ρ−1
f h(x)u

y = ξ1

f0(0, 0) = 0
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Reference signal r(t)

r(t) and its derivatives up to r(ρ)(t) are bounded for all
t ≥ 0 and the ρth derivative r(ρ)(t) is a piecewise
continuous function of t;

the signals r,. . . ,r(ρ) are available on-line.

Goal: lim
t→∞

[y(t) − r(t)] = 0

R =






r
...

r(ρ−1)




 , e =






ξ1 − r
...

ξρ − r(ρ−1)




 = ξ − R
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η̇ = f0(η, e + R)

ė = Ace + Bc

[

L
ρ
fh(x) + LgL

ρ−1
f h(x)u − r(ρ)

]

Ac =












0 1 0 . . . 0

0 0 1 . . . 0
... . . . ...
... 0 1

0 . . . . . . 0 0












, Bc =











0

0
...
0

1











u =
1

LgL
ρ−1
f h(x)

[

−L
ρ
fh(x) + r(ρ) + v

]

ė = Ace + Bcv
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v = −Ke ⇒ ė = (Ac − BcK)
︸ ︷︷ ︸

Hurwitz

e

lim
t→∞

e(t) = 0 ⇒ lim
t→∞

[y(t) − r(t)] = 0

e(t) is bounded ⇒ ξ(t) = e(t) + R(t) is bounded

What about η(t)?
η̇ = f0(η, ξ)

Local Tracking (small ‖η(0)‖, ‖e(0)‖, ‖R(t)‖):

Minimum Phase ⇒ The origin of η̇ = f0(η, 0) is
asymptotically stable

⇒ η is bounded for sufficiently small
‖η(0)‖, ‖e(0)‖, and ‖R(t)‖
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Global Tracking (large ‖η(0)‖, ‖e(0)‖, ‖R(t)‖):

What condition on η̇ = f0(η, ξ) is needed?

Example 13.21

ẋ1 = x2, ẋ2 = −a sin x1 − bx2 + cu, y = x1

e1 = x1 − r, e2 = x2 − ṙ

ė1 = e2, ė2 = −a sin x1 − bx2 + cu − r̈

u =
1

c
[a sin x1 + bx2 + r̈ − k1e1 − k2e2]

ė1 = e2, ė2 = −k1e1 − k2e2

See simulation in the textbook
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Sliding Mode Control

ẋ = f(x) + g(x)[u + δ(t, x, u)], y = h(x)

Lgh(x) = · · · = LgL
ρ−2
f h(x) = 0, LgL

ρ−1
f h(x) ≥ a > 0

η̇ = f0(η, ξ)

ξ̇1 = ξ2

...
...

ξ̇ρ−1 = ξρ

ξ̇ρ = L
ρ
fh(x) + LgL

ρ−1
f h(x)[u + δ(t, x, u)]

y = ξ1

e = ξ − R
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η̇ = f0(η, ξ)

ė1 = e2

...
...

ėρ−1 = eρ

ėρ = L
ρ
fh(x) + LgL

ρ−1
f h(x)[u + δ(t, x, u)] − r(ρ)(t)

Sliding surface:

s = (k1e1 + · · · + kρ−1eρ−1) + eρ

s(t) ≡ 0 ⇒ eρ = −(k1e1 + · · · + kρ−1eρ−1)
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η̇ = f0(η, ξ)

ė1 = e2

...
...

ėρ−1 = −(k1e1 + · · · + kρ−1eρ−1)

Design k1 to kρ−1 such that the matrix








1
. . .

1

−k1 −kρ−1









is Hurwitz

Assumption: The system f0(η, ξ) is BIBS stable
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s = (k1e1 + · · · + kρ−1eρ−1) + eρ =

ρ−1
∑

i=1

kiei + eρ

ṡ =

ρ−1
∑

i=1

kiei+1+L
ρ
fh(x)+LgL

ρ−1
f h(x)[u+δ(t, x, u)]−r(ρ)(t)

u = −
1

LgL
ρ−1
f h(x)

[
ρ−1
∑

i=1

kiei+1 + L
ρ
fh(x) − r(ρ)(t)

]

+ v

ṡ = LgL
ρ−1
f h(x)v + ∆(t, x, v)

∣
∣
∣
∣
∣

∆(t, x, v)

LgL
ρ−1
f h(x)

∣
∣
∣
∣
∣
≤ ̺(x) + κ0|v|, 0 ≤ κ0 < 1
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v = −β(x) sat

(
s

ε

)

, ε > 0

β(x) ≥
̺(x)

(1 − κ0)
+ β0, β0 >

What properties can we prove for this control?
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