
Nonlinear Systems and Control
Lecture # 34

Robust Stabilization

Lyapunov Redesign &
Backstepping
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Lyapunov Redesign (Min-max control)

ẋ = f(x) +G(x)[u+ δ(t, x, u)], x ∈ Rn, u ∈ Rp

Nominal Model: ẋ = f(x) +G(x)u

Stabilizing Control: u = ψ(x)

∂V

∂x
[f(x) +G(x)ψ(x)] ≤ −W (x), ∀ x ∈ D, W is p.d.

u = ψ(x) + v

‖δ(t, x, ψ(x) + v)‖ ≤ ρ(x) + κ0‖v‖, 0 ≤ κ0 < 1

ẋ = f(x) +G(x)ψ(x) +G(x)[v + δ(t, x, ψ(x) + v)]

V̇ =
∂V

∂x
(f +Gψ) +

∂V

∂x
G(v + δ)
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wT =
∂V

∂x
G

V̇ ≤ −W (x) + wT v + wT δ

wT v+wT δ ≤ wT v+‖w‖ ‖δ‖ ≤ wT v+‖w‖[ρ(x)+κ0‖v‖]

v = −η(x)
w

‖w‖

(
w

‖w‖
= sgn(w) for p = 1

)

wT v + wT δ ≤ −η‖w‖ + ρ‖w‖ + κ0η‖w‖

= −η(1 − κ0)‖w‖ + ρ‖w‖

η(x) ≥
ρ(x)

(1 − κ0)
⇒ wT v + wT δ ≤ 0 ⇒ V̇ ≤ −W (x)
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v =







−η(x) w
‖w‖

, if η(x)‖w‖ ≥ ε

−η2(x)wε , if η(x)‖w‖ < ε

η(x)‖w‖ ≥ ε ⇒ V̇ ≤ −W (x)

For η(x)‖w‖ < ε

V̇ ≤ −W (x) + wT
[

−η2 ·
w

ε
+ δ

]

≤ −W (x) −
η2

ε
‖w‖2 + ρ‖w‖ + κ0‖w‖‖v‖

= −W (x) −
η2

ε
‖w‖2 + ρ‖w‖ +

κ0η
2

ε
‖w‖2
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V̇ ≤ −W (x) + (1 − κ0)

(

−
η2

ε
‖w‖2 + η‖w‖

)

−
y2

ε
+ y ≤

ε

4
, for y ≥ 0

V̇ ≤ −W (x) + ε
(1 − κ0)

4
, ∀ x ∈ D

Theorem 14.3: x(t) is uniformly ultimately bounded by a
class K function of ε. If the assumptions hold globally and
V is radially unbounded, then x(t) globally uniformly
ultimately bounded
Corollary 14.1: If ρ(0) = 0 and η(x) ≥ η0 > 0 we can
recover uniform asymptotic stability
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Example: Pendulum with horizontal acceleration of
suspension point

m
[

ℓθ̈ + A(t) cos θ
]

= T/ℓ−mg sin θ

Stabilize the pendulum at θ = π

x1 = θ − π, x2 = θ̇, a =
g

ℓ
, c =

1

mℓ2
, h(t) =

A(t)

ℓ

ẋ1 = x2, ẋ2 = a sinx1 + cu+ h(t) cosx1

Nominal Model: ẋ1 = x2, ẋ2 = â sinx1 + ĉu

ψ(x) = −

(
â

ĉ

)

sinx1 −

(
1

ĉ

)

(k1x1 + k2x2)
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[

0 1

−k1 −k2

]

︸ ︷︷ ︸

Hurwitz

, V (x) = xTPx

δ =
1

ĉ

[(
aĉ− âc

ĉ

)

sinx1 + h(t) cosx1

−

(
c− ĉ

ĉ

)

(k1x1 + k2x2)

]

+

(
c− ĉ

ĉ

)

v

∣
∣
∣
∣

c− ĉ

ĉ

∣
∣
∣
∣
≤ κ0,

∣
∣
∣
∣

âc− aĉ

ĉ

∣
∣
∣
∣
+

∣
∣
∣
∣

c− ĉ

ĉ

∣
∣
∣
∣

√

k2
1

+ k2
2

≤ k, |h(t)| ≤ H

|δ| ≤
(k‖x‖ +H)

ĉ
+ κ0 |v|

def
= ρ(x) + κ0 |v|, (κ0 < 1)
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η(x) =
ρ(x)

(1 − κ0)
, η(x) ≥

H

ĉ(1 − κ0)

w =
∂V

∂x
G = 2xTP

[

0

1

]

= 2(p12x1 + p22x2)

v =







−η(x)sgn(w), if η(x)|w| ≥ ε

−η2(x)w
ε
, if η(x)|w| < ε

u = −

(
â

ĉ

)

sinx1 −

(
1

ĉ

)

(k1x1 + k2x2) + v

Will this control stabilize the origin x = 0?
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Backstepping

ż1 = f1(z1) + g1(z1)z2

ż2 = f2(z1, z2) + g2(z1, z2)z3
...

żk−1 = fk−1(x, z1, . . . , zk−1) + gk−1(z1, . . . , zk−1)zk

żk = fk(z1, . . . , zk) + gk(z1, . . . , zk)u

gi 6= 0, 1 ≤ i ≤ k

– p. 9/??



ż1 = f1 + g1z2 + δ1(z)

ż2 = f2 + g2z3 + δ2(z)

...
żk−1 = fk−1 + gk−1zk + δk−1(z)

żk = fk + gku+ δk(z)

|δ1(z)| ≤ ρ1(z1)

|δ2(z)| ≤ ρ2(z1, z2)

...
|δk−1| ≤ ρk−1(z1, . . . , zk−1)

|δk| ≤ ρk(z1, . . . , zk)

The virtual control zi = φi(z1, . . . , zi−1) should be smooth
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Example:

ẋ1 = x2 + θ1x1 sinx2, ẋ2 = θ2x
2

2
+ x1 + u

|θ1| ≤ a, |θ2| ≤ b

δ1 = θ1x1 sinx2, δ2 = θ2x
2

2

ẋ1 = x2 + θ1x1 sinx2, |θ1x1 sinx2| ≤ a|x1|

x2 = −k1x1

V1 = 1

2
x2

1
, V̇1 ≤ −(k1 − a)x2

1
; Take k1 = 1 + a

z2 = x2 + (1 + a)x1
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ẋ1 = −(1 + a)x1 + θ1x1 sinx2 + z2

ż2 = ψ1(x) + ψ2(x, θ) + u

ψ1 = x1 + (1 + a)x2, ψ2 = (1 + a)θ1x1 sinx2 + θ2x
2

2

Vc = 1

2
x2

1
+ 1

2
z2

2

V̇c ≤ −x2

1
+ z2[x1 + ψ1(x) + ψ2(x, θ) + u]

First Approach (Example 14.13):

u = −x1 − ψ1(x) − kz2, k > 0

V̇c ≤ −x2

1
− kz2

2
+ z2ψ2(x, θ)

Restrict analysis to the compact set Ωc = {Vc(x) ≤ c}
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ψ2 = (1 + a)θ1x1 sinx2 + θ2x
2

2

|ψ2| ≤ a(1 + a)|x1| + bρ|x2|, ρ = max
x∈Ωc

|x2|

x2 = z2 − (1 + a)x1

|ψ2| ≤ (1 + a)(a+ bρ)|x1| + bρ|z2|

V̇c ≤ −x2

1
− kz2

2
+ (1 + a)(a+ bρ)|x1| |z2| + bρz2

2

We can make V̇ neg. def. by choosing k large enough

Can this control achieve global stabilization?

Can it achieve semiglobal stabilization?
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Second Approach (Example 14.14):

u = −x1 − ψ1(x) − kz2 + v

V̇c ≤ −x2

1
− kz2

2
+ z2[ψ2 + v]

|ψ2| ≤ a(1 + a)|x1| + bx2

2

v =

{

−η(x) sgn(z2), if η(x)|z2| ≥ ε

−η2(x)z2/ε, if η(x)|z2| < ε

η(x) = η0 + a(1 + a)|x1| + bx2

2
, η0 > 0, ε > 0

V̇c ≤ −x2

1
− kz2

2
+
ε

4

Show that this control is globally stabilizing
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