Nonlinear Systems and Control
Lecture# 34

Robust Stabilization

Lyapunov Redesign &
Backstepping



Lyapunov Redesign (Min-max control)

i = f(@) 4+ G@)[u+ 8tz w)], ©E R, uE R

Nominal Model: = f(x) + G(x)u
Stabilizing Control: u = P (x)

Z—Z[f(a:) + G(x)Y(x)] < —W(x), Va € D, W is p.d.

u = YP(x) + v
10(¢, z, p(x) + v)|| < p(x) + Kollv]l, 0< Ko <1
¢ = f(z) + G(x)Y(x) + G(z)[v + (¢, z, Y(x) + v)]

. oV oV
V=" GY) + - G(v + )
ox ox
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o 1%

w! = —/—G
Ox

V < —W(z)+ wlv+wls

whvt+w's < whot|lwll [|6]] < whot|lw||[p(z)+Kollv]l]

o @ (T n(u) forp —
1@ i (g~ o =)

wlv + wl's —n||lw|| + pllwl|| + con||w]|

—n(1 — ro)||w]| + pllwl|

1A

= wlv4+wld<0 = V< -W(
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- - —N(Z) s A n(@)[|w]] > €
—n*(x)%, ifn@)|w| <e

nx)|w| >e = V< -W(z)
For n(x)||w|| < e

V < —W(z)+ w? [—772 2 -+ 5]
€
ne o
s —Wiz) = —llwll” + pllwll + sol|wllliv]

2

2
Y Ko7]
= —W(@) - T lwl® + pllwl +

2
]|
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V < —W(z) + (1 — ko) <— %Ilwllz + n||w||>

2

— L 4y<Z, fory >0
€ 4
. 1 —
vV < —W(a:)—l—s( 4:«:0), Ve e D

Theorem 14.3: x(t) is uniformly ultimately bounded by a

class KC function of . If the assumptions hold globally and

V is radially unbounded, then x(t) globally uniformly

ultimately bounded

Corollary 14.1: If p(0) = 0 and n(x) > 19 > 0 we can
Lrecover uniform asymptotic stability
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fExampIe: Pendulum with horizontal acceleration of
suspension point

m [20 + A(t) cos 0} =T/¢ —mgsin6

Stabilize the pendulum at 8 = =«

. 1 A(t)
CU1:0—7T,332:0,azz,C:m—p,h(t):T
T1 = T2, T2 = asinxi + cu + h(t) cos x;
Nominal Model: T1 = T2, To = asinx1 + éu

= (2 (2) thn s
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ki —ky |’ V(z) = 2! Px

Hurwitz

1 [/ac—ac\ .
0 = 7[( — )sma:l—l—h(t)cosazl
¢

C
c — C c — C
—< - )(k1w1+k2a¢2)]—|—< ~ )'U

C C

"] < ko, "’cfac+c_c VK2 + k2 <k, |h(t)| < H

C C
kllz|| + H ef
o) < FIELHH) ol % (@) + w0 o], (k0 < 1)

o
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-

o

p(x)
L) = 9 L 2 -
1% 0
w=—G= ZCIBTP = 2(p12£131 —|— pzzwz)
ox 1
—n(x)sgn(w), if n(z)|w| >«
I
—n?* ()%, if n(z)|lw| <e
a 1
U= — (7> sin 1 — <7> (kix1 + kox2) + v
% %

Will this control stabilize the origin = 0?

—p. 8/~




Zk—1
Zk

Backstepping

f1(z1) + g1(21)22
f2(z1, 22) + g2(21, 22) 23

Fro1(5 21, - - -

fr(21, ...

gi#oa

9zk—1) + gk—l(zla I
9zk) + gk(zlv I Zk)u

1<i<k

o Zk—1)Zk
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f 21 = f1+g1z2 + 01(2) -

Za = fa+4 g2z3+ 02(2)

Zk—1 = fr—1+ gr—12k + 0k—1(2)
2k = fr+ gru + 0k(2)
101(2)] < p1(z1)

102(2)] < p2(z1, 22)
0k—1] < pr-1(z15.-.528-1)
0] < pr(z1y...,52k)

LThe virtual control z; = ¢;(z1,.-.,2;—1) should be smooth
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Example:
[ ] _ [ ) [ ) - 2
Tr1 = T2 + 01x1 sinxo, T2 = 0215 + 1 + u

01] < a, |62 <D
01 = O1x1sinxy, O3 = 62:133
£1 = g + 0121 sinxe, |O1x1sinxz| < a|xq]
ro = —kia1
Vi=gz3, VW< —(k1—a)z3; Takeki=1+a

zo = a2+ (1 + a)x;
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f £1 = —(14+a)xy+ 01x1sinxe + 22
z2 = Pi(x) + P2(x,0) + u
Y1 = a1+ (1+ a)z2, o2 = (1+ a)biz1sinzs + 223

1.2, 1.2
Ve = 527 + 525

Ve < —xf + 2z2[m1 + P1(x) + 2(x, 0) + U]
First Approach (Example 14.13):

u=—wx1 —Pi(x) —kz2, k>0

Vc < —:1:% — kzg + zot2(x, 0)

LRestrict analysis to the compact set Q. = {V.(x) < ¢}
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Yo = (1 + a)Bi1xy sinxa + 022133

Y2 < a(l + a)|z1| + bplx2|, p= max EZY

2 222—(1—|—a)a31
[Y2| < (14 a)(a + bp)|z1| + bp|z2
Ve < —af — k23 + (1 + a)(a + bp)|z1| |22| + bpz3

We can make V neg. def. by choosing k large enough
Can this control achieve global stabilization?

Can it achieve semiglobal stabilization?

o
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fSecond Approach (Example 14.14):
u=—x1 —P1(x) — kzog + v

V. < —a:% — kzg + z2[1)a + V]

2| < a(l + a)|zi| + ba?

o — ) —n(@)sgn(z2), ifn(z)|z2| >e
—n*(z)22/¢, if n(x)|z2| < e

n(xz) =no+ a(l+ a)|x1| + bz, no >0, &>0
Ve < —xf — kz3 + i
LShow that this control is globally stabilizing
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