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Nonlinear Systems and Control
Lecture# 33

Robust Stabilization

Sliding M ode Control



fReguIar Form:

n = fa("%ﬁ)
£ = fr(m€) +agm&u+ & u)

neER", {cR uER
fa,(0,0) = 0, .fb(OvO) = 0, 9(7775) >go >0
Sliding Manifold:
s=&—d(n) =0, ¢(0)=0

s(t) =0 = 1= fa(n,d(n))
Design ¢ s.t. the origin of 17 = f,(n, ¢(n)) IS asymp. stable

o



0]
§ = .fb(nv €) — —¢fa(nv€) + g(n,é)u + 5(t9779€9u)
u = i(fb——qbfa>+v or u="v
g

. . 1
u:—L<fb——¢fa)—|—’v, L=—- or L=0
on g

S = g(n,ﬁ)v + A(ta Up f,’U)
o . 0P -
AZfb_a—Z?fa‘F(s_gL (fb_a—j;fa>

A(t,m,&,v)
g(n,§)

< 9(777 g) + K,()|’U|



o A(t,m, &, v)
g(n,§)

9(7775) >0, 0<ko<1 (Known)

< 9(777 g) + K,()|’U|

ss = sgv + sA < sgv + |s| |A]
ss < glsv + [s|(0 + Ko|v]|)]
v = —0B(n,§) sgn(s)

B(n, &) > + Bo, Bo >0

— 1 — Kg
s$ < g[—B|s| + o|s| + koB|s|] = g[—B(1 — ko) |s| + ols|]
s$ < g[—ol|s| — (1 — ko)Bols| + o|s]| ]
|




e85 < —gm,&)(1— r0)Bols| < —goBo(1 — ro)ls]

v = —3(x) sat <f> , >0
5

s$ < —goPBo(1l — ko)l|s|, for|s| > e

The trajectory reaches the boundary layer {|s| < €} in finite
time and remains inside thereafter

Study the behavior of n
1 = fa(n,d(n) + 5)

What do we know about this system and what do we need?

o
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B ar(ml) < V(n) < az(|nll)

g—‘;fa(n,qb(n) +5) < —as(lnl), V[l > ~(s])

s| <e = V < —as(lInll), for ||l > v(c)

a(r) = az(y(r))

V(n) 2 alc) © V(n) 2 az(v(c)) = az(||nl]) = az(v(c))
= [0l > v(c) = V < —as(lInl)) < —az(v(c))

The set {V(n) < co} with ¢y > a(c) is positively invariant

Q ={V(n) < co} x{ls|] < c}, with co 2 a(c)
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€ C S|

Q={V(n) <co} X {|s|] < ¢}, with ¢g > a(c)

IS positively invariant and all trajectories starting in €2 reach
Q. ={V(n) <a(e)} x {|s| < e} Infinite time

o
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- Theorem 14.1: Suppose all the assumptions hold over .
Then, for all (n(0),&(0)) € €, the trajectory (n(t),&(t)) Is
bounded for all ¢ > 0 and reaches the positively invariant
set 2. In finite time. If the assumptions hold globally and
V (n) Is radially unbounded, the foregoing conclusion holds
for any initial state
Theorem 14.2: Suppose all the assumptions hold over 2

9 Q(O):O,K,O:O

# The origin of 7 = f,(n, ¢(n)) IS exponentially stale
Then there exits e* > 0 such that forall 0 < € < €*, the
origin of the closed-loop system is exponentially stable and
(2 Is a subset of its region of attraction. If the assumptions

hold globally, the origin will be globally uniformly
Lasymptotically stable
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fExampIe o

a':l = I92 -+ 01%1 sin I, iz = 02%3 -+ 1 + u

01] < a, (02 <Db
ro = —kxri = 21 = —kx1+ 01x1Sinx>o
1_2

Vi = 5T] = T < —kw% -+ GCE%

s=x2+ kx1, k>a
S :02m§+w1+u+k(m2+01w1 sin o)
u=—x1 —kxa+v = $=v+ A(x)

A(x) = 02:133 + kO1x1 sin xo
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A(x) = 0225 + kb1 sin zo

|A(z)| < ak|z1| + bx3

B(x) = ak|z1| + bx2 + Bo, Bo > 0

u = —x1 — kxa — B(x) sgn(s)
Will

u = —x1 — kxo — B(x) sat (Z)

stabilize the origin?

o
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fExampIe: Normal Form

7.7 — fo("?» 5)

& = &ip1, 1<i<p-—1
§ = Lih(z)+ LyL) 'h(z) u
Y &1

View £, as Input to the system

n = f0(779€17'°°7€P—1’€P)
& = &iy1, 1<i<p—2
ép—l — £P

LDesign Ep = d(n, &1, -+, &p,—1) to stabilize the origin
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B S =& — p(m, €1+ Ep1)

Minimum Phase Systems: The origin of ) = fo(n,0) IS
asymptotically stable

s=& t+tki&1+ -+ kp_1£p-1

1 = fo(n,81,-,&p—1,—k1§1 — -+ — kp—1&p—1)
& i 1 1| &
- 1
&1 | | —ka —kp—1 | | §p—1




- Multi-Input Systems

7.7 — fa("%ﬁ)
£ = (&) +Gn,E)E(n, &)u+ 5(t,n, &, u)

neR"P, € R, ue RP
fa(0,0) =0, f3(0,0) =0, det(G) # 0, det(E) # 0

G = diag[g1, g2, -+, 9m], 9i(1,€) > go >0
Design ¢ s.t. the origin of ) = f,(n, ¢(n7)) IS asymp. stable
s=§&— ¢o(n)

0¢
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N ¢

u=E"" {_L []Eb — %]@a] ‘I"U} , L
on
S; = gi(nv f)’Uz + Ai(tana 59’0)7 1<2<p
'Ai(tafrlagav)
gi(nvg)

20(n1,§) 20, 0< ko<1 (Known)

GlorL=o0

< o(n,€) + ko max |v;|, V1<i<p
1<:<p




f 8;i8; = 8;9iV; + $;A; < g;{siv; + |si|le + ko max lvi ]}
1<:<p

&
|

—0 Sgn(si)v 1<:<p

@
.

.
.

gi[—B + o + xoB]|si|
gi|— (1 — Kko)B + o]|si
gil—o — (1 — ko)Bo + ol|si
—90Bo(1 — Ko)|s;]

IA AN A

Now use

s,
’vz'=—ﬁsat(—z), 1<:<0p
E

LRead Theorem 14.1 and 14.2 in the textbook
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