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Nonlinear Systems and Control
L ecture# 32

Robust Stabilization

Sliding M ode Control



fExampIe
1 =x3 2 = h(z)+g(x)u, g(xr)>ge >0
Sliding Manifold (Surface):
S—=aijxry1+x2 =0
s(t) =0 = 1 = —aix
ai; >0 = lim x:(t) =0

t— o0

How can we bring the trajectory to the manifold s = 0?

How can we maintain it there?

o
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|7 § = a1y + 2 = ajxs + h(x) + g(x)u
Suppose

V = 55 = s[arza+h(z)]+g(x)su < g(z)|s|o(x)+g(x)su
B(x) > o(x) + Bo, Bo >0
s>0, u=-—08(x)
V < g(x)|slo(z) — g(x)B(z)|s|
o V < g(z)|s|le(x) — g(z)(e(z) + Bo)ls| = —g(x)Bols|



s <0, u:IB(w)

V < g(z)|s|lo(z) + g(z)su = g(z)|s|o(z) — g(z)B(z)|s|
V < g(z)|sle(z) — g(z)(e(z) + Bo)|s| = —g(z)Bols|

1, s >0
sgm(s):{_1 s <0
u = —B(x) sgn(s)

V < —g(z)Bo|s| < —goBols|

V < —goBoV2V



- V < —goBoV2V

dV
ﬁ < —goBoV'2 dt
V(s(t))
2VV < —goBoV2t
V (s(0))

VV @) < VV(5(0) — gOﬁO% "

|s(t)] < [s(0)] — goBo
s(t) reaches zero in finite time

L Once on the surface s = 0, the trajectory cannot leave it

—p. 5/



s=0

B

What is the region of validity?

o
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[ By =2y iz = h(z) — g(x)B(x)sgn(s) -
i = —aiz1+8 §=aixs+ h(z) — g(z)B(z)sgn(s)
s < —goPols|, 1TB(x) = e(x) + Bo
Vi = %a}%

Vi =z = —a1z5 + 18 < —a12? + |z1|c < 0

c
V0 s| <cand|xi| > —

ai
c
o= {ler] < 2 Jsl < cf
ai
aixo + h(x)

L Q) Is positively invariant if < o(x) over Q

g(x)
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aixe + h(x)
g(x)

<k <k VrecQ

u = —k sgn(s)
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fChattering

Sliding manifold

How can we reduce or eliminate chattering?

o
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fReduce the amplitude of the sighum function
$ =ajxs + h(x) + g(x)u

_ la1zz 4 h(=)] .
- a@)

$§ =6(x) +g(x)v

é(x) = a1 [1 — %} zo + h(x) — %ﬁ(m)
'5(:1:)

—\ < o(@), Bz)> e(@)+ Bo
g(x)

| v = —B(x) sgn(s)



fReplace the signum function by a high-slope saturation
function

u = —B(z) sat (Z)

. Y, if |y| <1
sat(y) = .
sgn(y),  if [y[ > 1
sgn(y) 4 sat (£) 4
1 1
1] RN
—1 —1
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fHow can we analyze the system?
For |s| > e, u= —pB(z) sgn(s)
Withe > ¢

o Q= {|a31| < &) s < c} IS positively invariant

ail

# The trajectory reaches the boundary layer {|s| < e}in
finite time

# The boundary layer Is positively invariant
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ﬁnside the boundary layer:
S
£1 = —aix1+s8 S=aix2+ h(x)— g(w)ﬁ(w)g

:Blzizl S —alm% —+ |$1|€
0<O6<K1

. 2 €
121 < —(1 —0)arx], V|x1| > o

The trajectories reach the positively invariant set

€
Qe = {|za] < Z—, [s| < €}
Hal

un finite time
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fWhat happens inside €2.7?

Find the equilibrium points

S
0= —ajxr1 + s = x2, 0 =ajx2 + h(fE) — 9(33)/3(33);

 h(x)
Y1) = e @B@) |,
1 = €¢(331)

Suppose 1 = e¢(x1) has an isolated root ; = k4

h(O):O = 1 =0

o




Z1 = a1 — T1, Z9g =8 — a1y

T2 = —a1x1+s = —a1(r1 —T1)+s—a1T1 = —a1z1 + 22

zZ1 = —a1x1 + 8§ = —ai1z1 + 22

Z2 = aixz + h(z) — g(w)ﬁ(w)z

= a1(22 — a121) + h(z) — g(z)B(x) > Tan

22 = £(2) — g(2)B(x) 2

= a1(z2 — a1z a19(x)B(x h(z) _
LE(Z) = a1(z2 121) + a1g(x)B(x) a19(2) B () e




-

=z bz, b= () — g(@)8()

€(0) =0, [£(2)| < lafz1]| + £2|22]
g(z)B(z) = goLo

1 _2 1 _2
V =327 + 373

V =zi(—a1z1 + 22) + 22 |£(z) — g(w)ﬂ(w)%

9050

V < —a12] + (1 + £1)|z1] |z2| + 225 — =23




- goBo o -
€

V < —a1zi + (14 €1)|21] |z2| + £az5 —

2
_ —_ T _ —_ _ —_
. |21 ai —5@+£1) ][ |2]
|4 S T 1 goSo
lzl | | -3 ta) (22 —) || |2l
Q
gO/BO 1 2
det(Q) = ai — b | — Z(l —+ 21)
h(0) =0 = tlim x(t) =0
R(0) £0 = lim @(t) = "(’)1

L Read Section 14.1.1
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