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Stabilization

Backstepping
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η̇ = f(η) + g(η)ξ

ξ̇ = u, η ∈ Rn, ξ, u ∈ R

Stabilize the origin using state feedback

View ξ as “virtual” control input to

η̇ = f(η) + g(η)ξ

Suppose there is ξ = φ(η) that stabilizes the origin of

η̇ = f(η) + g(η)φ(η)

∂V

∂η
[f(η) + g(η)φ(η)] ≤ −W (η), ∀ η ∈ D
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z = ξ − φ(η)

η̇ = [f(η) + g(η)φ(η)] + g(η)z

ż = u −
∂φ

∂η
[f(η) + g(η)ξ]

u =
∂φ

∂η
[f(η) + g(η)ξ] + v

η̇ = [f(η) + g(η)φ(η)] + g(η)z

ż = v
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Vc(η, ξ) = V (η) + 1

2
z2

V̇c =
∂V

∂η
[f(η) + g(η)φ(η)] +

∂V

∂η
g(η)z + zv

≤ −W (η) +
∂V

∂η
g(η)z + zv

v = −
∂V

∂η
g(η) − kz, k > 0

V̇c ≤ −W (η) − kz2
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Example

ẋ1 = x2

1
− x3

1
+ x2, ẋ2 = u

ẋ1 = x2

1
− x3

1
+ x2

x2 = φ(x1) = −x2

1
− x1 ⇒ ẋ1 = −x1 − x3

1

V (x1) = 1

2
x2

1
⇒ V̇ = −x2

1
− x4

1
, ∀ x1 ∈ R

z2 = x2 − φ(x1) = x2 + x1 + x2

1

ẋ1 = −x1 − x3

1
+ z2

ż2 = u + (1 + 2x1)(−x1 − x3

1
+ z2)

– p. 5/??



Vc(x) = 1

2
x2

1
+ 1

2
z2

2

V̇c = x1(−x1 − x3

1
+ z2)

+ z2[u + (1 + 2x1)(−x1 − x3

1
+ z2)]

V̇c = −x2

1
− x4

1

+ z2[x1 + (1 + 2x1)(−x1 − x3

1
+ z2) + u]

u = −x1 − (1 + 2x1)(−x1 − x3

1
+ z2) − z2

V̇c = −x2

1
− x4

1
− z2

2

V̇c = −x2

1
− x4

1
− (x2 + x1 + x2

1
)2
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Example

ẋ1 = x2

1
− x3

1
+ x2, ẋ2 = x3, ẋ3 = u

ẋ1 = x2

1
− x3

1
+ x2, ẋ2 = x3

x3 = −x1 − (1 + 2x1)(−x1 − x3

1
+ z2) − z2

def
= φ(x1, x2)

V (x) = 1

2
x2

1
+ 1

2
z2

2
, V̇ = −x2

1
− x4

1
− z2

2

z3 = x3 − φ(x1, x2)

ẋ1 = x2

1
− x3

1
+ x2, ẋ2 = φ(x1, x2) + z3

ż3 = u −
∂φ

∂x1

(x2

1
− x3

1
+ x2) −

∂φ

∂x2

(φ + z3)
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Vc = V + 1

2
z2

3

V̇c =
∂V

∂x1

(x2

1
− x3

1
+ x2) +

∂V

∂x2

(z3 + φ)

+ z3

[

u −
∂φ

∂x1

(x2

1
− x3

1
+ x2) −

∂φ

∂x2

(z3 + φ)

]

V̇c = −x2

1
− x4

1
− (x2 + x1 + x2

1
)2

+z3

[

∂V

∂x2

−
∂φ

∂x1

(x2

1
− x3

1
+ x2) −

∂φ

∂x2

(z3 + φ) + u

]

u = −
∂V

∂x2

+
∂φ

∂x1

(x2

1
− x3

1
+ x2) +

∂φ

∂x2

(z3 + φ) − z3
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η̇ = f(η) + g(η)ξ

ξ̇ = fa(η, ξ) + ga(η, ξ)u, ga(η, ξ) 6= 0

u =
1

ga(η, ξ)
[v − fa(η, ξ)]

η̇ = f(η) + g(η)ξ

ξ̇ = v
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Strict-Feedback Form

ẋ = f0(x) + g0(x)z1

ż1 = f1(x, z1) + g1(x, z1)z2

ż2 = f2(x, z1, z2) + g2(x, z1, z2)z3

...
żk−1 = fk−1(x, z1, . . . , zk−1) + gk−1(x, z1, . . . , zk−1)zk

żk = fk(x, z1, . . . , zk) + gk(x, z1, . . . , zk)u

gi(x, z1, . . . , zi) 6= 0 for 1 ≤ i ≤ k
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Example
η̇ = −η + η2ξ, ξ̇ = u

η̇ = −η + η2ξ

ξ = 0 ⇒ η̇ = −η

V0 = 1

2
η2 ⇒ V̇0 = −η2, ∀ η ∈ R

V = 1

2
(η2 + ξ2)

V̇ = η(−η + η2ξ) + ξu = −η2 + ξ(η3 + u)

u = −η3 − kξ, k > 0

V̇ = −η2 − kξ2 Global stabilization
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