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Nonlinear Systems and Control
Lecture# 27

Stabilization

Partial Feedback Linearization



fConsider the nonlinear system
= f(x) +G(x)u [f(0) =0]

Suppose there is a change of variables

o _ T1(x) _
3 Ta(x) |

defined for all xt € D C R™, that transforms the system into

7.7 — fO(naf)
¢ A€ + By(z)[u — a(x)]

L(A’ B) is controllable and ~(x) is nonsingular for all x € D
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u = a(z) +v7 " (z)v
1= fo(n ), § = A¢ + Bv
Suppose the origin of 7 = fo(n, 0) is asymptotically stable
v=—K¢&, where (A — BK) is Hurwitz
Lemma 13.1: The origin of
= fo(n, &), £ = (A— BK)¢

IS asymptotically stable if the origin of /7 = fo(n,0) IS
asymptotically stable

~ Proof: V(n,&) = Vi(n)+kVETPE
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ﬁf the origin of n = fo(n,0) Is globally asymptotically stable,
will the origin of

?°7=f0(?7,€), €:(A_BK)£
be globally asymptotically stable? In general No
Example

0= —n +n%, §=v

The origin of n = —n Is globally exponentially stable, but
the origin of

n = —n + N3¢, §E=—ké k>0

IS not globally asymptotically stable. The region of
attraction is {n¢ < 1+ k}

o
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fExampIe

= — 314 &)n°, &1 = &2, £2 = v
The origin of 1 = — %"73 IS globally asymptotically stable
0 1
— K22kt K A—BK =
v &1 &2 § = 12 oL

The eigenvalues of (A — BK) are —k and —k

o(A—BE)t _

(1 + kt)e Kt

_kzte—kt

te—kt

(1 — kt)e "t
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fPeaking Phenomenon:

mtax{k%e—kt} — — — ooask — oo
e

£1(0) =1, £(0) =0 = &(t) = —k*te™™
7:’ — — % (1 — kzte_kt) 7’]3, ’I](O) = No

2
UR
2 —kt
14+ n5[t+ (1 + kt)e=*t — 1]

If n3 > 1, the system will have a finite escape time if k is
chosen large enough

o

n*(t) =
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fLemma 13.2: The origin of

1 = fo(n,£), €:(A_BK)€

IS globally asymptotically stable if the system nn = fo(n, &)
IS Input-to-state stable

Proof: Use

Lemma 4.7 If 1 = fi(x1,x2) IS ISS and the origin of
2 = fa(x2) IS globally asymptotically stable, then the
origin of

1 = f1(x1, z2), T2 = fa(x2)

IS globally asymptotically stable

o
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u = a(z) — v (z) KTz (z)
What is the effect of uncertainty in «, ~, and T5?

Let &(x), (), and Tx(x) be nominal models of a(zx),
~(x), and Tx(x)

u = &(z) — 47 (z) KTz (=)

n=fo(n, &), &= (A— BK)¢+ Bi(z)

§ =7 —a+~v KT, — 4 1 KT
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fLemma 13.4

® If [|0(2)|| < eforall zandn = fo(n, &) IS Input-to-state
stable, then the state z is globally ultimately bounded by
a class IC function of ¢

® If [|6(2)]|| < Kk||z]|| in some neighborhood of z = 0, with
sufficiently small k, and the origin of 17 = fo(7,0) IS
exponentially stable, then z = 0 Is an exponentially
stable equilibrium point of the system

77=f0(77,€)a €: (A—BK)f—I—BCS(Z)
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fProof—First Part: As in Lemma 13.3

1€(#)l|<ce, ViE> 1o

[n(@)[] < Bollln(to)ll;t — to) + vo(sup [[£(2)]])

t>to

In ()]l < Bo(lln(to)ll, t — to) + vo(ce)

Proof—-Second Part:
ci|n]]? < Vi(n) < ezln||?

oVi
—fo(n,O) < —cs||nll®

oVy
H < callml
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V(z) = bVi(n) + &1 P¢

VvV < —

bC3

- 1T
[kl

el

i —(k||PB|| 4+ bcaL/2)

Q Is positive definite for sufficiently small k

b=k

il
®en

—(k||PB|| + beaL/2)

1 — 2k|PB|
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