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Nonlinear Systems and Control
L ecture # 22

Normal Form



Relative Degree
B = f(xz) +g(xr)u, y=h(x)

where f, g, and h are sufficiently smooth in a domain D
f:D— R"and g: D — R" are called vector fields on D

§ = 2 1F(@) + g@)u] L Lyh(@) + Loh(z) w

Lyh(z) = 5 f(x)

IS the Lie Derivative of h with respect to f or along f

o
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L y(z)

LyLsh(z) = 22 )
L2h(z) = LyLsh(z) = 2 p(a)
o(L  1h
Lih(z) = LyL} 'h(z) = ( gw )f(a:)

L(}h(w) = h(x)
Yy = L¢h(x) + Lyh(x) u
Lsh(x) =0 = 9y = Lsh(x)
3( rh)

[f(x) + g(x)u] = Lih(x) + LyLyh(x) u



- LyLsh(z) =0 = y® = Lih(z)
y®) = L3h(z) + LyLih(z) u
LyL 'h(z) =0, i=1,2,...,p—1; LyL{ 'h(zx) # 0

y?) = Loh(x) + LyL} ™ "h(z) u
Definition: The system
= f(x) +g(x)u, y=h(x)
has relative degree p, 1 < p < n,iIn Dy C DIfVx € Dy

LLQL}‘lh(m) =0, i=1,2,...,p—1; LgL} 'h(z) #0
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fExampIe
L1 = T2, Lo = —x —|—€(1—a3%):1:2—|—u, y=x1, €>0
Y =1 = T2
Yy = Lo = —:Bl—l—s(l—a:%)azz—l—fu,

Relative degree = 2 over R?
Example

L1 = T2, a’:zz—azl—l—s(l—a:%)mg—l—u, y==x3, €>0

y'za'zzz—ml—l—e(l—a:%)a:z—l—u

L Relative degree = 1 over R?
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~ Example -

L1 = T2, =To = —a:l—l—e(l—m%)a:g—l—u, Yy = a:l—l—azg, e>0

Y = T + 2x3[—x1 + (1 — z§)x2 + U]
Relative degree = 1 over {x2 # 0}

Example: Field-controlled DC motor
r1 = —axi+u, ro = —bxrot+k—cxrix3, 3 = 0122, Y = T3
a, b, ¢, k, and 0 are positive constants
Yy = &3 = Q122
iy = Ox122 + 0122 = (+) + Ox2u
L Relative degree = 2 over {2 # 0}
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Normal Form

fChange of variables:
¢1(x)
Gn—p(T) - o(x) - i n |
z=T(x) = — — — def | _ _ _ || __ _
h(x) - P(x) &
| LY 'h(e)

@1 t0 ¢, are chosen such that T'(x) Is a diffeomorphism
on adomain Dy C D

o




- 90

N = g[f(w)ﬂLg(w)U] = fo(n,&) +go(n,&u

& = &ip1, 1<i<p-—1
Lph(a:)—l—L Lp 'h(z) u
y = &1

.
>
|

Choose ¢(x) such that T'(x) is a diffeomorphism and

i
Oz

g(x) =0, for1 <i1<n—p, Vo€ Dy

Always possible (at least locally)

N = fo(?% f)
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fTheorem 13.1: Suppose the system
= f(x) +g(x)u, y=h(x)

has relative degree p (< n) In D. If p = n, then for every
xog € D, a neighborhood IV of x¢ exists such that the map
T(x) = ¥ (x), restricted to IV, is a diffeomorphism on N. If
p < n, then, for every xg € D, a neighborhood IV of x

and smooth functions ¢1(x), ..., n—,(x) exist such that
0p;
(pg(a}):O, for1<i<n-—p
ox
IS satisfied for all x € N and the map T'(x) = Ziw; ,
£r

Lrestricted to N, Is a diffeomorphism on NV - -
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Normal Form: 1) fo(n, &)
& = &1, 1<i<p-—1

. —1
§p = Lih(z) + Lyl "h(z) w
y = &1

0 1 0 0] 0

0 0 1 0 0

Ac — . 9 BC —

0 1 0

0 0 O 1
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7.7 — fo("?»f)
§ = A&+ Bc|Lih(z) + LyLf " h(z) u
y = Cc

L?h(m)
—1
LgL'jO_, h(x)

v(x) = LgLfc_lh(a:), a(x) = —

£ = A + Bey(z)[u — a(z)]

If x* IS an open-loop equilibrium point at which y = 0; I.e.,
f(x*) = 0and h(x*) = 0, then ¥»(x*x) = 0. Take
¢(x*) = 0 so that z = 0 Is an open-loop equilibrium point.

o




Zero Dynamics

- :

— fo("% f)
§ = A+ Bey(z)[u — o))
y = C

y(t) =0 = £(t) =0 = u(t) = a(z(t)) = 1= fo(n,0)

Definition: The equation n = fy(n,0) Is called the zero
dynamics of the system. The system is said to be minimum
phase if zero dynamics have an asymptotically stable
equilibrium point in the domain of interest (at the origin if

T(0) = 0)

The zero dynamics can be characterized in the
x-coordinates

o
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Z* = {x € Do | h(z) = Lgh(z) = -+ = L} 'h(x)
y(t) =0 = =(t) € Z*

” def
= u=u"(z) T a(@)|,ez
The restricted motion of the system is described by

&= f*(x) = [f(z) + g(@)a(@)] ez




fExampIe o

. . 2
T1 = x2, Tz =—T1+e(l—x])x2+u, Y=

y::i;2:—a31—|—€(1—a;%)a;2—|—u = p=1
y(t)EO =>5132(t)50 = 1 =20

Non-minimum phase
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fExampIe o

2—|—:13§
1—|—:c§

r1 = —T1 + u, L2 = T3, L3 = T1T3 + U, Yy = T2

y=a3 =13 +Uu = p =2
L?gh(a))
LyL¢h(x)
Z*:{wzza}g:()}

vy = Lgth(CC) =1, aa = — — —L1L3

u=u"(x) =0 = o =—x

L Minimum phase
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- Find ¢(z) such that

_ 2—|—$§ -
0P 9 ) 9 L+as
®(0) = 0, %g(m):{aia 33?;9 3;?3} 0 =0
1

and

T
T(x)=| ¢(x) 22 =3
IS a diffeomorphism

0o 2—|—:1:§ oo

0
Ooxr1 1+ :c% O0xs3

L d(xr) = —x1 + 3 + tan~ ! a3
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T
T(a:) = | —x1 + X3 + tan—1 xr3, T2, I3 }
IS a global diffeomorphism

n=—x1+x3+tan a3, & =x2, & = 3

2 2
n = (—n+ & +tan™' &) <1+ 112252)

&1 = &
&2 (—m + &2 + tan™ ' &2) €2 + u
&1

<
]
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