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The Small-Gain theorem



fTheorem 5.4: Consider the linear time-invariant system

r = Ax + Bu, y=Cx + Du

where A is Hurwitz. Let G(s) = C(sI — A)~'B + D. Then,
the L2 gain of the system is sup,cgr ||G(7w)]||
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fLemma: Consider the time-invariant system

= f(x,u), y = h(x,u)

where f Is locally Lipschitz and A is continuous for all
x € R" and u € R™. Let V (x) be a positive semidefinite
function such that

.V
V= ——f(x,u) <a(y*[lull® - llyl*), a,y>0

Then, for each =(0) € R"™, the system Is finite-gain L-
stable and its £, gain is less than or equal to ~. In particular

\_ lyrllc. < llwrllz, + \/V(C’;(O))
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fProof o
vwh»—vmﬂmf@méﬂﬂm@m%ﬁ—aéﬂwum%u

V(x) >0
V(z(0))

/|MMF&§%anmPﬁ+
0

V((0))

lyrllc, < Yllurlle, + \/



fLemma 6.5: If the system
¢ = f(z,u), y=h(z,u)
IS output strictly passive with
uly >V +oyly, >0

then it Is finite-gain Lo stable and its £, gain is less than or
equalto 1/6
Proof
vV ul y — dyly
o (u — 0y)T(u — 0y) + sulu — SyTy

g (512“T“ —Y y)

IA 1 IA
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fExampIe o

. . 3
r1 = T2, &2 =—axry—kra+u, y=x2, a,k>0

V(z) = Sz] + 323

V = axdzs+ ro(—az? — kxa + u)

= —kazg + zou = —ky? + yu

The system is finite-gain L, stable and its £, gain Is less

than or equal to 1/k

o
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fTheorem 5.5: Consider the time-invariant system
= f(z) + G(x)u, y=h(x)

f(0)=0, h(0)=0

where f and G are locally Lipschitz and Ak is continuous
over R™. Suppose 3~ > 0 and a continuously
differentiable, positive semidefinite function V' (x) that
satisfies the Hamilton—Jacobi inequality

A% 1 9V av\T 1
o T @+ 55 G@GET @) (5 ) + T @h(z) <0

ox

Vo € R™. Then, for each £(0) € R"™, the system is
Lfinite-gain Lo stable and its £5 gain < ~
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fProof -

E1% )%
—f(x) + - G(z)u =
ox
1 1 av\T|
2 T
— S |[v — G (x) (%) + —f(x)
1 oV )% 1
G GT - 2
b a@a @) (O0) 4 1yl
1
V < AP lull? - —||y||2

2
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fExampIe
= Ax+ Bu, y=Cx

Suppose there is P = P > 0 that satisfies the Riccati
equation

1
PA 1+ ATP 1 —ZPBBTP +cTc =0
9

for some v > 0.
Verify that V (x) = %azTPa: satisfies the Hamilton-Jacobi
equation

The system is finite-gain L4 stable and its £2 gain is less
than or equal to ~
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- Schur complement

v g
zT vy

<0&Y <0, X-—2zYy 1z <o.

Take X = PA+ ATP+CTC,Z = PB,Y = —~21

 PA+ ATP+CcTC PB
B'P —~21

<0< —~v%I <0,

1
Q:=PA+A"P+ —PBB'"P+C"C <0

»‘y

=>H=2TQx < 0=V < I(?|ul? - |y|?)

o
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fThe bounded real lemma The system ¥ = (A4, B,C, D) is

controllable and transfer function is GG. Then followings are
equivalent

' PA+ATP+CTC PB+CTD
1. P> 0,
— BTP + DTC DTD —~21 | —
2. forall w € R with det(jwI — A) # 0,
G(jw)*G(jw) < ¥I & (G(jw)) := |G(jw)|l2—2 =
VAmax (G (jw)*G(jw)) < v
3. Hoo NOrm of G(jw), 1., ||G|lcc <
4. Lo-iInduced norm or Lo gain of the system < ~

When z(0) = 0, we have su 1ylle. <

P >~ 7
L u€£2 ||u||£2

—p.11/1.



Yir |

|y27'

The Small-Gain Theorem
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€1 H, Y1

Y

A

Y2 H2 €2 "\Jﬁ+u2

c+B1, YVere L', VT € [0,00)

lc +B2, Ve € LI, VT €[0,00)
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(4] | Y1 | e
9 y - 9 € =
u2 Y2 €2

Theorem: The feedback connection is finite-gain £ stable if
Y172 <1

Proof

err = uir — (Haez)r, e2r = uzr + (Hie1)r

luir|lc + |[(Hz2e2)- |l

”elTHE S
< J|lwirl|lz + ¥2lle2r]||c + B2
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luirlle + 2 (lluzrllc + 7illerrllc + B1) + B2

7172||€1T||£
+ ([lvirlle + v2lluzrllc + B2 + v201)

lexr|lc

A

IA

leir||c X (lwir||c + Y2llv2r||c + B2 + v281)

L —my

IA

le2+ || c X (||lu2r|lc + 71 l|lvwirllc + B1 + v182)

1 — v17y

lerlle < lleirllc + llearllc
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