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Nonlinear Systems and Control
L ecture # 20

| nput-Output Stability



| nput-Output Models

|7 y= Hu o

u(t) Is a piecewise continuous function of t and belongs to
a linear space of signals

» The space of bounded functions: sup;>q |[u(t)|| < oo

#® The space of square-integrable functions:

[o° ut' (H)u(t) dt < oo

Norm of a signal ||u||:
® ||u|| >0and ||ul| =0 & uwu=0

® |lau|| = al|lu|| forany a > 0

L.o Triangle Inequality: ||uq + uwz|| < ||u1|| + ||uz]|
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fﬁp spaces:

Loo: ||u|lze, =sup|lu(®)| < oo
>0

L2 Nullz, = \//Ooo ul (t)u(t) dt < oo

00 1/p
Loi lulle, = ( | lue dt) < oo, 1< p< oo
0

Notation L7*: p is the type of p-norm used to define the
space and m Is the dimension of u

o
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~ Extended Space: L. = {u|u, € L,V T € [0,00)}
u(t), 0<t<r

u, IS a truncation of u: wu,(t) = { 0 t >
, T

L. 1s alinear space and £ C L.

t, 0<t< T

Example: u(t) =t, ur(t) = { 0 s
. T

Causality: A mapping H : L' — L2 is causal if the value
of the output (Hw)(t) at any time t depends only on the
values of the input up to time ¢

L (Hu)r = (Hur)r
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fDefinition: Amapping H : L* — L%is L stableif Ja € K
3 > 0 such that

[(Hu)r|c < a(flurlle) +8, Vue Liand T € 0, 00)
It Is finite-gain £ stable if 3+ > 0 and 3 > 0 such that
|(Hu)-|lc < vllurlle +8, Vu e L]'and 7 € [0, 00)

It is small-signal £ stable (respectively, finite-gain £ stable)
If 3 » > 0 such that the inequality Is satisfied for all u € L

With supg<;<, [lu(t)|| < r

o
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fExampIe: Memoryless function y = h(u)

eCl _ o—Cu
h(u) =a +btanhcu =a + b prp—— a,b,c >0
, 4bc
h'(u) = , )2 < bc = |h(u)| < a+bclu|, Vu € R
eC'U, _|_ e—C'U,

Finite-gain £, stable with 3 = a and v = bc
h(u) = btanhcu, |h(uw)| <bclul, YVu € R

® @)

[ nuplP ae < @or [ P e, forp € 1,00
0 0

Finite-gain £, stable with 3 = 0 and v = bc

o
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h(u) = u?

2
sup [h(u(t))| < (SUP |u(t)|>

t>0 t>0

L stable with 3 = 0 and a(r) = r?

It Is not finite-gain £, stable. Why?
h(u) = tanu

T tanr
ul <r < - = |h(u)| < |ul
2 r

Small-signal finite-gain £,, stable with 3 = 0 and v = tanr/r

o
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~ Example: SISO causal convolution operator

t
y(t) = /0 h(t —o)u(o)do, h(t) =0 for t<O0

Suppose h € L1 & ||h|lz, = / |h(o)| do < oo
0

¢
f% h(t — o)| |u(o)| do

f(% h(t — o)| do supg<,<, |u(o)]
o |P(8)| dssupg<,<, |u(o)]

|y (¢)]

I IA A

lyrllce < lIBlle.llurllee, VT € [0, 00)
Finite-gain £, stable

L Also, finite-gain L, stable for p € [1, co) (see textbook)
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L Stability of State Models

-

= f(x,u), y=h(z,u)

0 = f(0,0), 0= h(0,0)
Case 1: The origin of x = f(«x, 0) Is exponentially stable

cil|z||? < V(z) < e2|x
oV oV
—f(x,0) < — 2 |l—
7 F@,0) < —eslal H a

| f(x,u) = f(2,0)[| < Lful|, ||h(z,u)

2

< c4l|z||

< ml|z||+n2llul]

Vo lzl]| <7 and [lul| < ry

o
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o -

V = 850 + Sl - se0)
< Zesllal®+ esLlz] ull < — 2V + SLullvV
W) = V@) = W< - (2—3) Wt )]

\/_ / —5n u(r)|| dr

tcg C4L __ (t—7)cg
[z (t)]| < \/ ||w(0)||e 22 +—/O e 2 |u(r)| dr

t
ly (@) < kollw(O)Ile_“t+kz/() e |lu(T)|| dr+ks [lu(t)|

o
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fTheorem 5.1: For each x(0) with ||z (0)|| < ry/c1/c2, the
system Is small-signal finite-gain £, stable for each
P E [17 OO]

If the assumptions hold globally, then, for each x(0) € R",
the system is finite-gain £, stable for each p € [1, oo]

Example
:i:z—a:—a:3+u, y = tanhx + u
Vzéazz = x(—z—z°) < —2?
co=cp=3,c3=c4=1, L=m=mn=1

LFinite-gain L, stable for each (0) € R and each p € [1, oo]
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fCase 2. The origin of & = f(x, 0) is asymptotically stable

Theorem 5.3: Suppose that, for all (x, u), f is locally
Lipschitz and h is continuous and satisfies

[h(z, w)|| < ca(llz]]) + az(l[ull) +n, a, a2 €K, n =0

If £ = f(x,u) is ISS, then, for each x(0) € R™, the system

= f(xz,u), y=h(z,u)

IS L~ Stable

o
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fProof o

[z ()] < B(l=(0)l,t)+~ ( sup IIU(t)H) , BEKL, veK

0<t<lr
ly@®I < a1 (B(lz(0)],t) + v (supo<i<- lu(®)]]))
+ cx((lu(®)l) +n
ai(a +b) < a1(2a) + a1(2b)

ly@)Il < a1 (2B8(llz(0)I,t)) + a1 (27 (supo<i<- llu(®)l]))
+ c((lu(@®)l) +n

lyrllcee < Yo ([[urllce) + Bo
L Yo = a1 02y +az2 and Bo = a1(28(||z(0)[|,0)) + 7



fTheorem (Rephrasing of Thm 5.2): Suppose f is locally
Lipschitz and A Is continuous in some neighborhood of
(x =0, uw = 0). Ifthe origin of & = f(x,0) Is
asymptotically stable, then there Is a constant k; > 0 such
that for each x(0) with ||2(0)|| < k1, the system

= f(x,u), y=h(z,u)

Is small-sighal £, stable
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fExampIe o

. 3
i1 = —x} +x2, T2=-—x1 —T3+u, Y=+ T

— (a;% -+ wg) = V — —2:1341l — 2:133 + 2x2u

4
CBl + CEz > 2||£B||

Vo< et + 2w
= —(1—O)|[z[|* — Oll||* + 2l|z[||ul, 0 <6 <1
4 2ful\ /3
< (=04, ¥l > (%)

ISS

L stable
|
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