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Nonlinear Systems and Control
Lecture# 19

Perturbed Systems
&

| nput-to-State Stability



Perturbed Systems:. Nonvanishing Perturbation

fNominal System:

C’3:.13(513)7 f(O):O
Perturbed System:

r = f(x)+g(t, =), g(t,0) #0

Case 1: The origin of & = f(x) IS exponentially stable

cillz]]? < V(z) < ea||z||?

oV oV
O t(@) < —esl|z|?, H—H < call|
ox ox

Vo € By = {[|z|| < r}

—p. 2/



ste V (x) to investigate ultimate boundedness of the
perturbed system

- oV
V(tv w) —f(CB) —g(t x)
Assume
lg(t,x)|| <0, Vt>0, € By,
Vit,z) < —csllz|?+ Hg_v

—cs||z||* + cad||z|
—(1 = O)csllz||* — Ocs|lz||* + cad]|z|]

0<O<K1

def
—(1 = 0)csl|z]|?, V ||lz]| > dca/(0c3) = p

| I VAN VAN

-
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prply Theorem 4.18

ot < a3 (@r(r) & llato)]| <[

5(3 C c c
H<Ol2_ (()11(’)”)) = —4<’I" _1 o §< 3\/THT
Oc €3 Cq Y\ C2

o
b=ai (az(p)) & b=p, /= & b= c4\/a
C1

C1 0(33

For all ||x(to)|| < r+/c1/c2, the solutions of the perturbed
system are ultimately bounded by b

o

—p. 4/



fExampIe

a':l — T2, $.2 = —4%1 — 2:132 —+ ,ng —+ d(t)

B>0, |d(t)]<8,Vt>0

V(z) =zl Pe = ot

Vit,z) = —llz|®+

-

—[l=]* +

3

2

Q0| k=

x (Lecture 13)

26:132( T2 —|— )
+ 2d(t) (321 + T2)

/35

Bk3||lx||* +
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ko = max |z2| = 1.8194+/c
xT Px<c

Suppose 8 < 8(1 —¢)/(V29k3) (0 < ¢ < 1)

Vit,o) < —Cllz|? + 222z

B def
< —@—0)lz]?, V=] > B2 = p

(0< 6 <1)

If 1?Amax(P) < ¢, then all solutions of the perturbed
system, starting in 2., are uniformly ultimately bounded by

V296 \/Amax(P)
b —
Amin(P)

L 8¢CHO
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fCase 2. The origin of & = f(x) Is asymptotically stable

ai(||z]]) < V(z) < az(]|=]

oV oV
o f@) < —aalllel), |50

Ve B, ={|x
V(t,z) < —as(||z]
< —as(]z]

<

| <7},
oV

)‘|"a—w

) + ok

a; €K, i=1,2,3

lg(t, x)|]

)

<k

—(1 = 8)as([|z|]) — Oas(||lx||) + ok
0<6<1

IA

—(1 = 0)as(llzl); ¥ |zl > oz (%

0

)

def
= W




~ Apply Theorem 4.18

n < a2_1(a1(r)) & agl (%) < az_l(al(r))

Ocs(as ' (ar(r)))

: cC3 /C1
&S 0L Compare withé < —,/—0r
k Cq\ C2
Example
. £
r = —
1+ x2
oV T 42
Vv _ 2t _ — _
(x) == Ox [ 1—|—a;2] 1+ 2
4|z|*

Lal(lwl) = az(|z]) = [z]*;  as(|z]) =
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The origin is globally asymptotically stable

Bas(ay ' (a1(r)))  Oas(r) r0
k Tk 142
r0
1 4 r2
£
1 + a2

>0 as r — o©

€Tr —

+4d, 06>0

0>5 = lim x(t) =o0

t— o0
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| nput-to-State Stability (1SS)

Definition: The system & = f(x, u) is input-to-state stable if
there exist 3 € KL and v € K such that for any initial state
x(tg) and any bounded input w(t)

|z ()] < B(ll=(to) I, t — to) + ( sup IIU(T)H)

toSTSt

ISS of & = f(x,w) IMmplies
o BIBS stabllity

# x(t) Is ultimately bounded by a class /C function of
SUP; >4, [|[u(t)]|

® lim; ,cu(t) =0 = limp_,x(t) =0

L.ﬂ The origin of £ = f(x,0) is GAS
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fTheorem (Special case of Thm 4.19): Let V(x) be a
continuously differentiable function such that

ai(l[z])) < V(z) < az(]|z]])

oV
Ef(aj,u) S —Wg(CE), \v4 ||$|| 2 p(”u”) >0

Ve e R*", u e R™, where a1, as € Koo, p € K, and
W3 (x) IS a continuous positive definite function. Then, the
system & = f(x,u)isISSwithy =aj ocasop

Proof: Let u = p(sup;>¢,||u(7)]|); then

oV
- S f(@u) < ~Wa(), ¥ llal| >
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fChoose e and ¢ such that

L fwu) < ~Wila), VeeA={c<V()<c)

Suppose x(tg) € A and x(t) reaches Q. att = tg + T'. For
to <t < tg+ T,V satisfies the conditions for the uniform
asymptotic stability. Therefore, the trajectory behaves as Iif
the origin was uniformly asymptotically stable and satisfies

|z(t)]| < B(llx(to)ll,t —to), forsome s e KL

Fort > tog + T,

lz@®)|| < a7 (a2(p))

o
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- -

lz(@)|| < Bllz(to)ll,t — to) + g "(@2(n)), Vit > to

lz@)|| < B(llx(to)ll,t — to) + <Sup ||U(7')||> , Vi1

TZto

Since x(t) depends only on u(7) for tg < 7 < t, the
supremum on the right-hand side can be taken over (%, t]




fExampIe -

T =—x° +u
The origin of # = —x° is globally asymptotically stable
V = %:132
V = —z*+4zu

—(1—9):1:4—9:134—|—a3u
4 ul\ /3
~(1—0)at, V2| > ()
0<0<1

IA

The system is ISS with

B A(r) = (/6)"/?
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fExampIe
&= —x — 2z° + (1 4+ =®)u?

The origin of £ = —x — 222 is globally exponentially stable

1.2
V—2CB

<.
|

—x? — 2z* + (1 + x?)u?
z? — 2?(1 + 2%) + =(1 + z*)u”
—zt, V|z| > u?

IA

The system is ISS with ~(r) = r?

o
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~ Example

. 2 .
1 = —T1+ Ty, T2 = —T2-+U

V = —CI:% =+ :1315133 — 5’33 = —(z1 — %mg)z — (1 _ %) :133
Nowu #0, V. = —L(z1—22)? —L(2? + z}) + z3u

< —1@3 + xd) + |oafPlu

(0< 0 <1)
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(r) — 27 - (2r>2
PAT) =9 0

V< —3(1—-0)(zf+x3), V|| >p(ul)
L The system is ISS
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fFind oY o

For |x2| < |x1], %(w% + x2) < %w% + %w% =
For |a| > |21, 15(zi+23)? < f5(a3+a3)? = 325 < V()

lz)|*} < V(z) < &|l=|® +

. r1 1
min {7 |z||*, 75|

aq(r) = % min {r?, %r‘l} , asg(r) =

-1
Y=oy OQ20p

1
al(s) = | 291, ifs<1
24/s, if s > 1

o
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