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Nonlinear Systems and Control
Lecture# 18

Boundedness
&
Ultimate Boundedness



fDefinition: The solutions of & = f(t, x) are

# uniformly bounded if 9 ¢ > 0 and for every
0<a<c, 38 =pB(a) > 0suchthat

[z(to)l| < a = |lz(@®)|]| <8, VEt>1 >0

# uniformly ultimately bounded with ultimate bound b if
dbandcandforevery0 <a <c, 3T =T(a,b) >0
such that

[z(to)|| < a = lz(@®)|| <b, Vt>to+T

“Globally” if a can be arbitrarily large

L Drop “uniformly” if & = f(x)
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fLyapunov Analysis: Let V' (x) be a cont. diff. positive
definite function and suppose that the sets

Qe ={V(z) <c}, Qe ={V(z) <e}, A={e < V() < ¢}

are compact forsomec >¢e >0
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Suppose
: oV
V(tvw) — 8—f(t7$) S _W3(w)9 Ve Av Vi 2 0
£r

W3 (x) IS continuous and positive definite
Q. and €. are positively invariant

k = min W 0
min Ws(z) >

Vit,e) < —k, Yz €A, Vt>ty>0
V(x(t)) < V(x(to)) — k(t —to) < c— k(t — to)
x(t) enters the set . within the interval [tg,to + (c — ) /K]
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fSuppose
Vit,z) < —Wa(z), Vpu<|z| <r, V>0

Choose cand € suchthat A C {u < ||z|| < r}
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fLet a1 and as be class IC functions such that

ai(||z]]) < V(z) < az(]|z]])

V(z) <c = ai(flzl]) < e & |lz|| < ar (¢)
c=aoai1(r) = Q.C B,
[zl < p = V() < azp)
e =oz(pn) = B, C Q.

What Is the ultimate bound?

V(z) <e= ai(llzl)) e & [zl < ai'(e) = a7 (az(p))

o
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fTheorem (special case of Thm 4.18). Suppose

ai(||z]]) < V(z) < az(]|z]])

oV
“f(t@) < ~Wa), V2]l > p> 0

Vt>o0and ||x| <r, where a;, az € IC, W3(x) IS
continuous & positive definite, and p < a5 ' (a1 (r)). Then,

for every initial state x(to) € {||z|| < a3 ' (a1(r))}, there is
T > 0 (dependent on x(tg) and p) such that

le()ll < a7 (aa(p)), VE>to+T

If the assumptions hold globally and a; € K, then the
Lconclusion holds for any initial state x(t¢)
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fRemarks:
# The ultimate bound is independent of the Initial state
# The ultimate bound is a class K function of u; hence,

the smaller the value of u, the smaller the ultimate
bound. As pu — 0, the ultimate bound approaches zero
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fExampIe

1 = T2, :i:2:—(1—|—a3%)a31—:1:2—|—Mcoswt, M >0

Wlth M = 0, Ci?z = —(1 —|— CE%)CBl — Lo = —h(il)l) — L2

1
2
V(z) =a!
1
)
Viz) =a!

x + 2/ (y + v°) dy (Example 4.5)
0

N[ CO
DN =

def
xr + %:13411 = ' Px -+ %a:‘ll

D[ =
1
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- Amin(P)||z]|* < V(2) < Amaa (P2l + 3ll2|*

()11(’1") — Amin(P)rz’ Ot2(’r‘) — Amaaz(P)’r‘2 + %7‘4

vV —a:% — :1:‘11 — az% + (21 + 2x2) M cos w
—||z||? — = + MV/5||z]|
—(1 - 0)||=||* — =] — 6||z||* + MV/5]||z||

(0< 0 <1)

def
—(1 = 9)||lz|* — zf, V| > MV5/0= p

I IA

IA

The solutions are GUUB by

Amaw(P)N2 + H4/2

- b=aj (az(p) = \/
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