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Nonlinear Systems and Control
Lecture# 17

Circle & Popov Criteria



time-invariant nonlinearities in a given sector

Absolute Stability

T+ U
O G(s)

Y

A

P(:)

The system is absolutely stable if (when » = 0) the origin is
globally asymptotically stable for all memoryless
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CircleCriterion

fSuppose G(s) =C(sI — A)~'B + Dis SPR and

Y € [0, o0]

€T
Yy
u —=

Ax + Bu
Cx + Du

—(y)

By the KYP Lemma, 3 P =P >0, L,W,e >0

PA+ ATP
PB
wiw

= —ILTL —¢eP
ct — 1LTw
— D+ DT

Vix) = %wTP:c
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- V = 2z2'Pi+ i’ P
= %wT(PA + ATP)z + 2T PBu
— %wTLTLa; — %eajTP:c + 't — LTW)Hu
= — %wTLTLa: — %sazTPm + (Cx + Du)Tu

—ul'Du — 2T'L*Wu
ul' Du = %uT(D + DNu = %uTWTWu

V = — %ea)TPw— %(Lw + Wu)T(Lw + Wu) — yT¢(y)

T y 1 T
yTh(y) >0 = V< - leaTPa

The origin is globally exponentially stable

o
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fWhat If Y E [Kl, C)O]’>

___________

%Q—'G(S) g i@-ﬁEG(s) |
: Ky |

___________

Y

___________

W (-) —k

‘ '|‘T>
x| |
T

___________

) € [0, oo]; hence the origin is globally exponentially stable
Lif G(s)[I + K1G(s)]"tis SPR




fWhat If vy € [Kl, Kz]?

_________________

oG (s {w—tims) (K oot
I K, - I
()] ; itzp(-% Kb

i K; i i@z(']

_________________

) € [0, oo]; hence the origin is globally exponentially stable
Lif I+ KG(s)[I + K1G(s)]"tis SPR
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|7I—|—KG(3)[I—|—K1G(S)]_1 = [T+ K2G(s)][I+ K1G(s)]™?
Theorem (Circle Criterion): The system is absolutely stable
If
® 1 € [Kq,00]and G(s)[I + K1G(s)]"1is SPR, or
® ¢ € [Ky,Ks]and [T+ K>G(s)][I + K1G(s)]"'is SPR

Scalar Case: ¢ € [, 8], B> «
The system is absolutely stable if

1+ BG(s)
1+ aG(s)

1+ BG(jw)
e [1 + aG(jw)

IS Hurwitz and

] >0, YVw e [0, o0]

o




fCase 1: a>0
By the Nyquist criterion

1+ BG(s) 1 N BG(s)
1+aG(s) 1+4+aG(s) 1+ aG(s)

IS Hurwitz if the Nyquist plot of G(jw) does not intersect the
point —(1/a) + 50 and encircles it m times in the
counterclockwise direction, where m is the number of poles
of G(s) In the open right-half complex plane

1+ BG(w) 5+ G(iw) (ﬁ)
14+ aG(jw) 1+ G(jw)

(87
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Re

S

The system is absolutely stable if the Nyquist plot of G(jw)
does not enter the disk D(«, 3) and encircles it m times in
the counterclockwise direction
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fCase 2. a=0
1+ BG(s)
Re[l + BG(jw)] > 0, Vw € [0, 0]
RelG(jw)] > = 2. Vw € [0,oc]

The system is absolutely stable if G(s) Is Hurwitz and the
Nyquist plot of G(jw) lies to the right of the vertical line
defined by Re[s] = —1/3

o
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fCaseC%: a<0<pg

5+ G(w)
& T GUw).

Re [1 + BG(jw) <0

0 <& R
:L+aG@wJ:> °

The Nyquist plot of G(jw) must lie inside the disk D(«, 3).
The Nyquist plot cannot encircle the point —(1/a) + 0.
From the Nyquist criterion, G(s) must be Hurwitz

The system is absolutely stable if G(s) Is Hurwitz and the
Nyquist plot of G(jw) lies in the interior of the disk D(a, 3)
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fExampIe -

G(s) =
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-

Apply Case 3 with center (0, 0) and radius = 4

Sector is (—0.25,0.25)
Apply Case 3 with center (1.5,0) and radius = 2.834
Sector is [—0.227,0.714]
Apply Case 2
The Nyquist plot is to the right of Re[s] = —0.857
Sector is [0, 1.166]

[0, 1.166] includes the saturation nonlinearity
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0.4} Im G

0.2
G 1S not Hurwitz

0
Re G

00 Apply Case 1

s

04 .
-4 —2 o)

L Center = (—3.2,0), Radius = 0.168 = [0.2969, 0.3298]
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Popov Criterion
B .\ ; o

—0——G(s)
P(+)
r = Ax -+ Bu
y = Cx
up = —YP;i(y;), 1<i<p

Y € [0,ki], 1<i<p, (0<k;<o0)
G(s)=C(sI — A)"'B
\— I' = diag(v1y.--57p), M = diag(l/k1,---,1/kp)



|
> M |
| ~
|H1
_I_
~ G(s) ~ (I + sT') —
T |
|
_I_
P(-) k- (I +sI')~? p |
| ~
|H2
M |
|

Show that H; and Ho are passive
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-
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M + (I + sT')G(s)
= M+ (I+sI)C(sI —A)™'B
= M+C(sI —A)'B+TICs(sI —A)'B
= M+C(sI—A) 'B4+TC(sI — A+ A)(sI — A 'B
= (C+TCA)(sI—A)'B+M+TICB

If M + (I + sT")G(s) is SPR, then H, is strictly passive
with the storage function V4 = 2”7 Pz, where P is given by
the KYP equations

PA+ ATP = —ITL — P
PB = (Cc+rcAl —r*'w
wiw = 2M +TCB + BTcIrt
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fﬂ& consists of p decoupled components:

. 1 . .
YiZi = —zi + E%(Zz‘) + €24y, Y2i = Vi(25)

Vai = i | i(o) d
2i =Y /o Yi(o) do
Voi = wivi(z)2 = vi(z) |~z + Ei(z) + &
= yziez + - Vi(2i) [Yi(2i) — kizi]
Pi € [0,k;] = (i —kizi) >0 = Vi < ygien;

H, is passive with the storage function

va =P v [y pi(o) do
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-

p Yi
Use V = %:BTP:U -+ Z%/o V(o) do
1=1

as a Lyapunov function candidate for the original feedback
connection

£ =Ax+ Bu, y=Cx, u=—9Y(y)

v

2T P + &7 Pz + 47 (y)T'y
%:cT(PA + ATP)x + 2! PBu
+ 9" (y)I'C(Az + Bu)

= — %azTLTLa: — %sazTPa:

+ ' (CT + ATCIT — L*W)u
+ 9" (y)TC Az + ¢" (y)TCBu
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V = — %eajTP:c — %(La; + Wau)l (Lx + Wu)

—(y)''ly — My(y)]
< — zextPz — ¢(y) [y — Mep(y)]

¥i € [0,k;] = ¢(y) [y—Meo(y)] >0 = V < —jea’ Pa
The origin is globally asymptotically stable

Popov Criterion: The system is absolutely stable if, for
1 <1< p,; €0,Fk;] and there exists a constant ~; > 0,

with (1 4+ Ag~y;) # 0 for every eigenvalue A\g of A, such that
M + (I + sT')G(s) Is strictly positive real
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fScaIar case
1
2 + (1 + sv)G(s)
IS SPR if G(s) Is Hurwitz and

~ + RelG(jw)] — ywImlG(jw)] > 0, ¥ w € [0,00)

If

w— 00

lim {% + Re|G(jw)] — 'wam[G(jw)]} =0
we also need

lim w? {% + Re|G(jw)] — 'wam[G(jw)]} > 0

w— 00

o
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% + Re[G(jw)] — ywIm[G(jw)] > 0, VYV w € [0, 00)

slope = 1/y wIM[G(j&)]

-1/k Re[G(jw)]

o Popov Plot
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fExampIe o

1 = x2, X2 =—x2—h(y), y==1

o = —axy — x2 — h(y) + axy, a>0

G(S):s2+s+a’ Y(y) = h(y) — ay
he€la,pB] = ¢ €|0k] (k=B8—a>0)
2 2
Y+ >1 = ol i e o >0, Yw € [0,00)

(a0 — w?)? + w?

w?(a — w? + yw?)
and lim =~—1>0
L w—oo (@ — w?)? + w? K
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fThe system is absolutely stable for ) € [0, o0] (h € [a, o0])

0.27 @imG slope=1

0
—-0.27
—0.4}
—0.671
-0.8

-1

Re G _

-0.5 0 0.5 1

Compare with the circle criterion (v = 0)

1 o — w?

E_I_(a—wz)z—l—w

; >0, Vw € [0,00], fork <1+2va
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