-

Nonlinear Systems and Control
Lecture# 14
Passivity
Memoryless Functions

&
State M odels



fMemorerss Functions

e

(a) (b)

power inflow = wuy

Resistor is passive if uy > 0

—p.2/1



\_J /
u / u

(a) (b) (c)
Passive Passive Not passive

y = h(t,u), h € [0,o0]
Vector case:

y:h(tvu)v hT:{hla ha, ---, hp

power inflow = XP__w;y; = uly
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fDefinition: y = h(t,u) IS

® passiveifuly >0
® losslessifuly =0

® input strictly passive if ul'y > ul p(u) for some
function ¢ where ul'p(u) > 0,Vu # 0

® output strictly passive if ul'y > yI'p(y) for some
function p where yT'p(y) > 0,Vy # 0
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fSector Nonlinearity: h belongs to the sector [a, 3]
(h € [a,B]) If
au? < uh(t,u) < Bu’

(@ o>0 (b) a<O0

o Also, h € (a,8], h € [a,8), h € (a,B)
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|7 o
ou? < uh(t,u) < Bu® < [h(t,u) — oul[h(t,u) —PBu] <0

Definition: A memoryless function h(t, w) Is said to belong
to the sector

o [0,00] if ulh(t,u) >0

8 [Ki,o0] iful'[h(t,u) — Kiu] >0

® [0, Ko] with Ko = KT > 0if
hl (t,u)[h(t,u) — Kau] <0

8 [Ki,Ks]withK =Ky — Ky = K! > 0if

L [h(t,u) — Kiu]t[h(t,u) — Kou] <0
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fExampIe

h(u) =

h2 (u2) ’

B1 O
0 O-

h; € [ai7187:]7 /87, >o; 1 =1,2

~ 0
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fExampIe o

IR(u) — Lu|| < vllulle[h(u) — Kiu]' [h(u) — K2u] <0

where Ky =L —~1I, Ks=L+~I

K=K, —K{ =241 >0

Proof: [h(u) — Kiu]l[h(u) — Kau]
= hth — R (L — ~vD)u — R (L + vDu
+ul' (L — DY (L + vDu
= ||h(u) — Lul||® — ¥?||u||®* < 0
| [ () 17 =~ ull® <
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fA function in the sector [K;, K2| can be transformed into a
function in the sector [0, oo] by input feedforward followed
by output feedback

Y

\

+=”>—> K1 y = h(t,u) —+>©

A

i
|

Y
[

Feedforward K1 Feedback
[K17K2] [09 K] [09 I] [09 OO]

—> —> —>
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fState Models

Vo = hz(’lz) L

——=VW\—7"
Yy ’iz -+ Vg — ’iL
+ + +
> U1 § ’il = hl(vl) Ve—_——=(C Vs §
i1 3)
Libl = u — hz(wl) — L2
Cros = x1 — h3(w2)
y = =1+ hi(u)

’I:3 = hg(’Ug)
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fEnergy stored in the network: V(z) = $Lx? + ;Cx3

The system is passive if, for over [0, t]

t
[ @y ds = V() - Vo)

energy absorbed

Increase In the stored energy

= u(t)y(t) > V(x(t), u(t))

V =

Lxix1 + Cxoxo

r1|uw — ho(x1) — 2| + x2[®1 — h3(x2)]

x1|u — ho(x1)] — x2hs(x2)

[x1 + h1(u)]u — uhi(u) — x1ha(x1) — x2h3(x2)
uy — uhi(u) — x1ha(x1) — x2hs(x2)




|7 uy = V + uhq(uw) + z1ha(x1) + z2hs(x2)

If h1, he, and hs are passive, uy > V and the system is
passive

Case 1: If hy = hy = hg = 0, then uy = V; no energy
dissipation; the system is lossless

Case 2: If hy € (0,00] (uhi(w) > 0 for u # 0), then

uy >V + uhq(u)

The energy absorbed over [0, t] will be greater than the
iIncrease in the stored energy, unless the input w(t) IS
Lidentically zero. This Is a case of input strict passivity
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fCase 3: If hy = 0and hy € (0, o], then

y=x1 and uy > V 4+ yha(y)

The energy absorbed over [0, t] will be greater than the
Increase in the stored energy, unless the output y IS
identically zero. This is a case of output strict passivity

Case 4: If ha € (0,00) and hs € (0, c0), then

uy 2 V —+ $1h2($1) —+ $2h3($2)

x1ha(x1) + x2h3(x2) IS a positive definite function of .

This Is a case of state strict passivity because the energy

absorbed over [0, t] will be greater than the increase in the
Lstored energy, unless the state x Is identically zero
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fDefinition: The system

= f(x,u), y=h(x,u)
IS passive If there Is a continuously differentiable positive
semidefinite function V' (x) (the storage function) such that

. oV
ul'y >V =

= — %Jc(wau)a V(z,u)

Moreover, it is said to be
® losslessifuly =V

» input strictly passive if uTy > V 4+ uT ¢ (u) for some
L function ¢ such that u? p(u) > 0, Vu #£ 0
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f # output strictly passive if uTy > V + yT p(y) for some
function p such that yT'p(y) > 0, Vy # 0

» strictly passive if uTy > V + 4 («) for some positive
definite function

Example
Tr = u, Y=

V(z) =32 = wy=V = Lossless
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fExampIe o

t=u, yYy==+h(u), he€|0,o0]

V(x) = %:1:2 = uy =V +uh(u) = Passive
h € (0,00] = uh(u)>0Vu#0
= |nput strictly passive
Example

£ =—h(x)+u, y=x, he€]l0,o0]

V(x) = %a:z = wuy =V +yh(y) = Passive
L h € (0,00] = Output strictly passive
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~ Example -

T = u, y = h(x), h € [0, 0]

Vi) = / h(oc)do = V = h(z)& =yu = Lossless

0
Example
at = —x+u, y=h(x), he]0,o0]

V(x) = a/ h(o)do = V = h(z)(—z+u) = yu—zh(x)

0

yu =V + xh(x) = Passive

L h € (0,00] = Strictly passive

—p.17/1




	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

