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Memoryless Functions
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power inflow = uy

Resistor is passive if uy ≥ 0
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Passive Passive Not passive

y = h(t, u), h ∈ [0,∞]

Vector case:

y = h(t, u), hT =
[

h1, h2, · · · , hp

]

power inflow = Σ
p
i=1
uiyi = uTy
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Definition: y = h(t, u) is

passive if uTy ≥ 0

lossless if uTy = 0

input strictly passive if uTy ≥ uTϕ(u) for some
function ϕ where uTϕ(u) > 0, ∀ u 6= 0

output strictly passive if uTy ≥ yTρ(y) for some
function ρ where yTρ(y) > 0, ∀ y 6= 0
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Sector Nonlinearity: h belongs to the sector [α, β]
(h ∈ [α, β]) if

αu2 ≤ uh(t, u) ≤ βu2

y=αu

y= uβ

u

(a)

y

α > 0

y=αu

y=β

u

y

(b)

u

α < 0

Also, h ∈ (α, β], h ∈ [α, β), h ∈ (α, β)
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αu2 ≤ uh(t, u) ≤ βu2 ⇔ [h(t, u)−αu][h(t, u)−βu] ≤ 0

Definition: A memoryless function h(t, u) is said to belong
to the sector

[0,∞] if uTh(t, u) ≥ 0

[K1,∞] if uT [h(t, u) −K1u] ≥ 0

[0,K2] with K2 = KT
2
> 0 if

hT (t, u)[h(t, u) −K2u] ≤ 0

[K1, K2] with K = K2 −K1 = KT > 0 if

[h(t, u) −K1u]T [h(t, u) −K2u] ≤ 0
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Example

h(u) =

[

h1(u1)

h2(u2)

]

, hi ∈ [αi, βi], βi > αi i = 1, 2

K1 =

[

α1 0

0 α2

]

, K2 =

[

β1 0

0 β2

]

h ∈ [K1, K2]

K = K2 −K1 =

[

β1 − α1 0

0 β2 − α2

]

≻ 0
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Example

‖h(u) − Lu‖ ≤ γ‖u‖⇔[h(u) −K1u]T [h(u) −K2u] ≤ 0

where K1 = L− γI, K2 = L+ γI

K = K2 −K1 = 2γI ≻ 0

Proof: [h(u) −K1u]T [h(u) −K2u]

= hTh− hT (L− γI)u− hT (L+ γI)u

+uT (L− γI)T (L+ γI)u

= ‖h(u) − Lu‖2 − γ2‖u‖2 ≤ 0
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A function in the sector [K1, K2] can be transformed into a
function in the sector [0,∞] by input feedforward followed
by output feedback

-�
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- K−1 - y = h(t, u) -�
��

-

- K1

66

+

+

+

−

[K1, K2]
Feedforward

−→
[0,K]

K−1

−→
[0, I]

Feedback
−→

[0,∞]
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State Models

1

����u+� +�
-iL vC
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v2+ �-i2
PP���������PPPPPPPP i1 = h1(v1)

��BBB BBB BBB��� ��� ��v2 = h2(i2)��������L
C PP���������PPPPPPPP i3 = h3(v3)

Lẋ1 = u− h2(x1) − x2

Cẋ2 = x1 − h3(x2)

y = x1 + h1(u)
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Energy stored in the network: V (x) = 1

2
Lx2

1
+ 1

2
Cx2

2

The system is passive if, for over [0, t]

∫ t

0

u(s)y(s) ds

︸ ︷︷ ︸

energy absorbed

≥ V (x(t)) − V (x(0))
︸ ︷︷ ︸

increase in the stored energy

⇒ u(t)y(t) ≥ V̇ (x(t), u(t))

V̇ = Lx1ẋ1 + Cx2ẋ2

= x1[u− h2(x1) − x2] + x2[x1 − h3(x2)]

= x1[u− h2(x1)] − x2h3(x2)

= [x1 + h1(u)]u− uh1(u) − x1h2(x1) − x2h3(x2)

= uy − uh1(u) − x1h2(x1) − x2h3(x2)
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uy = V̇ + uh1(u) + x1h2(x1) + x2h3(x2)

If h1, h2, and h3 are passive, uy ≥ V̇ and the system is
passive

Case 1: If h1 = h2 = h3 = 0, then uy = V̇ ; no energy
dissipation; the system is lossless

Case 2: If h1 ∈ (0,∞] (uh1(u) > 0 for u 6= 0), then

uy ≥ V̇ + uh1(u)

The energy absorbed over [0, t] will be greater than the
increase in the stored energy, unless the input u(t) is
identically zero. This is a case of input strict passivity
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Case 3: If h1 = 0 and h2 ∈ (0,∞], then

y = x1 and uy ≥ V̇ + yh2(y)

The energy absorbed over [0, t] will be greater than the
increase in the stored energy, unless the output y is
identically zero. This is a case of output strict passivity

Case 4: If h2 ∈ (0,∞) and h3 ∈ (0,∞), then

uy ≥ V̇ + x1h2(x1) + x2h3(x2)

x1h2(x1) + x2h3(x2) is a positive definite function of x.
This is a case of state strict passivity because the energy
absorbed over [0, t] will be greater than the increase in the
stored energy, unless the state x is identically zero
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Definition: The system

ẋ = f(x, u), y = h(x, u)

is passive if there is a continuously differentiable positive
semidefinite function V (x) (the storage function) such that

uTy ≥ V̇ =
∂V

∂x
f(x, u), ∀ (x, u)

Moreover, it is said to be

lossless if uTy = V̇

input strictly passive if uTy ≥ V̇ + uTϕ(u) for some
function ϕ such that uTϕ(u) > 0, ∀ u 6= 0
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output strictly passive if uTy ≥ V̇ + yTρ(y) for some
function ρ such that yTρ(y) > 0, ∀ y 6= 0

strictly passive if uTy ≥ V̇ + ψ(x) for some positive
definite function ψ

Example
ẋ = u, y = x

V (x) = 1

2
x2 ⇒ uy = V̇ ⇒ Lossless
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Example

ẋ = u, y = x+ h(u), h ∈ [0,∞]

V (x) = 1

2
x2 ⇒ uy = V̇ + uh(u) ⇒ Passive

h ∈ (0,∞] ⇒ uh(u) > 0 ∀ u 6= 0

⇒ Input strictly passive

Example

ẋ = −h(x) + u, y = x, h ∈ [0,∞]

V (x) = 1

2
x2 ⇒ uy = V̇ + yh(y) ⇒ Passive

h ∈ (0,∞] ⇒ Output strictly passive
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Example

ẋ = u, y = h(x), h ∈ [0,∞]

V (x) =

∫ x

0

h(σ) dσ ⇒ V̇ = h(x)ẋ = yu ⇒ Lossless

Example

aẋ = −x+ u, y = h(x), h ∈ [0,∞]

V (x) = a

∫ x

0

h(σ) dσ ⇒ V̇ = h(x)(−x+u) = yu−xh(x)

yu = V̇ + xh(x) ⇒ Passive

h ∈ (0,∞] ⇒ Strictly passive
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