Nonlinear Systems and Control
Lecture# 12
Conver se Lyapunov Functions

&
Time Varying Systems



fConverse Lyapunov Theorem—Exponential Stability

Let x = 0 be an exponentially stable equilibrium point for
the system & = f(x), where f is continuously differentiable
on D = {||z|| < r}. Let k, A, and r¢ be positive constants

with 9 < r/k such that

lz(t)|| < kllz(0)|le™*, ¥ z(0) € Do, V't >0

where Do = {||x|| < r¢}. Then, there is a continuously

differentiable function V (x) that satisfies the inequalities

o
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cifzl|* < V(z) < ezl

oV
—f(a?) < —cslz®

)<

for all x € Dy, with positive constants ¢y, ¢2, c3, and c4
Moreover, If f Is continuously differentiable for all x, globally
Lipschitz, and the origin is globally exponentially stable,

then V (x) is defined and satisfies the aforementioned
iInequalities for all x € R™
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fldea of the proof: Let ¢ (t; ) be the solution of
y=rf(y), y0)=u
Take
5
Vi) = [ ¥ (o) o) dt, 5> 0
0
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prpIication: Consider the system & = f(x) where f Is
continuously differentiable in the neighborhood of the origin
and f(0) = 0. Show that the origin is exponentially stable
only if A = [0f/0x](0) Is Hurwitz

f(x) = Ax + G(x)x, G(x) — 0asx — 0
Given any L > 0, there is 1 > 0 such that

|G(z)|| < L, Vx| <7

Because the origin of & = f(x) Is exponentially stable, let
V (x) be the function provided by the converse Lyapunov
theorem over the domain {||z|| < ro}. Use V(x) as a
Lyapunov function candidate for x = Ax
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oV oV

—Ax = —f(a:) — —G(az)a:
o
< —csllzll® + C4L||fl?||2
= —(c3 — caL)|lz|?
Take L < c3/cq, = < (c3 —c4L) >0 =
oV :
o AT < —vllz|*, V¥ |lz|l < min{ro, r1}

The origin of & = Ax IS exponentially stable
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fTime-varying Systems
= f(t,x)

f(t,x) Is piecewise continuous in ¢t and locally Lipschitz in
xforallt > 0andallz € D. The origin is an equilibrium

pointatt = 0 If
f(t,0) =0, Vt>0

While the solution of the autonomous system
= f(x), x(to) = xo

depends only on (t — tg), the solution of
t = f(t,z), x(to) = o

Lmay depend on both ¢ and g
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fComparison Functions

# A scalar continuous function «(r), defined for » € [0, a)
IS said to belong to class KC if it Is strictly increasing and
a(0) = 0. Itis said to belong to class K if it defined
forall» > 0and a(r) — occ as r — oo

# A scalar continuous function 3(r, s), defined for
r € [0,a) and s € [0, c0) Is said to belong to class ICL
If, for each fixed s, the mapping 3(r, s) belongs to class
JIC with respect to » and, for each fixed r, the mapping
B(r, s) Is decreasing with respect to s and 3(r,s) — 0
as s — oo
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fExampIe o

® o(r) = tan—1(r) is strictly increasing since
o’(r) =1/(1 4+ r?) > 0. It belongs to class K, but not
to class K since lim, o a(r) = 7/2 < oo

#® «o(r) = r€, for any positive real number ¢, Is strictly
increasing since o/ (r) = cr¢~1 > 0. Moreover,
lim, o a(r) = oo; thus, it belongs to class Ko

® «o(r) = min{r, r?} is continuous, strictly increasing,
and lim,_, o a(r) = oo. Hence, it belongs to class I
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f ® 3(r,s) =r/(ksr + 1), for any positive real number k,
IS strictly increasing in r since

08 1

— = 0
or  (ksr + 1)2 >

and strictly decreasing in s since

o3 —kr?
kg <0
ds  (ksr + 1)2

Moreover, 3(r, s) — 0 as s — oo. Therefore, it belongs
to class KL

® 3(r,s) = re?, for any positive real number ¢, belongs
L to class ICL
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fProperties:

® o belongs to class K (or Ko ) = a1 belongs to class
JIC (or Ko)

® «1,az belongto K (or Ko) = a1 0 as belongs to
class IC (or Ko)

# W Dbe a continuous positive definite function on D that
contains the origin. Let Br C D, then there exist class
IC functions a;, a2 on [0, r], such that

ar(l[z]]) < W(z) < azx(]|z]])

forall x € B,. If W (x) Is radially unbounded, then a4
L and az can be chosen to belong to class K
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fDefinition: The equilibrium point x = 0 of & = f(t,x) IS

# uniformly stable if there exist a class IC function a and a
positive constant ¢, independent of ¢y, such that

[z@)]| < a(llz(to)]l), VI > to > 0, V ||z(to)] < c

# uniformly asymptotically stable if there exist a class KL
function 3 and a positive constant ¢, independent of ¢,
such that

(@) || < B(llz(to)]l, t—1t0), VT > to > 0, V [[z(to)]| < c

# globally uniformly asymptotically stable if the foregoing
iInequality is satisfied for any initial state x(tg)
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f # exponentially stable if there exist positive constants c,
k, and X such that

lz(@®)]l < kllz(to)le %), ¥ [|z(to)| < ¢

# globally exponentially stable if the foregoing inequality
IS satisfied for any initial state x (o)
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fTheorem: Let the origin & = 0 be an equilibrium point for
£ = f(t,z) and D C R"™ be a domain containing = O.
Suppose f(t, x) is piecewise continuous in ¢t and locally
Lipschitzin xz forallt > 0and x € D. Let V(t,x) be a
continuously differentiable function such that

Wi(z) < V(t,z) < Wa(x) (1)
: ov 9V
V(t,x) = o | Y f(t,x) <O (2)

forallt > 0 and x € D, where W1 (x) and Wa(x) are

continuous positive definite functions on D. Then, the origin
IS uniformly stable

o
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fProof: Choose B, C D and e < min”w”:r W1 (CE)
Take Q. = {x € B,|V(t,x) < c}.
Vin Q; . = Q. is positively invariant. Q; . depends on t.
Sandwich €2, . between two sets, which are indep. of ¢.
{z € By|Wa(z) < c}

Wo(x) <c=V(t,z) <c= {Wa(x) <c} C{V(t,x) < ¢}
{z € B,[Wi(x) < c}
Vit,z) <c=Wi(x) <c={V(t,z) < c} C {Wi(x) < ¢}

Hence, the solution is bounded and defined for all ¢ > t,.
Moreover, for all t > ¢y,

- V(t,z(t)) < V(to, (to))
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le class IC functions ¢y and a» such that

ai(|lz]]) < Wi(z) < V(t,z) < Wa(x) < as(|[z]])

lz@®)]| < o7 (V(t,z(t)) < a7 (V(to, z(to)))
< aj (az(l|z(to)]))

al_l o as IS a class K function, hence the origin is uniformly

stable

o
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~ Theorem: Suppose the assumptions of the previous
theorem are satisfied with

O L bt 2) < —Wi(a)

— + — T — T

ot Ox T = ¥

forallt > 0 and x € D, where W3(x) Is a continuous
positive definite function on D. Then, the origin is uniformly
asymptotically stable. Moreover, If » and ¢ are chosen such
that B, = {||z|| < r} C D and ¢ < min =, Wi(z), then

every trajectory starting in {x € B, | Wa(x) < c} satisfies
[z (®)[| < B(l[z(to)ll,t — o), VE=1o >0

for some class KL function 3. Finally, if D = R™ and
W1 () Is radially unbounded, then the origin is globally
uniformly asymptotically stable
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fTheorem: Suppose the assumptions of the previous
theorem are satisfied with

kilz]|® < V(¢ ) < Eaf[z]

ov. oV

—— + —f(t, ) < —ks|z||®
o+ o f (@) < —kslla

forallt > 0 and x € D, where k1, k2, k3, and a are
positive constants. Then, the origin is exponentially stable.

If the assumptions hold globally, the origin will be globally
exponentially stable.
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fExampIe: o

= —[1+g(t)]=® g(t)>0, V>0
V(x) = %wz
Vit,g) = —[1+gt)]zt < —z? VzeR,Vt>0

The origin is globally uniformly asymptotically stable

Example:
1 = —x1 —g(t)xa

Tg = T1 — T2

0<g(t) <k and g(t) < g(t), Vt>0

o
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V(t,z) = x5 + [1 + g(t)]x3
i+ 22 < V(t,z) <zf+ (1 +k)x2, Vx € R

V(t, xr) = —2:1:% + 2@y — [2 + 2¢g(t) — g(t)]ccg
2+2g(t) —g(t) > 2+2g(t) —g(t) > 2

: 2 —1
V(t,z) < —2x% + 2z122 — 225 = — x" | 9|7

The origin is globally exponentially stable
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