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Laplace transform

= One of most important math tools in the course!
= Definition: For a function f(t) (f(t)=0 for t<0),

F(s) = LU®) = [ fe e

(s: complex variable)

f(t)M A&7 S
. LR

9]

= We denote Laplace transform of f(t) by F(s).
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Examples of Laplace transform

= Unit step function f(t)
1 ¢t>0 1
o=u0={3 %9 t
0
> F(s) = /Ooo 1.e 5tdt = _l [e_St]ZO = l (Memorize this!)
S S
: . f
= Unit ramp function (t)V
_Jtt>0
ft) = { 0 t<O 5 t

[, st 1 —st]® X sty 1
—> F(S)_./O te dtT—g {te }O +g/0 e dt—s—2
(Integration by parts)
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Integration by parts

WOV — (u(ayn(n)y = /(Do +u(t' 1)

P S S
j(uv)dt—/uvdt—k/uvdt b / \ b/
/uvdt:[uv]a—/uvdt
a a

uv = [u/vdt + /uv/dt
J J

[ te—st gs7 u(t) =t, u'(t) =1,
EX. o ! Let o (b) = o—st v(t) = —%€_St

NEEe

[ testar = [o (~2eot)| T [F1 (<Re)ar = L
Jo AN Jlo Jo \ s y s2

w |
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Examples of Laplace transform (cont'd)

f(t)  Width=0

= Unit impulse function Height = inf
Area=1
_ o0, t=20 [ o L PN
o(t) = { 0, t#0 | 3®g®)dt = 9(0) | => = .
0

= F(s)= /ooo s(He~tdt =50 =1 (Memorize this!)

: : f
= Exponential function ?K_
[e=ot t>0 )

(1) =
() i 0 t<0 0
F(s) = /OO e~ oSty — 1 |—P_(S+O‘)t-|oo = 1
= F() Jo — s+al 1o s+a
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Examples of Laplace transform (cont'd)

w
242 O~
sctw (Memorize these!)

s

s2 4 w?

= Sine function £ {sinwt} =

= Cosine function /£ fcoswtl =

Remark: Instead of computing Laplace
transform for each function, and/or
memorizing complicated Laplace transform,
use the Laplace transform table !
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Laplace transform table
(Table B.1 in Appedix B of the textbook)

Time Function Laplace Transform
) = L)) Fla) = £410}
| 1
| 1 5 820
2| (unit-ramp funetion) l s> 0
5

3| (ma posihive mteger)

il
; [ 1 Toa s> a
5 sin et ! = >0
3

| 5% 4+ w?
6 | cosar N—F— S5m0
| 55+ w°
- | - d"(5)
| Pglt), forn=1,12, ... (=1 b
i . d‘f”
8 | tsinwt =8 s>
| (5 +a®)”
9 | feoswt “f e 5> o
| (s +w )
10 : glat) %G(al) Seale property
1] edgll) Gls—a) Shft property
|
12| e, form=1, 2, .. 1! &=
. | (¥ a)"'l
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Inverse Laplace Transform




Properties of Laplace transform
1. Linearity

L{a1fi(t) + agfo(t)} = arFi(s) + aaFa(s)

Proof. o) +ash®) = [ (@1h(t) +eafa()e ™ d

o /O°° f1(t)edt +ao /0‘” fa(t)ett

Fi(s) Fy(s)
EX.
=2t -2t _5 3
£ {5us(t) + 3¢} = 5L {us()}43L {e }_;+S+_2
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Properties of Laplace transform

2.Time delay
L{f(t-T)us(t - T)} = e~ "°F(s)
f(t f(t-T
Proof. L{f(t-T)us(t-T)} Y ¢
_ o0 —st ‘ ;
_/Toof(t—T)e dt 5 T
- /0 f(T)e_s(T+T)dT = e_STF(s)
—43
o ~05(t-4)
Ex. £{e 050y (t-24)} = +05
-Ts s
IO Jaomy L~ F@) [or| o T
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Properties of Laplace transform
3. Differentiation

c{f' )} =sF(s) - f(0)

Proof
{7} / £t = [ ()] +s / f(t)e stdt = sF(s)-£(0)

Ex. E{(coth) } =sL{cos2t}-1 = s?

x4 2+4( L{-2sin2t})
t-domain s-domain
') f(%O)

Spring 2010 11

Properties of Laplace transform
4. Integration

F(s)

‘CU f(T)dT}—

/OOO (/tf(T)d7'> e Stdt

- ([ a2

Proof. . [/Otf(f)dr

t-domain s-domain
f()dt
F(b) / F(s) F(s)
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Properties of Laplace transform
5. Final value theorem

||m f(t) = ||m sF(s) if all the poles of sF(s) are in
—0 the left half plane (LHP)

EX' F(S):%
s(s2+s+2)

5
— Ilm f@) = “—»Om

Poles of sF(s) are in LHP, so final value thm applies.

EX. F(s)28214 = Jim f(t)><|.n?)52+4 0

Some poles of sF(s) are not in LHP, so final value
thm does NOT apply.
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Properties of Laplace transform
6. Initial value theorem

tiraq_l_f(t) = lim sF(s) if the limits exist.

Remark: In this theorem, it does not matter if
pole location is in LHS or not.

s(sc+s+2) t—0-+ §—00

=3
oL

F(s) =0
\S8) hd

EX. p(o)= 3214 = t£?+ f@) = Jim sF(s) =0
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Properties of Laplace transform
7. Convolution

nnnnn

i N
Jo f1(7) f2(t — 7)dr g
[ A )dr)

N T SN

IMPORTANT REMARK
Fy(s)Fp(s) ¥ L{f1() fo(t)}
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Summary & Exercises

= Laplace transform (Important math tool!)
= Definition
= Laplace transform table
= Properties of Laplace transform
= Next
= Solution to ODEs via Laplace transform
= Exercises
= Read Appendix A, B.
= Solve Problems B.1 (a), (b); B.2 (a), (c), (d).
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