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Instructor: Jongeun Choi

* This presentation is created by Jongeun Choi and Gabrial Gomes



Zeros and poles of a transfer function

o Let G(s)=N(s)/D(s), then
— Zeros of G(s) are the roots of N(s)=0
— Poles of G(s) are the roots of D(s)=0

(s+2)

G(s) = (s+14+5)(s+1—5)(s+1)
t Im(s)
z1 — _2 P N — N x
= —1419 5
P1,2 J O—X " Re(s)
p3 =—1 | X




Theorems

e Initial Value Theorem

lim xz(t) = lim sC(x(%))

t—0 $§—00

* Final Value Theorem
— If all poles of sX(s) are in the left half plane (LHP), then

Jim xz(t) = lim sC(z(t))



DC gain or static gain of a stable system
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DC Gain of a stable transfer function G(s)

e DC gain (static gain) : the ratio of the steady state output of a
system to its constant input, i.e., steady state of the unit step
response

o Use final value theorem to compute the steady state of the unit

step response .
L(ystep(t)) = G(S);

DC gain = [im ygep(t)
t—00

= Im, s[6]

-

all poles in LHP «— G(s) is stable
= lim G(s)
s—0

‘DC gain = I|m G(s)‘




Pure integrator

u(t) ¥ + [ (a y(t)

. ODE: §(£) = u(t) — G(s) = %

e Impulse response :  g(t) = L7HG(s)1] = £ [1/s] = 1(¢)
o Step response : Ystep(t) = L7HG(s)1/s] = L7I[1/5%] = t1(3)

e |f the initial condition iIs not zero, then :
3(t) = u(t) 5 sY (s) — y(0) = U(s)

y(t) =L [y(O)ﬂ + 7t [US)

} — 4(0) + £~ H(G(s)U (=)

\ Physical meaning of the impulse response



Firstorder system  * "1 « ;= RC
0 (Ts
. c J K
+ ODE: 7§(t) +y(t) = Ku(t) - G(s) = ——

e Impulse response :

— pr—1 — pr—1 K/t — Ee—t/'r
o) = £ G = £ | HIT | = Kemtira

e Step response :

Ystep(t) = L7 [(Ts f I)J =L [K (% B 'rs:— 1)]
= K[1 — e ¥/T]1(¢)

e DC gain: (Use the final value theorem)

K
Yss — “m ystep(t) = lim =K

—>0 (s + 1)3




First order system

If the initial condition was not zero, then

ri(t) +u() = Ku(t) 5 75Y (s) —y(0) +¥ () = KU(s)
£0

T K
y(t) = £71 _(y(O)/K-I- A

= L7 [(¥(0)/K + U(8))G(3)]

[ (¢) U] -1
= L (G(s)\)l + L7 (G(s)U(s))

from tﬁe input

from the initial condition

Physical meaning of the impulse response
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Matlab Simulation @(s) =
s+ 2

G=tf([0 5],[1 2]);
Impulse(G)

Impulse Response
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First order system response

b

#  System transfer function : H(s) = Py




First order system response

b

#  System transfer function : H(s) = P

# Impulse response : h(t) = L£L7[H(s)] = be * 1(¢)



First order system response

#  System transfer function : H(s) = sia

# Impulse response : h(t) = L£L7[H(s)] = be * 1(¢)

Impulze Rezponze Impulze Rezponze Impulze Rezponze

a<0

10

0.a a>0 ] 0.8 G=0

Amplitude
Amplitude
Amplitude




First order system response

b
S+ a

#  System transfer function : H(s) =
# Impulse response : h(t) = L£L7[H(s)] = be * 1(¢)

% SEp rESPONSE © garen(t) = L-1[H(s)/s] = g(l—e_“t)l(t)

Step Rezponze Step Response Step Rezponze
1 100 : T : . 15
90 0 ]
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Lz 0.6 1 § 60 1 L
£ =) =
i s =
E 04 1 < 40 g
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First order system response

Im(s) 4

a>0 a=0 a<0 Re(s)




First order system response

Im(s) 4

\I\

Iie(s)



First order system response

Impulze Response

Time (zec)

Step Response

Im(s) 4

1

H(s) = s+1

h(t) = e * 1(¢)
ystep(t) — (1 - e_t)l(t)

NN

Iie(s)



First order system response

Im(s) 4

Time (s&c)

Time (sec)

Iie(s)

h(t) = el—zt 1(t)
ystep(t) — 5(1 — e_zt)l(t)

| AN
NN




First order system response

Im(s) 4

faster response slower response

< >

FEe(s)

constant

AN




First order system — Time specifications.

b

H(S)= s+ a

Impulze Rezponze
b —» T
0.8
8 o6}
=
=
E‘ 0.4}
0.2
0
0 1
Time (zec)
b Step Rezponze
= = —» T —
0.8 b
8 06
=
E 0.4
0.2
0
0




First order system — Time specifications.

b

H(8)= S+a

Time specs:

b
#* OSteady state value 1 yos = Hm ysep(t) = -

# Time constant : T=1 Ystep(T) = 0.63 Yss
# RIsetime: T, = 22 Time to go from 0.1 yz5 t0 0.9 7,4
#  Settling time : T,=12 Ystep(Ts) = 0.98 Yss



First order system — Simple behavior.

b

H(8)= S+a

% No overshoot

# No oscillations



Second order system (mass-spring-damper system)

. b . k k
» ODE: y(t) + —y() + —y(t) = —u(?) FOmku(o
™m ™m m l
¢ . dampling ratio,wy, : natural frequency l
y(t)
2Cwn = b/m, w> = k/m k< E
S/ S

(1) 4 2Cwny(t) + w2y (t) = w2u(t)

° ['ransfer function :
Y : ,2

U(s)




Polar vs. Cartesian representations.

Cartesian representation :

w ... Imaginary part (frequency)
o ... Real part (rate of decay)

»
d!




Polar vs. Cartesian representations.

Cartesian representation :

w ... Imaginary part (frequency)
o ... Real part (rate of decay) !
wi
Polar representation : Wn
Wy ... natural frequency
¢ ... damping ratio |
—a
[€ o — Cwn >




Polar vs. Cartesian representations.

Cartesian representation :

w ... Imaginary part (frequency)
O ... Real part (rate of decay) !
Polar representation : Wn

Wy ... natural frequency

¢ ... damping ratio

d!

—0
w = |Im(p)| ’ —¢

o = |Re(p) et
¢ = sin(¢p) = o /wy, X

w=wpy1—(?

v



Polar vs. Cartesian representations.

Cartesian representation :

w ... Imaginary part (frequency)
O ... Real part (rate of decay) !
Polar representation : Wn

Wy ... natural frequency
¢ ... damping ratio

»
d!

v

w = |Im(p)| A -

A\ 4

o = Cwy,

o = |Re(p)|
Wy = |p| = \/m > Unless overdamped
¢ = sin(¢) = o /wn %

vepi=




Polar vs. Cartesian representations.

#  System transfer function :

w,ﬁ o2 + w?

H — =
(5) 82 + 20wy, s + w2 (84 0)2 +w?

Polar Cartesian

#  Significance of the damping ratio :

¢ >1 ...Overdamped

¢ =1 ... Critically damped
1>¢>0 ...Underdamped

¢ =0 ... Undamped



Polar vs. Cartesian representations.

#  System transfer function :

w,ﬁ o2 + w?

H — =
(5) 82 + 2¢wy, s + w2 (§+0)2 + w?

Polar Cartesian

#  Significance of the damping ratio :

¢ >1 ...Overdamped

¢ =1 ... Critically damped
1>¢>0 ...Underdamped

¢ =0 ... Undamped



Polar vs. Cartesian representations.

% System transfer function : (P2 = —Cwa T way/(2 -1

=-—-ctwi
H(s) = Wi j a4l pli ’
T 2+ 2wistwE  (+pRtuwi
Pc:;r Car;::sian

s2 + 2Cwns + w,,% = 52 4 205 + (02 -+ w2)
= 0 = (Cwp, w? = w%(l — )

#  Significance of the damping ratio :

¢ >1 ...Overdamped

¢ =1 ... Critically damped
1>¢>0 ...Underdamped

¢ =0 ... Undamped



Polar vs. Cartesian representations.

#  System transfer function : (P12 = —éwn wa/€2 -1

Pra2=-—0xw}j
H(s) = o ﬁ - Tty -
T 2+ 2wistwE  (+pRtuwi
Pc:;r Car;::sian
All 4 cases Unless overdamped

#  Significance of the damping ratio :

¢ >1 ...Overdamped

¢ =1 ... Critically damped
1>¢>0 ...Underdamped

¢ =0 ... Undamped



Underdamped second order system

e Underdamped 0<(¢<1

w2 o2 + w?

H(s) = 52 4+ 2Cwns + w2 - (s + 0)2 4+ w?

e Two complex poles:

Pl = —0 + jJw; pp = —0 — jw



Underdamped second order system

p1=—0+ jw = wnel " = —wpe I

0 = tan—1 <9> = tan~! ((wn\/l —¢2)/ (gwn))

o

= tan—1 (\/ 1— CQ/C)

Irp[Pl] o = Quwn




Impulse response of the second order system

i 2 2
_ 1| o"tw
he) =L (s+0)2+ w2]

— -1 (o2 —I—'w2 w
o w |(s +0)2 + 'w2J

et sin(wt)

et sin(wry/1 — ¢28)

_02+'w°

w
wh
’wn\/ 1-— C2

h(t) = —22_e—SWnt gin(wny/1 — ¢20)1(2)




Matlab Simulation 4 = . 1

S 0.6s+1

e zeta=0.3; wn=1;
e G=tf(Jwn],[1 2*zeta*wn wn”2]);
* impulse(G)

Impulse Response

_0.3 ! ! ! ! | | | | |
0O 2 4 6 T?mel?sélg) 14 16 18 20




Unit step response of undamped systems

e Unit step response :

'|=f'_1|- 02+w2 ]
T |_((s + 0)2 4+ w?)s
1 s+a ] |

s (ot tuwr] BE=22=2Cud
:l= (s+ o) -=g w ]
s (st+o0)24+w? w(s+o0)2+w?

_ (1 _ o0t [cos('wt) + gsin(wt)D 1(t)

e DCagain:

ySS — ||m ystep(t) — ||m [H(S)/S]S pum— 1
t—00 s—0



Unit step response of undamped system

sin(a + 3) = sin(a) cos(B) + cos(a) sin(B)
cos(a + 3) = cos(a) cos(B) — sin(a) sin(B)

= [cos(u) + % sin(un)| mpy] o=
” 0 = (Wn
2 __ 2 2
_ Wn [E cos(wt) + sin(wt)] P
w LWn Wn =

= " Isin(0) cos(wt) + cos(8) sin(wt)]
” » Re[p]
— % sin(wt + 0)

0 =tan—1! (E) = tan~! (\/?/C)
ystep(t) = (1 — ¢ sin(wt + 9)) 1(¢)

— (1 — jf%sin(\/ 1 — Pwnt + 9)) 1(¢)




Matlab Simulation ¢ (s) = !

s24+0.6s+1
o zeta=0.3; wn=1; G=tf(Jwn],[1 2*zeta*wn wn”2]);
o step(G)

Step Response

| VA

o QAn_egg)Iit_gﬁe

i
O N b OO OO P N DB

0O 2 4 6 T|8mel?sé'g) 14 16 18 20



Second order system response.

Stable 2nd order system:

# 2 distinct real poles

# A pair of repeated real poles

# A pair of complex poles

Im(s)

P

?Qe(s)



Second order system response.

Stable 2nd order system:

# 2 distinct real poles

# A pair of repeated real poles

# A pair of complex poles

Im(s)

P

?Qe(s)



Second order system response.

Stable 2nd order system:

# 2 distinct real poles

# A pair of repeated real poles

# A pair of complex poles

Im(s)

P

?Qe(s)



Second order system response.

Stable 2nd order system:

# 2 distinct real poles
# A pair of repeated real poles

: negative real part
% A npair of complex poles] —— ! P

—————— zero real part

In1(S)‘EEEEEEi::::////

?Qe(s)

A\



Second order system response.

Stable 2nd order system:

# 2 distinct real poles
# A pair of repeated real poles

. negative real part
% Apair of complex poles —— ] P

—————— zero real part

In1(S)‘EEEEEEi::::////

?Qe(s)

A\



Second order system response.

Stable 2nd order system:

# 2 distinct real poles
# A pair of repeated real poles

. negative real part
%  Anpair of complex poles —— ] P

——————. zero real part

In1(S)‘EEEEEEi::::////

X

:Re(s)

A\



Second order system response.

Im(s) 4

2 distinct real poles = Overdamped

Iie(s)

NN




Second order system response.

Im(s) 4

Repeated real poles = Critically damped

Iie(s)

AN




Second order system response.

Im(s) 4

Complex poles negative real part =
Underdamped

Iie(s)

NN




Second order system response.

Im(s) 4 7

Complex poles zero real part =
Undamped




Second order system response.

Im(s) 4

Underdamped

Overdamped or Critically damped

Iie(s)

Underdamped

M




Overdamped system response

K

% System transfer function : H(s) = (Tis + D) (Ths + 1)
18 28

N~
S| =

% Impulse response :

K

h(e) = LH() = 7

(e—t/T2 . e—t/Tl) l(t)

% Step response :

_ T _
Yotep(t) = LY[H(s)/s] = K(1+ﬁe t/Ts ~ e */Tl) 1(¢)















Polar vs. Cartesian representations.




Polar vs. Cartesian representations.

# System transfer function : (P12 = —Cwn +wny/(? -1

2 I’//’I 2 2 Pipg=-—0xwj
W o’ +w
H(s) = n et
(5) 82 + 2(wy), s w2 (s+cr)2—l—w2w
Pc:;r Car;::sian
—% %1 » All 4 cases Unless overdamped
—02 —01
010 :
H(s) = 2 ... Cartesian overdamped
(s+01)(8+ 0g2)
P1 = —01, p2=—02

#  Significance of the damping ratio :

¢ >1 ... Overdamped

¢ =1 ... Critically damped
1>¢>0 ...Underdamped

¢ =0 ... Undamped



Polar vs. Cartesian representations.

% System transfer function : (P2 = —Cwa T way/(2 -1

2 I’//’I 2 2 Pra=-—-0xw}j
W o’ +w
H(s) = n et
ot tw (%) 82 + 2¢wh s F w? (s+cr)2—l—w2w
—_— 5 == — n A “ ~ Y w ~ P
Polar Cartesian
<_><_Lx7_> All 4 cases Unless overdamped
—02 | —|01
010 :
; H(s) = o ;(2+ ) ... Cartesian overdamped
_ s+o1)(s+o
At =wnv -1 1 P N
P1 = —01, p2=—02

#  Significance of the damping ratio :

¢ >1 ... Overdamped

¢ =1 ... Critically damped
1>¢>0 ...Underdamped

¢ =0 ... Undamped



Polar vs. Cartesian representations.

# System transfer function : (P12 =—Cwn *wny/€2 -1

2 L//’I 5 2 Pra=-—-0twj
W o’ +w
H(s) = n et ﬁ y:
-z 20 = _Cw-n A ( ) \32 + zcwn 8 - w'?b \_(S + 0-)2 + wZJ
Pc:;r Car;::sian
<_><_Lx7_> All 4 cases Unless overdamped
—02 | —|01
7 H(s) = 9192 ... Cartesian overdamped
S (o o)+ o) e
. . . ) . D1 =—01, P2 = —02
#  Significance of the damping ratio :
C > 1 ... Overdamped Overdamped case:
. —01 = —(wn +wp/ (% — 1
¢ =1 ... Critically damped
oy = — — w2 —
1>¢>0 .. Underdamped Dattn sa VS o
W = \/0'10'2
¢ =0 ... Undamped - gl o

21/0'10'2



Second order impulse response — Underdamped and Undamped

H (s) _ w,ﬁ . o2 -+ w2
8242w stw2 (54 0)2 +w?
Pc:;r Car;::sian

# |Impulse response : [ %+ w?
h(t) = L [ ' 2]
(s+0)2+w
o2 + w?

= Te_"t sin(wt) 1(t)

Amplitude




Second order impulse response — Underdamped and Undamped

Increasing w / Fixed o H(s) =

Impulse Response

Amplitude

Time (sec)

h(t) = #e_"t sin(wt) 1(2)



Second order impulse response — Underdamped and Undamped

Increasing w / Fixed o H(s) =

Impulse Response

v

Amplitude

Time (sec)

v

A

X

h(t) = #e_"t sin(wt) 1(2)




Second order impulse response — Underdamped and Undamped

. . 2 2
Increasing w / Fixed o H(s) = —Z ¢

(s +0)2 4+ w?
Time (sec) ’ A

X

2 p) « R
m(t) = Z XY ot gin(wt) 1(2) )
)




Second order impulse response — Underdamped and Undamped

Increasing w / Fixed o H(s) =

Impulse Response

Amplitude

Time (sec) X

v

A

h(t) = #e_"t sin(wt) 1(2)




Second order impulse response — Underdamped and Undamped

Increasing o / Fixed w H(s) =

Impulse Response
0.1

0.08 -

0.06 -

0.04 -

0.02

Amplitude

-0.02 -

-0.04 -

-0.06 |-

-0.08 |-

_Ol | | L | |
0 0.5 1 1.5 2 2.5 3
Time (sec)

A
v

h(t) = #e_"t sin(wt) 1(2)




Second order impulse response — Underdamped and Undamped

Increasing o / Fixed w H(s) =

Impulse Response
0.1

0.08 -

0.06 -

0.04 -

0.02

Amplitude

-0.02

-0.04

-0.06

-0.08

_Ol | | L | |
0 0.5 1 1.5 2 2.5 3
Time (sec)

A
v

2 2
h(t) = #e_"t sin(wt) 1(2) )




Second order impulse response — Underdamped and Undamped

Increasing o / Fixed w H(s) =

Impulse Response
0.1

0.08 -

0.06 -

0.04 -

0.02

Amplitude

-0.02 -

-0.04 -

-0.06 |-

-0.08 |-

_Ol | | L | |
0 0.5 1 1.5 2 2.5 3
Time (sec)

A
v

2 2
h(t) = #e_"t sin(wt) 1(2) )




Second order impulse response — Underdamped and Undamped

Increasing o / Fixed w H(s) =

Impulse Response
0.1

0.08 -

0.06 -

0.04 -

0.02

Amplitude

-0.02 -

-0.04 -

-0.06 |-

-0.08 |-

_Ol | | L | |
0 0.5 1 1.5 2 2.5 3
Time (sec)

A
v

2 2
h(t) = #e_"t sin(wt) 1(2) )




Second order impulse response — Underdamped and Undamped

Increasing wy / Fixed &

Impulse Response

Amplitude

- 1 | | L L L L
0 0.5 1 1.5 2 2.5 3 35 4
Time (sec)

h(t) = 1“’” CQG_Cwnt sin{wny/1 — ¢2t)1(t) 0 ) i




Second order impulse response — Underdamped and Undamped

Increasing wy / Fixed &

Impulse Response

Amplitude

- 1 | | L L L L
0 0.5 1 1.5 2 2.5 3 35 4
Time (sec)

h(t) = 1“’” CQG_Cwnt sin{wny/1 — ¢2t)1(t) 0 ) :




Second order impulse response — Underdamped and Undamped

Increasing wy / Fixed &

Impulse Response

Amplitude

| | |
2.5 3 3.5 4

Time (sec)

h(t) = 1“’” CQG_Cwnt sin{wny/1 — ¢2t)1(t) 0 " i




Second order impulse response — Underdamped and Undamped

Increasing wy / Fixed &

Impulse Response

Amplitude

- | | L L L L
0 0.5 1 1.5 2 2.5 3 35 4
Time (sec)

h(t) = 1“’” CQG_Cwnt sin{wny/1 — ¢2t)1(t) 0 ) i




Second order impulse response — Underdamped and Undamped

Increasing ¢ / Fixed wnp

Impulse Response

Amplitude

Time (sec)

h(t) = 1“"” Cze—@ﬂt sin{wny/1 — ¢2t)1(t)

d A N o N A O



Second order impulse response — Underdamped and Undamped

Increasing ¢ / Fixed wnp

Impulse Response

AAAAA—L

Amplitude

JIIN
0 2 4 Time(zsec) 8 10 612 >
4 X
2 X
h(t) = 21 ze_c“’"tsin(wn\/l—C2t)1(t) NI
1-¢ A
6



Second order impulse response — Underdamped and Undamped

Increasing ¢ / Fixed wnp

Impulse Response

Amplitude

Time (sec)

h(t) = 1“"” Cze—@ﬂt sin{wny/1 — ¢2t)1(t)

d A N o N A O



Second order impulse response — Underdamped and Undamped

Increasing ¢ / Fixed wnp

Impulse Response

Amplitude

Time (sec)

h(t) = 1“"” Cze—@ﬂt sin{wny/1 — ¢2t)1(t)

d A N o N A O



Second order step response — Underdamped and Undamped

3 3 3 3
2 2 2 2
1 1 1 1
output /
0 0 0 0
-10+j5 -2+j5 .
-1 - -1 -1t 5 -1
zeta=0.8944 zeta=0.3714 zeta=0 0.2+j5
_2 -2 -2 -2
. 5 0 . 5 0o . 5 0 . 5
time sec. time sec. time sec. time sec.

3 3
40

2 2
1.5 30

1 1 20 0.2+j0.5
output [ /ﬁ 1
(0] 0 ) 10
z;thJr—lg'gga ~2+0.5 +05
=y zeta=0.97 0.5} |zeta=0
-1 -1 0
-2 -2 0 -10
0 5 0 5 0 10 20 0 10 20
time sec. time sec. time sec. time sec.

—Cwnt
e Sin(\/l—C2wnt+9) 1(¢)

ystep(t) = 11— ﬂ



Second order impulse response — Underdamped and Undamped

I I I Higher frequency oscillations

Faster response _ - Slower response

l l l Lower frequency oscillations

)
<=

W

\\ \\\\
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Second order step response — Time specifications.

1.4

1(¢)

\%

T — Ystepll
8% + 2&wn s + W2 step 1)

1.2

%OS 1+

Y Yss —

0.8~

0.6 —

0.4

0.2

________________________

2.5




Second order step response — Time specifications.

Yss ... Steady state value.
T, ... Time to reach first peak (undamped or underdamped only).

%0S - % of ystep(Tp) In excess of Yss -
T, ... Time to reach and stay within 2% of y,5 .

1.4

1.2

%OS 1+

Y Ysg s

0.8~

0.6 —

0.4

0.2




Second order step response — Time specifications.
¥ Yss ... Steady state value.

= limsY(s) = lim s( )I—I(s) = lim “h

s—0 §—0

More generally, if the numerator is not w2 , but some K :

K K
H( ) = = | Yss = —3
82 + 28wns + w2 w2

50 82 + 2wps + w2



Second order step response — Time specifications.

3 T, ...Peaktime.

: _1f _ 1 _
Ustep = L l_sY(s)] =L l[ng(s)] =L 1[H(s)]
i K
_ -1
=L -32+2£wﬂs+wﬁ]
K
— —Ewnt 2
= € sin{wp,v/1—&41) 1(¢
Therefore, Ystep = 0 & sin(wny/1—£21) =0
nmw
= t =

wWny 1 — &2

T, is the time of the occurrence of the first peak (n =1) :

'

Wny/ 1 — &2

T, =




Second order step response — Time specifications.

¥ %O0S ... Percent overshoot.

K
wy

[ 1 — g~ éwnt (cos(w t) + \/16—752 sin(w t)) ] 1(¢)

Ystep (t) —

Evaluating at 75, ,

K —=AT
ystep(Tp) = E (1 +evi=< )
n

%0S is defined as:

%0S =100 x ystep(;;::)—yss

Substituting our expressions for Yszep(Tp) and Yss :

_—=&7
%08 =100 x eV1-£2



Second order step response — Time specifications.

» T, ... Settling time.

Defining @ with £=sin(#), the previous expression for yszp(t) can be re-written as:

K —&wnt
Ystep(t) = E[l - h cos(wt —6) | 1(¢)

As an approximation, we find the time it takes for the
exponential envelope to reach 2% of ¥Yss .

K_etwnTs = (.02

wf /1-¢2
_ —n(0.024/1-£2u2 /K)

Ewn

= T,

~ 4
= T = g,— when K=w?



Typical specifications for second order systems.

How many independent parameters can we specify?

K
H —
(5) 82 + 2fwps + w2 3
K
Yoo = 3 - 1-e<yw<l+e

n
T - m . T <T¢mam
P wn~/1—€2 P—"p

%OS S %Osmam

v

_—§7
%08 =100 x ev1-¢2

T —1n(0.024/1—£2w2 /K)

8 Ewn

v

T, < T;na:c



