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Transfer Function: Laplace Transform of Unit Impulse
Response of the System

= Inputsignal: |u(t) = e* wheret € (—o0, o)
= Output signal: y(t) = u(t) + h(t) = [:’ h(r)u(t — 7)dr
= /ch: f:,(T)e‘q(t_T)dT

o t
= /0 h(r)e® e *Tdr

def: Transfer Function

o0
= [/0 h(m)e 57dr| et
\=£(h)fK

o= H(s)e®
= Take S = JwW Laplace transform of
the impulse response
u(t) = et — H(jw)—~ y(@) = H(Gw)e!™"
= cos(wt) + jsin(wt)
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Frequency Response

A . )
* Input Acoswt= E(ejw’f + e~ Wty
= We know
Jwt — H(S) L H(jw)ej“’t

oWt —p] H(s) —>H(—jw)e_j“’t

« Complex numbers H (jw) = Mel?, H(—jw) = Me I

y(1) = SCHGW)™ + H(—jur)e ")

Magnitude — éM(ej(wt+¢) + e—j(wt+¢))
2

= Mcos(wt + ¢)ﬁ Phase shift
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Frequency Response

cos(wt) — H(s) = y(t) = Mcos(wt+ ¢)

H(jw) = Mel? =z + jy

[Im [H(Gw)]
M = |H(jw)| jy M ....... .
5 — tan-1 [Im[H(jw)]] ¢,
Re[H (jw)] x
MEA451 S07 Re [H(];E;U)]

The Laplace Transform (Appendix B)

= Laplace transform converts a calculus problem (the linear
differential equation) to an algebra problem

= How to Use it:
= Take the Laplace transform of a linear differential equation
= Solve the algebra problem

= Take the Inverse Laplace transform to obtain the solution to the
original differential equation

def: Laplace transform | F'(s) := L[f(t)](s) = /OOO f()e stdt

def: Inverse Laplace transform

“+j00
F(8) = £-F(s)] = —— /U 7 ps)estds
277 Jo—joo
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The Laplace Transform (Appendix B)

= Laplace Transform of a function f(t)

F(s) = Lf(t) = /O T @) et

= Convolution integral

A+ 0 = [ D2t = r)r
= [ ()t~ ryar

LIf1(t) * fo(t)] = F1(s)F>(s
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Properties of Laplace Transforms (page 641-643)

= Linearity

Llaf(t) + bg(t)] = aL[f(t)] + bL[g(1)]
= aF'(s) 4+ bG(s)

= Time Delay

LIFE—N)] = /O“’ F(t— N)estat
B /ooo F(r)e st Ndr

= e‘SA|£[f ()]
Non-rational function /
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Properties of Laplace Transforms

= Shift in Frequency

Lle—f(1)] = /O et p (1)t dt

= F(s+a)
= Differentiation
L ld—f] = OOd—fe_Stdt
dt 0 dt -
= WIF - [ £ (—se )t
= sF(s) — f(0)

Properties of Laplace Transforms

= Differentiation (d/dt in time domain < s in Laplace domain)

L[f] = sLIf] - f(0)

L[f] = sL[f] - F(0)
= s2L[f] — s£(0) — £(0)

= Integration (_/ 4t in time domain < 1/s in Laplace domain)

c Uotf(t)dt] — %F(@
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Laplace Transform of Impulse and Unit Step

= Impulse

LI5(H)] = /0 TSt eStdr = 1

= Unit Step
. 1 t>0 11—
“’(t)_l(t)_{o t<0
1 t=20
o
LI1(6)] =/ e~Stap = =
0 S
Unit Ramp
f(t) =t,vt >0 IL
t=20

00 1
Et:/ te Stdt = —
(t) o € 2
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Exponential Function

[ee) _e_(s_a‘)t 00
L at :/ at —stdt:
(e™) 5 ele — ‘0
1
= , Re[s—a]>0
S —a
1
L(eat) —
S —Qa
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Sinusoidal Functions f(t) = sin(wt), or cos(wt)

eIVt = cos(wt) =+ isin(wt)

- 1 s+ jw
,C [6] t} = s—jw et 32 +'7w2
= L[cos(wt)] + jL[sin(wt)]
S
. . w
L[sin(wt)] = o
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Partial-fraction Expansion (Text, page 637-641)

= F(s)is rational, m < n — realizable condition (d/dt is not

realizable)
N brms™ + - - + b1s + bo
\s) = n n—1
s+ ap_1s +---+ais+ag
— b [T 1 (s — 233 zeros
[17=1(s — pi3——] poles
k k
S O T
s —DP1 s —Pp2 § —DPn

P = 3 kiePit1(t)
1=1
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