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A Min-Max Optimization Framework for Designing
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Amit Gore and Shantanu Chakrabarilember, IEEE

Abstract—In this paper, we present a framework for construct-
ing XA learning algorithms and hardware that can identify and
track low-dimensional manifolds embedded in a high-dimenienal
analog signal space. At the core of the proposed approach is a
min-max stochastic optimization of a regularized cost funtion
that combines machine learning withx A modulation. As a result,
the algorithm not only produces a quantized sequence of the
transformed analog signals but also a quantized represent@n
of the transform itself. The framework is generic and can be
extended to higher-order>A modulators and for different signal
transformations. In this paper, the XA learning is demonstrated
for identifying linear compression manifolds which can elmi-
nate redundant analog-to-digital conversion (ADC) paths.This
improves the energy efficiency of the proposed architectureom-
pared to a conventional multi-channel data acquisition syem.
Measured results from a four channel prototype fabricated n
a 0.5um CMOS process has been used to verify the energy
efficiency of the XA learner and to demonstrate its real-time

Fig. 1. Non-overlapping volume of two concentric spheres withiradind
(r—9)

concentric hyper-spheres in dimensions with radiir > 0 and

adaptation capabilities that are consistent with the theoetical
and simulated results. One of the salient features oEA learning
is its self-calibration property whereby the performance remains
unchanged even in the presence of computational artifactais-
match and non-linearities). This property makes the proposd
architecture ideal for implementing practical high-dimensional
analog-to-digital converters.

Index Terms—Manifold learning, High-dimensional signal pro-
cessing, XA conversion, signal de-correlation, analog-to-digital
conversion, Multi-channel ADC.

|I. INTRODUCTION

r — 0 > 0 respectively. An equivalent arrangement is shown
in Fig. 1 for D = 3 dimensions. According to [6], the ratio
of volumes of the hyper-spheres In dimensions is given by

5D
vy = 0 e
= a-9 @

From the equation (2), it can be seen that fox ¢ < r,
V(D) — 0 as the dimensionality of the space satisfies
D — oo. Thus, this simple example illustrates thet:higher
dimensions, the volume and hence the probability of the data

Advances in miniaturization are enabling integration of ais typically concentrated on the surface of a hyper-sphere
ever increasing number of recording elements within a singror the example shown in Fig. 1 with parametérs: 0.1
device. Examples of such high-density sensors range framd D = 32, the volume (or probability of occurrence) of
microelectrode arrays used in biomedical applications [lJata on the outer shell i87%. Other geometric structures
[2], [3] to microphone arrays used in acoustic sensing [4hypercubes, hyper-ellipsoids, hyper-toroids etc.) aghibit

[5]. Typically, the multi-channel analog signals acquireyl

interesting data concentration properties in higher diicers.

these recording arrays lie in a high-dimensional space aRdr instance, the volume of a high-dimensional hyper-came ¢
the key challenge lies in designing adaptive analog-titalig be shown to be concentrated at the corners. These examples

conversion (ADC) algorithms that exploit the topologicedp-
erties of high-dimensional space. This is particularlgvaht,

show that information (data distribution) in high-dimemnsal
space is typically concentrated on low-dimensional maasfo

since the conventional wisdom of three-dimensional Eeelid for example, hyper-surfaces or hyper-planes. The didtabu
geometry, which is at the heart of many existing ADCs, cdmecomes even more concentrated when the input signals
not be directly applied to higher dimensions. To illustratexhibit significant degree of correlation (redundancy) ahhi
this, consider a simple geometric example comprising of twe true for analog signals recorded by high-density sensors
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ing [7] where the objective is to determine parameters ofa lo
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the basis functions are determined adaptively instead of
being fixed.

/ The functional architecture of &A learner is shown in
Fig. 3(a) where the input is a time varying analog signal
x[n] € RP with n = 1,2,.. representing the discrete
i time index. TheX A learner also consists of a matrix-vector-
multiplier (MVM) which transforms the input signak[n]
according toA[n]x[n] where A[n] € RP x RP denotes a
linear transformation matrix. This transformed signallisrn

Fig. 2. lllustration of XA learning using two-dimensional data: (a) initial processed by an array &fA modulator to pmduce a binary

hyperplane; (b) limit-cycle about the optimal hyperplane

data streamd[n] € {—1,+1}". An adaptation unit uses the
binary outpuid[n] to update the matriA[n] and in the process
learn the parameters of the target manifédld,. To illustrate

dimensional manifold that can faithfully capture the getiioe he penefits of the proposedA learner over a conventional
and statistical property of the high-dimensional inputadatmanifold learning architecture, we will compare their egui
Some of the examples of manifold learning include principglent energy efficiency for a signal compression applicatio
component analysis (PCA), Kohonen maps [8], locally lineafhe functional architecture of a conventional manifoldrtea

embedding (LLE) [9] and eigen-maps [10].

ing approach is shown in Fig. 3(b), where the transformation

In this paper, we unify manifold learning and analogis performed after the analog-to-digital conversion steging
to-digital conversion such that the proposed algorithm wif> A modulators). For the comparison we will also make the

process the input analog signals to produce not only a géglti fo|10wing assumptions which is reasonable for a high-dgnsi
representation of the transformed signal, but also a degiti sensor array:

representation of a transformation manifold. At the core of |
the proposed architecture and the focus of this paper is a

stochastic min-max optimization procedure that yieldsa

modulation [11] integrated with a manifold learning step.
Conceptually, the mechanism of the proposed modulation is
illustrated in Fig. 2 for a simple manifold learning task.€erh
example consists of input vectors (represented as circlds a
squares) which are embedded in a three dimensional space.
An optimal manifold that captures the distribution of the
input data is a two-dimensional hyper-plane as shown by the
shaded area in Fig. 2(b). Starting from an initial estimate

of the hyper-plane (shown in Fig. 2(a)) tHeA learning

algorithm proposed in this paper will generate a sequence of

approximate (quantized) hyper-planes that exhibit liayitie

behavior about the optimal hyper-plane (see Fig. 2(b)). The

statistics of the limit-cycles will then encode the paraenet

of the manifold at a desired resolution. The limit-cycle dxhs

learning endows th&A learners with additional properties:

The rank of the target compression manifod,,, de-
noted byM, satisfiesM < D. This is a valid assumption
since signals acquired by high-density sensors (for ex-
ample microelectrode array or microphone array) exhibit
a high degree of correlation. This implies that once the
parameters oA, has been learned) — M redundant
YA modulators in Fig. 3(a) can be selectively shutdown
to conserve energy.

The desired manifold\ . is quasi-stationary and its pa-
rameters vary much slowly compared to the input signal
x. This is a reasonable assumption sinke, depends
only on the physical properties of the sensor, sources
and the channel. For instance, the distance between the
sensor array and the sources or the variation in channel
properties (dispersion or attenuation) directly affAct,.
Thus, identifying and tracking oA, consumes only a
fraction « < 1 of the total operational time of thEA

learner.

« The stability of learning is only dependent on the magni- ¢ gperation of &A learner would consist of two sequen-
tude of the input signals and does not depend on the nhases (shown in Fig. 3(c)) which repeat for the duratio
choice of hyper-parameters, for instance learning rafg \yhich the SA learner is active. In the first phase, the
factors used in neural network architectures [7], [12]. s, |earner learns/tracks the compression manifeld within

The algorithm naturally inherits the robustness propertig eain number of adaptation cycles (consuming a fraction
of XA modulation [11]. In addition, learning endows, ot the total operational cycles). In the second phase, the
the proposed algorithm with a self-calibrating propertyq,niation unit selectively shuts down the— M redundant
where the mismatch between the sensor channels and {16 jators for the rest of the operational cycles (shown in
inherent non-linearity of analog computation are compe'&—lg_ 3(a)). If Psa denotes the power dissipation of a single

sated. This is similar in spirit of many learmning-on-siito s;A moqulator and ifP,; denotes the power dissipation of
architectures reported in literature that can automagicaly single mixed-signal multiply-addition operation, undee
compensate for hardware artifacts [13]. following condition

When the objective of the algorithm is to determine

only the parameters of slowly varying low-dimensional Paat 1 ) ()
manifold and not the transformed data, then tHa Pea  D(a+ M/D)

learner can operate at sampling rates lower than tthee energy efficiency of thelA learner can be shown to
Nyquist rate of the input signals. This setting is similabe superior to that of the conventional approach (shown in
to analog-to-information convertefd4], [15] except that Fig. 3(b)). The proof of the inequality (3) is presented in
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(a) L. norm of a vector will be denoted byx||., and is
Analog __ A given by||x||« = max; |z;|. A vector constant will be

Adaptation represented by a bold numeral. For exampldenotes
| a vector with all elements equal to zero.
Shutdown
Aln] A[NIX[N] l 4) A matrix will be denoted by an upper-case bold symbol
—_— ZA din] as A and its elements will be denoted hy;,i =
Array .
1,2,.55=1,2,...
(b) 5) The L., norm of a matrix will be denoted by{A||
Aln] and is given b)4|A||Oo = MaXx:||x||,0<1 ||1AX||oo
Adaptation 6) w” andA” denote a transpose operation for a vector
A[n] and matrix.
7) Discrete time sequences will be denoted by indices
x[n] TA d[n] Transform Alnjdin] x[n],n=1,2,...
ey Digital 8) &x{.} will denote an expectation operation given by
Ex{.} = [ ()px(x)dx, wherep,(x) denotes the prob-
ability density function ofx.
9) Empirical expectation will be denoted by, {.}
| T =0 | T, = 1< | and is defined as a temporal average of a dis-
crete time sequence. For exampl€,{d,} =

. N .
limy_oo & Y., d[n]. A double expectation opera-
Fig. 3. Functional architectures corresponding to: (a) the propdsSA o0 N Lem= -
learner and (b) conventional manifold learning approact). Figure illustrat- tF)I’ will t?en Be r%presepted b¥,.{E{d[n]}} =
ing that whenS A learner is applied for a signal compression task, learning Hmpy oo 57 Dimg 2 ;=1 dlil.
can be performed for only a fraction < 1 of the total operational time. 10) Differentiation of a functionf with respect to a vector
or a matrix represents an element-wise operation such

of _ 19f Of T
thatm = [8'01’8'_112""] .

x[n]
— Transform

(c)
| Padt | Pop |

Appendix | and is based on the worst case analysis where
the power dissipation due to digital signal processing in
conventional architecture (see Fig. 3(b)) has been ignored !ll. OPTIMIZATION FRAMEWORK FORYA LEARNING
The inequality (3) shows that the power savings could be|n this section, we describe a generalized form of the min-
significant if the fractiona: and the ratioM /D are simul- max optimization framework that will integrate learningthvi
taneously small. In the later sections will verify the inality ~analog-to-digital conversion. A special case of the prepos
by presenting measured results obtained fromi/a learner framework was introduced in [16] which was used for neural
prototyped in a0.5u CMOS process. Also, using Monte-signal compression. Given a random input vestar R” and
Carlo analysis we will show that the parameters inversely an internal state vectaw € R, a LA learner estimates the
proportional to the input dimensian which will show that the parameters of a linear transformation mattixe RP x R?
efficiency improvement of theZA learner remains invariant according to the following optimization criterion:
with the increase in the input dimensionalify. .

The paper is organized as follows: section Il will briefly max(min f(W, A)) 4
present a summary of mathematical notations and definitions
used in this paper; section Il introduces the min-max optV"€" .
mization framework for constructing A learner; section IV flw, A) = A[w[[1 —w” E{Ax}. Q)
presents some performance results obtained using Monges

. . . . < > 0 denotes a hyper-parameter aficdlenotes a constraint
Carlo simulations that quantifies the stability and vareané space of the transformation matri. The term||w||; bears

the XA learner; section V describes a CMOS implementgmijarity to the regularization which is extensively usied

tion of a four dimensionakA learner; section VI presents o hine learning algorithms [17], [18]. However,the norm
measured results obtained using the fabricated prototyge;

) , , Egn. (5) is an important link connecting the cost function
section VII concludes the paper with some final remarks. ity 5 single bit quantization. This is illustrated in Fig. 4

which shows an example of a one-dimensional regularization
Il. MATHEMATICAL NOTATIONS function ||w||;. The piece-wise behavior dfw||; leads to
We will use the following notations and definitions throughdiscontinuous gradient sgm) (shown in Fig. 4(b)) where
out the paper: sgn.) denotes a signum operation equivalent to a single bit
1) A scalar variable will be denoted by a lower casquantization. Even though the regularization frameworkioa
symbol, for exampler. extended to multi-bit quantization, in this paper we willlyon
2) A column vector will be denoted by bold symbol &as discuss> A learners with single quantizers. The minimization
and its elements will be denoted by,i = 1,2, ... step in Eqgn. (4) ensures that the state veetos correlated
3) TheL; norm of a vector will be denoted Wix||; and is with the transformed input signaix (signal tracking step) and
given by||x|[; = _, |«i|. The L, norm of a vector will the maximization step in Eqn. (4) adjusts the parameters of
be denoted by|x||> and is given by||x|[> = >, 27. An A such that it minimizes the correlation (de-correlatiorpyte

e
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| wll, will be of importance. This is illustrated in Fig. 5 using a
d two-dimensional contour plot where starting from an initia
condition, the minimization produces a trajectory towattus
w minima and ultimately produces a limit-cycle behavior abou
the minima. The path and the limit-cycles will encode the
(a) (b) topology of the optimization manifold defined fyand hence
will encode the transformatioA.

Fig. 4. Plot of (a) one dimensional; norm ||w]|1 and (b) its derivative
A. First-order XA Modulation

The link between optimization (4) andA modulation is
- ’w*= 0 through a stochastic gradient minimization [22] of the cost
it Lyces function (5). Under the condition of stationarity on thedam

-
Cd
W vectorx and under the assumption that its probability density

\ function ofx is well behaved ( gradient of expectation operator

-_—

Initial Points . . . .
/ is equal to expectation of the gradient operator), the ststah
R4 gradient step with respect w yields
of(w,A
Fig. 5. Optimization contour explaining the limit cycle behavidscait the win] = wn-—1]— M (9)
minima. ow (n—1)
win] = wn—1]+A[n—1]x[n —1] — Ad[n] (10)

betweenw and Ax. The formulation bears similarities withwhere n  signifies the discrete time index and
game-theoretic approaches [19], [20] where signal tragkiml[n] = sgn(w[n — 1]) denotes the quantized representation
and de-correlation have been formulated as conflicting olecording to the step function shown in Fig. 4(b). Note
jectives. However, the uniqueness of the proposed approdlsht the formulation (10) does not include any learning rate
compared to other optimization techniques to solve Eqn. (@arameters typically used in other neural network appresch
is the use of bounded gradients to genetate limit-cycles. As the recursion (10) progresses, bounded limit cycles are
To show this we will first prove a key result: produced about the solution* (see Fig. 5) whose property
Lemma 1: For the constraint s¢€ : ||A||. < A}, |[X||cc < IS characterized by the following lemma.
1 and for f(.,.) as defined in Eqn. (Skniny f(W,A) =0 .
Proof: First, we will show that the cost functiofi(x, A) is Lemma 2: ForA[n] € C, ||X||s < 1 and if [|wo||sc < 2,
bounded below by and then show that this lower-bound lieghen [[w,, || < 2X forn=1,2, ...
within the feasible set defined by the constraints. Proof: Similar to the proof for the stability of a first-order
We will use topological property of norms [21] which states2A modulation [11], we will use mathematical induction to
that for two integerg, ¢ satisfying> + . = 1, the following prove the lemma. Letjw[n — 1]|lc < 2X. Sinced[n] =

relationship is valid for vectorsr andy sgn(w[n — 1]), therefore||w[n — 1] — Ad[n]||cc < A (proof
- for this claim is given in Appendix Il). Using Eqn. (10), the
wWy| < [[wilp[lyllq (6)  following relationship holds
Settingy = &{Ax} and applying Eqn. (6) the following IWn]lle = |Wn—1]—d[n] +Aln — 1xX[n — 1]||s

inequality is obtained: W[ — 1] = Ad[n]||os + [|A[n = 1]]s

<
< 2 (11)

Wil [Ylloo = W'y > wTy. (7

Using the definition of the matrix norm and the givemwhich proves the lemma using a mathematical induction.
constraints, it can be easily sedA||occ > ||AX||oo = |Y]|oo-

Thus, ||y||cc < A. Therefore, the inequality (7) leads to Assuming the initial condition ofv[0] = 0, the discrete time

ion (10) |
AWl — WEE{AX} > 0 ®) recursion (10) leads to

N N-1
which proves that the cost functigf(x,A) is bounded from 2 > din] = 1 > Alnlx[n] + iw[n] (12)
below by 0. It can be seen thaf(0,A) = 0, therefore, the N n=1 N N
Iower—_bpundo lies within the constraint set and therefore is 4 to the bounded property 7]
the minima of f(w,A). O

n=0

(according to lemma
2), equation (12) leads to the following asymptotic propert

Lemma 1 shows that for the constraint ggtthe minima E{d[n]} = lc‘,’n{A[n]X[n]} (13)
of f(w,A) is already known and therefore the result of the A

minimization does not convey any additional informationwhere&,{.} denotes an empirical expectation with respect to
However, in the proposed approach, the path to the firtadhe indexn. Thus, the recursion (10) produces a quantized
solution w* = 0 and the limit-cycles about the solutionsequence whose mean asymptotically encodes the transforme
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Fig. 6. Functional verification of & A learner using synthetic multi-channel data: (a) analogrsiy presented as input to the learner; (b) output signals
produced by the learner; (c) reconstructed signals usirg dbtput of learner and the learned transformatidn (d) convergence of thg A ||co

input at infinite resolution. For a stationary input sourceshere we have used the relationship thiat] = sgnw[rn—1]).
(sources whose statistical properties are fixadh) converges The updates in Eqn. (17) can be implemented using an up-
to an asymptotic valued.,, which then can be used fordown counter which also acts as a storage for the binary
reconstruction according to representation of the matriA. The parameter” will be
N a1 referred to as the transform resolution as it determines the
Enf{Xln]} = Mo Entdinl} precision by which the target manifoldl,, can be determined.
where A" is the inverse transform oA... Since for high- It is important to point out that unlike conventional neural
density sensing, the rank of the input space is less than ristwork algorithms where the choice of the learning rate
dimension, it is important to choose a constraint spéce parameter is important to guarantee stability of the atfor;
where the non-redundadt’ dimensional space can be easilthe parameterP only affects the performance and not the
identified. One such constraint space is represented byrupggbility of the XA learner. This has been verified using
and lower triangular matrices with their diagonal elementdonte-Carlo simulations presented in section IV.
fixed. Also for such a class of transforms, the invesg' To ensure that the matri& always lies within the constraint
can be easily computed using back-substitution techniquesspaceC (space of lower triangular matrices), the updates
in equation (17) are only applied to the off-diagonal lower
B. ¥A learning triangular matrix elements. The values of other elemergs ar
The maximization step (de-correlation) in Eqn. (4) yieldBxed according toa;; = 0,¥i < j, and a;; = 1. Thus,
updates for matriA according to a gradient ascent proceduri¢ ||A||c < A is satisfied, then the recursion (17) will
as asymptotically lead to
af(w,A)

O0A

(14)

Aln]=An—-1]+ ¢ (15)

Enfdn]sgn(x[n])"} — 0 (18)

n—1

which can be written as for A, € C. Thus, the proposedA learning algorithm
Aln] = Aln — 1] — éw[n — 1)x[n — 1]T;A[n] € C.  (16) produces quantized sequendis| that are uncorrelated to the
. signum function of the input signal. We will first illustrates-
The paramete§ controls J.[he Iearn_mg ratg pf the updatg (16%9 a synthetic example that the condition (18) is suffictent
S}!Tﬁe Weta}r(:r:rt]erested mtob_talnlndg f‘ d'lgét'ZEd rbepre | ad'dentify redundanEA modulation paths. For this example two
E .tegf'a rle € pa??fpef mdutﬂ ate ( bl) can elrep aC€Gsinusoidal signals with different frequencies were firstssn.
y 'T) mar?/ org‘nk;asf_tf : an € Va”.a ew[n—1}, x[n] These signals were then mixed together in linear propastion
can be replaced by 1S signed forms as. to generate eight synthetic signals as shown in Fig. 6(&sé&h
An] = A[n — 1] — 2= Pd[n]sgnx[n — 1])T;A[n] € C (17) signals were then presented as a input toXtdelearner. Thus,
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even though the dimensionality of the input signal space f 100
this example is eight, its rank is two. Fig. 6(b) shows thepaut
produced by theXA learning algorithm where the binary
streamd[n] has been low-pass filtered and decimated [11 50}
The results demonstrate that the\ learner correctly reduces
the dimensionality of the output signals, where only twohef t
eight channels contain significant energy, where as theggne
in the rest of the channels (calleglsidual energydiminishes
to zero. The convergence of the learning algorithm can |
visualized for this example using Fig. 6(d), which showd thi
the ||A||~ stabilizes after a certain number of iterations. W
will quantify the convergence behavior of the\ learner using
adaptation cycleswhich is defined as the number of learning
iterations required beforgA||., converges tot2% of its -100—, = = = 0
stabilized value. The adaptation cycles also determines 1 10 10 Fr 10 10 10
L. . . . equency (Hz)
parametery which is the fraction of the total operation perioc
when learning is enabled. The converged valudAgf is used
to reconstruct the input signals using the output accordifity- 7. FFT response of the first-ordez A learner for the synthetic example
i

L L . __inFig. 6, showing that th&!” channel rejects f i in the |
to Eqgn. (14) which is shown in Fig. 6(c). In the numerlcaé}mfng’c;a?\g;g%;j;t 8" channel rejects frequencies present in the lower

experiments presented later in Section IV, the quality of

reconstruction will be quantified using theconstruction error

which is a mean-square error between the reconstructedtoutjor improving the convergence speed of neural network algo-
and the input signal. This simple experiment demonstréies tithms, they are not suitable for optimizing piece-wisetcos
functionality of XA learning in identifying redundant (null- function (4). Recursion (20) will generate quantized vecto
space) signal processing paths. This response can alsee sequenced|n| whose first order expectation as well as second
in the frequency domain as shown in Fig. 7 where the FFT ofder expectation converge asymptotically according to

one of the redundant channels (channel 8) is illustratedafor

—— With learner
- = = Without learner

~
m
ke
s
g O
=
o
o

_50 L

1
first-order 2A modulator (a) with and (b) without learning. Edd[n]} = chn{A[n]X[n]} (21)
Since, for this example the input signal consisted of two 1
fundamental sinusoids the frequency domain responsestsnsi Enléaldinl}} = E{AlnXnl}. (22)

of two distinct impulses. Also, it can be seen from Fig. 7Th £ of for th . 21 - 22 igmi
that in addition to the familiar noise-shaping charact@ss . € proot ot convergence for the expressm_ns( N ) isgive
in Appendix Ill. The update in Egn. (20) is equivalent to a

of a first-order modulator [11], thEA learner suppresses the N
sinusoidal signals (redundant signals) after learningisTthe second-ordeEA modulator [11], thus linking the momentum

learner acts as a band reject filter with respect to signalemte b‘?‘s?‘d gradient descent rule to a secoqd-cﬁdk:rmodulatlon.
in channel 1 and 2. Moreover, any common mode signals, @mllar to Eqn. (14), the reconstruction formula based on

instance dc offsets, which are associated with all chararels qn._ (22) can be expressed in terms of asymptotic value of
eliminated. the linear transformA ., as

En{XIn]} = ML E{En{d[n]}} (23)

C. Higher-orderx A Modulation . .
g ) ) Eqgn. (19) can also be generalized to incorporaté order
The formulation of£A learning could also be extended tGy,omentum terms according to

higher-order modulation. This can be achieved by incorpora

ing momentum terms in Eqn. (10) to obtain Win] = win — 1] + af(w,A) FALwin—1]) (24)
ow n—1 "
wn] =wln — 1] + 9f(w,A) whereAZ(.) denotes arL'* order difference. In case df = 1
ow |,y (19) Eqgn. (24) is equivalent to a second order modulation acagrdi
+w[n — 1] —w(n — 2] to Egn. (19). Higher-order momentum terms have also been
used in neural networks [24] to accelerate the dynamics
wln] =w[n — 1] of gradient descent iterations especially where optirfonat
+ (Aln — 1x[n — 1] — Ad[n]) (20) contours are flat. However, without any loss of generality, i

this paper we will only investigate properties of first and-se

ond order modulators only. The optimization approach using
Momentum terms have extensively been used in optimizaxomentum terms can also be used to visualize and understand

tion theory and neural networks for improving the perforthe dynamics oA modulators. Fig. 8(a)-(d) illustrates this

mance of learning algorithms [22], [23] and has been useding a one-dimensional cost functigifw) = |w| — wa with

in XA learning to improve its convergence speed. Evem| < 1. Fig. 8(a) corresponds te = 0, therefore the stochas-

though Hessian-based formulations have also been proposedgradient iterations corresponding to the first-ordef

+w[n —1] —w[n — 2]
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Fig. 8. lllustration of XA dynamics for (a) first-order modulator with = 0,
(b) modulator withz > 0; (c) higher-order modulators (bold lines indicate
higher velocity); (d) effect of reducing the magnituderof

Fig. 10. The effect of resolution of a signal transformation maton the
performance of thecA learner.

resolution ), which quantifies the precision of the updates
in the Eqgn. (17). To understand the effect of these system
parameters on the performance of the learning algorithm, a
controlled simulation experiment was found to be bettetesli
than using real-life data. For all experiments presentetiis
section, we used a similar setting as described in Fig. 6hwhic
consists of two sinusoidal signals (with different normed
frequencies) mixed in random proportions. The rank of the
eight dimensional input space was fixed to two. The perfor-
mance of the first-order and the second-ordlegx learning
algorithm were then quantified using system parameters as
described in section 1lI-C. These parameters are:

1) Adaptation cycles The minimum learning iterations

before the||A|| converged to+2% of the stabilized
value.
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Fig. 9. The effect of OSR of théA converter array on the performance of
the XA learner.

2)

modulation exhibits limit cycles symmetrical about the mria
w = 0. Fig. 8(b) shows the equivalent dynamics corresponding
to z > 0, therefore the resulting limit cycles spend more time 3)

Residual powerQuantifies the performance of the al-
gorithm to achieve signal compression. This can be
calculated using the signal at the output of tié
channel according t&®; = &,{(£,{d:[n]})*}.
Reconstruction errar Quantifies the accuracy of the

in the regionw > 0. Fig. 8(c) shows the dynamics of a higher-
order modulator, where the momentum factor accelerates the
marker towards the minima. The overshoot beyond the minima
is proportional to the net velocity at the minima. For higher
order modulators, the acceleration and hence the velo€ity o and signal reconstructed according to Eqn. (23) as
approach could be large enough so that the magnitude of R, = &,{||x[n] — x[n]||2}-
limit cycles can become unbounded. Therefore, the stabili|| nymerical results presented in this section were ofetin
of YA modulation can be improved either by reducing thgfier averaging the results oved0 runs, where for each run,
velocity of approach towards the minima (by modifying thyo sinusoidal signals (see Fig. 6) were mixed in random
shape of the optimization manifold) or by constraining thﬁroportions to produce eight input signals.
magnitude of the input:. These approaches are similar to Fig. 9 shows that the adaptation cycles required ak
stabilization techniques already used for designing Mghgsarming decreased with increase in OSR (for both the first
order A modulators [11]. and the second order modulation). This can be attributed to
the increased precision in tracking of the stationary nuddhif
IV. MONTE-CARLO ANALYSIS OF XA LEARNERS with an increase in the OSR. As expected, higher OSR also

In this section we analyze the performance of & improved the reconstruction and the suppression of rekidua
learning algorithm using Monte-Carlo simulations. Theteys error which is shown in Fig. 9(b) and (c). Fig. 10 summa-
parameters that were included in this study are: (a) Oversarzes the performance of theA learner when the resolution
pling ratio (OSR), which is defined as the ratio of frequengyarameterP was varied. It can be seen that the number of
of XA learning updates to the bandwidth of the input signaddaptation cycles increases with the increase in paranieter
(b) Sparsity, which is the ratio of the number of input chdaneThis is because the learning algorithm has to span the signal
D and the rank of the input signal spaté and (c) Transform space at finer increments. Also, from Fig. 10, it can be seen

learning algorithm in identifying the compression trans-

form. For the numerical experiments presented in this
section, the reconstruction error is calculated by com-
puting the mean-square error between the input signal
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Fig. 11. The effect of mismatch on the performance of¥h& learner. Fig. 12. The effect of computational non-linearity on the perforoeof the

YA learner.

that the reconstruction error and the residual error deeka
with increased resolution. This can be attributed to a mo
precise determination of the transformation parameteth w
an increase irP. 05

The next set of experiments were used to evaluate t

0.5 ——B=3

—+—p=5

robustness of the proposé&i\ learner to different forms of é 0 Fo
computational artifacts. In literature, the effect of cartgp  ©
tional artifacts on the performance GfA modulation has  _ . 05

been extensively studied [25], [26] and several compensati
methods have been proposed [27], [28], [29]. Three kint
of artifacts have been considered in this paper which & 1
consistent with other reported numerical study in literatu
These include: (a) mismatch and random offset errors intro-
duced while computing the transform; (b) leakage in Ih& Fig. 13. lllustration of the self-calibration in aA learner: (a) The non-
recursion and (c) the non-linearity of analog computation. linearity of the transform_ as modeled by a _sigmoidal fum:?i(b) learned
. . . value of the transformation parameter; which tracks the inverse of the
Mismatch and random offset errors were introduce®@ih  onjinear function.
learning by adding a random error matexwith ||¢||oc < F'
to the transformation matriA. The parametef’ denotes the
mismatch factor and was used to quantify the system perfaaximum variation in the residual power and the reconstruc-
mance as shown in Fig. 11. It can be seen from Fig. 11(a) thidh error was found to be 2.9 % and 3.2 % respectively,
the number of adaptation cycles decreases with increasedjéimonstrating the low sensitivity of tHeA learner to non-
the mismatch factor. This was consistent with several tesulinear response. To understand the robustness property of
reported in machine learning literature where randomoratithe A learner to computational non-linearities consider the
aids the convergence of the learning algorithm [17], [34]e T adapted value of the matrix elemeni as shown in Fig. 13(b).
residual power and the reconstruction error, however, iBmahe value ofay; were obtained subsequent to convergence
unchanged demonstrating the robustness:df learning to of the S A learning for different values of inputs. It can be
mismatch artifacts. The residual power and the reconsbnicteasily verified from Fig. 13(b) thato; ~ g Y(z2), thus
error of the second order system system showed variationsdéinpensating the non-linear effect of Eqn. (26).
to 2% and 1% compared to 1.5% and 1.7% of the first orderThe final experiment evaluated the effect of signal sparsity
system. on theX A learning performance. For this setup, the number of
The non-linearity of matrix-vector multiplier was modeletthannels (dimension of the input vectors) was increaseile wh
using a compressive response in & update according to keeping the number of independent sinusoidal signals fixed.
wn] = wln — 1] + g(A[n — 1], x[n — 1) —d[n].  (25) T_hu_s, the ranl§ of input _signa_l space was always fixed to two,
similar to setting described in Fig. 6. Fig. 14(a) shows that
where as the sparsity of the input space increases (while the mank i
B fixed), the number of adaptation cycles reduces. The nuaieric
g(Aln],x[n]) = 1/(1 + exp(=BA[n]x[n])) (26) result illustrate that when the input channels show larggeke
with 3 being a hyper-parameter that controlled the shape aff correlation (as in high-density sensing), increasing th
non-linearity (shown in Fig. 13(a)). Fig. 12(a) shows thatumber of input channels improves the convergence rate of
the number of adaptation cycles decreased with increaseldéarning. This shows that the learning algorithm can exploi
the parametef. This can be attributed to higher gradient amore spatial information to successfully eliminate redamay
the orgin which led to faster convergence speed and hericghe XA modulator output with unchanged residual power.
smaller number of adaptation cycles. For this experiméuet, tFor this experiment, the worst case variation in the recon-

-1 -0.5 0 0.5 1
input
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Fig. 14. The effect of input sparsity on the performance of ¥h& learner.

struction error increased to 3.5%. Therefore, when thesgigar
or the ratioD/M increased, the adaptation cycles and hence
the fractiona in Eqn. (3) decreased a3(1/D). Thus the
inequality 3 can be expressed Bs;:/Pxa < O(1), implying
that the energy efficiency improvement of thé learner does

not degrade with increase in signal dimensionality. In teetn MS3 J
section we quantify the parametefy,;; and Psa through ] M4 | lour
measurement results obtained from a prototyp® learner 1
fabricated in a0.5um CMOS process. m7]| I[ me
m3ll —[ M4
V. CMOS IMPLEMENTATION OF ¥A LEARNER T

For the prototype implementation, the input dimension was
chosen to beéD = 4 due to constraints on the silicon area. Thg. )
. . . . ig. 17. Schematic of the source degenerated transconductor.
system level architecture of tR@A learner is shown in Fig. 15.
It consists of an array of analog processing units (APUsEtwhi

implements the following matrix-vector operation .
P 9 P produce the bias current of the transconductor. Because the

updates in Eqgn. (17) is binary, the multiplication operator

yi[n] 1 0 0 0 a1 [n] in (17) is implemented using an XNOR gate (see Fig. 15 inset).
yaln] | _ | axln] 1 0 0 2[n] The output of the XNOR gate drives the up-down control
ys(n] agiln] agln] 10 a3[n] signal of the counter. The design of the up-down counter is
Yan] agi[n] asln] agln] 1 aa[n] based on a network of D flip-flops and has been optimized

Each APU implements a single multiply-accumulate opeid this work for area and power dissipation. The counter
ation between the stored digitized representatiom,gfand also incorporates a shift capability where the contentshef t
the input signalr;. The APUs also adapt the stored parametépunter can be initialized and accessed using a seriaftchai
a;; according to the equation (17). Note that the APU arrdpterface. Note that for the diagonal APUs the parametgrs
is organized in a lower-triangular form which ensures that t are non-adaptive and hence does not contain any counter and
constrainiC' is satisfied. Also, the APUs on the diagonal of théhe current-DAC.
array do not adapt, hence denoted by a different symbol. EaciThe 10 least significant bits of the Up-Down counter
APU consists of a transconductty; (see Fig. 15 inset) whoseby, .., by drive a 10-bit current DAC which is implemented
bias current is proportional to the matrix elemegt The bias using a standard MOS resistive network [30]. The output cur-
current modulates the transconductance and hence thetoutpnt/p 4 then modulates the bias current of a transconductor
current/oyr is proportional to the product ef;; and the input whose schematic is shown in Fig. 17. The most significant
signal z;. Additions in the matrix-vector-multiplication werebit b1, of the Up-Down counter controls the sign (direction)
implemented using Kirchoff's current summation principle of the output current, and thus is used for implementing a
the common nodey;[n] where all outputs of the APUs arefour-quadrant multiplier. The transconductor consistagi-
connected. The nodes[n] are maintained at a virtual groundMOS input stage which drives a cascoded output stage. The
(by A modulators) which ensures that the current summatidransconductor uses a bump circuit [31] (transistbf&1 —
is accurate. M B4) for source degeneration and hence for increasing the

Updates of the parameter; (according to Eqn. 16) are input voltage range (or reducing the transconductanced. Th
implemented using a digitally programmable current DA@(sdump circuit operates by steering the output current such
Fig. 15 inset). An 11-bit up-down counter stores a digitdhat the transistor pair implements an equivalent resiStoe
representation ofa;; which is processed by the DAC todirection of the output current is controlled by thg which
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Fig. 18. Architecture of the third-order single loop single BXA modulator.

switches the currents using transistdvS1 — M S4. Com- ability of discrete time modulators. Fig. 18(d) shows the
pared to a voltage mode design for the APUs, the proposgain parameters of tha"¢ order hybrid (mixed moderA
current mode transconductor network significantly reducesodulator that were chosen to maintain the stability of the
the required silicon area. We estimate that the current momansconductor network.

transconductor reduces the area by a factditofompared to

its V0|tage mode counterparts designed V@ﬂfF Capacitive The first stage of the modulator is a continuous time
network. current mode integrator as shown in Fig. 18(b) where refaren

currents through transistor devicd$¢9 — M12 were biased

For the implementation of th&A learner, a third-order to avoid XA overload condition. As shown in Fig. 18(b),
modulator was chosen. Compared to a single-order modulattee multiplication between the digital bit and the reference
the third-order modulator can achieve a higher conversieorrent is implemented by switching (on/off) the cascoded
rate and hence achieve higher energy efficiency (for a fixedrrent source (sink). Switching at the source as opposed to
OSR) [11]. Since the output of the APU array are currentswitching at the drain has several advantages [33] as icesdu
the first stage of the modulator uses a current-mode contthe channel charge injection [33] and clock feed-throughat
uous time integrator. The subsequent modulator stages wietegration node. The size of the integrating capacimn )
implemented using voltage mode circuits (switched capacitin the first stage modulator was chosen to avoid integrator
integrators) to avoid intermediate voltage to current @ssion saturation as well as to limit the integrator swing withire th
stages. Such hybriA modulators [32] have been shownaccepted input range of the second stage modulator. If the
to relax design constraints on amplifier unity gain freqyencreference current of the first stage of the modulator is d=hot
power budgets of continuous time modulators and the schy I,.;, the clock period be denoted b, x and the input
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TABLE |
Measured specification of thedimensional>XA learner

2 | - Parameters Values
2 L Technology 0.5 um 2P3M CMOS
. Die Size 3 mm x 3 mm ( 4 channels )
» Supply 33V
— Channels 2x 4
- Input Range 300mV
Input Frequency Bandwidth 4 kHz
Sampling Frequency 250 kHz
Over-sampling ratio (OSR)| 32
SNR 53.81 dB
SNDR 52.68 dB
SFDR 60.72 dB
Total Power dissipation 1.5 mW at 250KHz ( 4 channel
Active area of the3™? 850 umx 208 um
order XA modulator
Fig. 19. Microphotograph of the fabricateCA learner. Active area of the 2483 umx 876 um
4 dimensional system

voltage range of the second stage be denotedjby, then =
the size of the integrating capacitor is chosen according to

Cint = fres xTorx (27) 2 °

Wim 0:’

The second and the third stage modulators are switched § 03
capacitor modulators whose single ended version is shown &
in Fig. 18(c). The loop gain of the third order hybridA £ -03 E——
modulator with capacitor sizes are shown in Fig. 18(e). For 2 o T,
all integrators, a standard folded cascode op-amp is used -0.6[ b T
which provides an open loop DC gain 606dB. This is in T
conjunction with the minimum required gain greater tharcewi -1E¥ o1 : ~ “ -

the oversampling ratio of thEA converter [11] to reduce the

. K . Input Voltage (V)
effects of signal leakage due to a non-ideal integrator.

Fig. 20. Measured response of the source degenerated transcomsluttoe
VI. MEASUREMENTRESULTS mismatch between the transconductors was determined tessethard%.

A. Circuit characterization

Fig. 19 shows the micrograph of a prototype\ learner with P,;,, representing the power dissipation due to the
which was fabricated in &.5um CMOS process. Table | modulator,Pp¢ represents the static power dissipati®,pc
summarizes the measured specifications of ¥h® learner represents the power dissipation of a single transconducto
prototype. TheSNR, SNDR and the SFDR metrics are and Py represents the power dissipation of the counter and
reported for a single&2A modulator whose input is driven by cyrrent DACs.

a single APU, while the other APUs are disabled. For all the
experiments reported in this section, the input voltagengwi
was limited to300mV which was determined by the linear

TABLE 1l
Measured power dissipation of theA learner

operating range of the source degenerated transcondutibtor. (a) System Component Power
power dissipation of each of the components ofilik learner 377 order mixed mode ModulatorRysoq) | 231 uW
are summarized in table Il. The power dissipation of a single Nofj}gggﬁgfggﬁ?f) ; 11‘2‘;4“‘/‘3/
- NDC O QL

YA modulatpr was measureq to B = 231pW where as T0-bit counter/shifter Po 1) 55 W
the power dissipation of a single APU was measured to be
P.;: = 15.68uWW. Based on these measured quantities and (bé sySte?“lchQZ%“ZLP;‘/Ner

. . . . . anne Adp
the d|scus_S|_on presented in section I, it can be seen that the Channel 2| 331,38,V
energy efficiency of th&cA learner supersedes that of to a Channel 3| 417.314W
conventional multi-channel data converter. In fact, wéneste Channel 4] 503.25uW

that power savings of more thd9% can be achieved using

the proposed A learning architecture.

The power dissipation metrics of independent channels ard '9: 20 Shows the measured response of the transconductors
summarized in Table II, where the metric for the chanjis used in the APUs. The currents produced by the transconduc-
calculated as ' tors were measured after decimating the output of the 3rd

order modulator using a fourth-order digital sinc filter.eTh
Prroda + Poe + (5 — 1)(Pype + Pont) uW (28) measured response show a linear operating rang®®h 1
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é 1‘0 lé 20
Clock Cycles (x 1024)
The stabilized value of the transform parametgi after
Fig. 22. Measured convergence of the parameter for different magnitudes 10000 adaptation cycles for all DC inputs af; are plotted
of z2 and a fixed magnitude of;. in Fig. 21(b). The response is the inverse function of the
DAC non-linearity showing that th&A learner is able to
compensate for the non-linearity of the DAC similar to the

with a worst case mismatch d%. Similar mismatch has beennumerical experiments reported in Fig. 12.

observed in the transconductors of the non-diagonal dells. The next set of experiments were used to verify the re-
addition to mismatch, the non-diagonal cells also exhibit sponse of th& A learner to identify redundantA modulator
non-linear response due to the current DACs as shown paths. For this experiment, two sinusoidal inputs of theesam
Fig. 21(a). However, we have already shown using Monte-
Carlo simulations that the mismatch and non-linear respons
can be compensated by th&A learning algorithm. The self-
calibrating and compensating ability of theA learner was 2 q,
verified using the following experimental set up. A DC signal A )
of magnitude200mV was applied to the first channe| and

the DC signal applied to the second channgelwas varied in
steps ofsmV from —200mV to +200mV. For each of these
values, the counters were first initialized to the maximulea

of 2047 (+1023) after which thEA learner was run fo20000

clock cycles.

Fig. 22 shows the value of the parameier obtained after
each clock cycle showing a similar convergence response as
observed in numerical simulations. Fig. 22 shows that the
system is stable under the overload condition of input 3@”¢ig. 25. The residual power on the second channel as the phase differe
(z1, 22 > £150mV) exceeding the input range of the systenpetween the two signals is varied frdifi to 180°
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the 37¢ channel.

frequency but different phase was presented as inputs to the

YA learner. For the sake of convenience the two sinusoiddie signalz; was reconstructed with the help of transform
signal are shown using a phasor diagram as shown in Fig. Pgrameteraz; and the modulator output of the first channel
The magnitude of the sinusoid is represented by the lengthdof Where as the signal; was reconstructed with the help of
the vector and the phase difference between the sinusoid®d§ametersis;, asz and the modulator output$ andds. It
represented by. The phase and the magnitude of the secof@n be seen that the reconstructed error less thahSB
sinusoidal signalz, was varied with respect to the first. Can be achieved. The result demonstrates that the learned

Fig. 24 shows the adapted valuewf as the phase differencecompression manifoldA. faithfully captures the support of
was varied from0° to 180°. It can be clearly seen that thethe input data which is consistent with the Monte-Carlo
parameteray; tracks the phase difference of the two signalimulations.

and is minimum (zero) when the phase difference9@s.
The non-linear response of thg; is due to the non-linearity
of the DAC. The residual power at the output of the second

modulator is shown in Fig. 25. It can be seen that the output is|y this paper, we have presented an optimization frame-
attenuated by more thaitd B when the phase difference($ ok that integrates manifold learning withA modulation.
and 180°. This demonstrates that theA Iearngr can identify The framework produces not only a quantized sequence of
the non-redundant subspace (whose rank is unity when ffg,sformed analog signals but also a quantized representa
phasors are aligned with respect to each other) when0° o of the transform itself. The approach was shown to be
and¢ = 180°. applicable to higher-order modulations and also to difiere
Fig. 26 shows the frequency domain response ofXe forms of analog signal compression. It was shown through
learner when the adaptation is disabled and when the adagtensive Monte-Carlo simulations and results obtainethfr
tation is enabled. The inputs of the system were appliedfabricated prototype that the proposed algorithm is robus
with a 1kH z sinusoidal signal and th&'F'T" response of the to computational artifacts introduced by analog compatati
YA modulator outputs was observed. Plots (a),(b) and (c) @hich includes mismatch and non-linearity, demonstratirag
Fig. 26 show the power spectral density of 3 channels wheie approach could be effectively used for designing high-
the learning is disabled. Fig. 26(d), (e) and (f) show F¥€T"  dimensional analog-to-digital converters. The future kvisr
response of th&2A learner when the learning is enabled. IRhjs area would entail optimization of the analog transfeim
addition to showing the noise-shaping characteristicsptbe terms of area and power. One of the possible methods could
shows that th&2A learner indeed suppresses the cross-chanmel to incorporate sub-microwatt matrix-vector-multipdieas
redundancy. It must be noted that the signal transformatiggported in [35] or to use charge-pump circuits to eliminate
operation is a linear operation which is seen by observing ffe area consuming counters. Reducing the area of the analog
harmonics in the uncorrelated signal plots of Fig. 26(d), (&ansforms is important since more input channdl® €an
and (f). be accommodated. We have already shown using equation (3)
To validate that the output of tHeA learner can be used forthat increasingD would improve the performance of theA
reconstructing the input, the input signals were reconttdl learner compared to a conventional architecture in terms of
using the modulator output and the digitized represemtaifo its energy efficiency. Also future work in this area would
the transform matrixA. The reconstruction of th@"? and include extending-A learning to multi-bit continuous time
the 37¢ channel as a function of phase difference betweenodulators [36] and to neurally inspired modulators which
signalsz; andx, are shown in Fig. 27 (a) and (b) respectivelyincludes time-encoding machines [37].

VIl. DISCUSSIONS ANDCONCLUSIONS
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14

Assuming the initial condition of/[0] = 0 and solving the

Let Pyxa denote the power dissipation of a singieA discrete time recursion leads to

modulator andP,4; denote the power dissipation required for
mixed-signal multiplication and adaptation. During thestfir
phase of theXxA learner operation (fractiom: of the total

time), all the D modulators andD* adaptation elements aresincevin] is finite and bounded, therefore asymptotically we

active. Once the subspace of dimensirhas been identified, get

the rest of the operation (fractidn-« of the operational time),
M YA modulators and/ D matrix elements are active. The
total power dissipatiorPsr;, for operating thex A learner is
given by

Psrp, = a (DPsa + D*Paa)

+(1—a)(MPsa + MDP,g). (29)

2% din] -~ S Alnxln] + Vi (39)
A N 1 N-1
v Zd[n] =% Z: Aln]x[n] (39)

Therefore, the empirical expectatidh (.) of both sides give

The estimated power dissipation for a conventiodal Substitutingv[n] = w[n] —w[n — 1] we get

channel data acquisition system (shown in Fig. 3 b) is given
by

P.ony = DPsa + MDPpgp (30)

where Ppsp refers to the power dissipation for a single DSP
operation used for estimating the transfoAm,. For the sake
of simplicity we will ignore the power dissipation due to the
DSP. To achieve superior power efficiency compared to the
conventional system the relationshifa;, < P.on, Needs to [1]
be satisfied which leads to

Pugr _ (1—a)(1 - M/D)

Psan  Dla+ (1 —a)M/D].
For M < D anda < 1, the relative power dissipation of the
mixed-signal adaptation needs to satisfy

Padt < 1

D(a+ M/D)
which proves the inequality (3).

(31)
[2]

(3]

Psa
[4]

APPENDIX I (5]

To prove the claim in Lemma 2, thet = ||wn — 1] —
Ad[n]]]oe < A, given that||w[n —1]||. < 2), we will use the (6]
relationshipd[n] = sgn(w[n—1]). The following relationships [,
will prove the claim

(8]
(9

S = [lwln—1] = Asgn(wln — 1])[| (32)
< lsgn(win — 1))([[w[n = 1ffec = Ml (33)
< lsgn(win — 1)) Al (34) 120
= A (35)

(11]
where we have used the equaljtygn(w[n — 1])||c = 1.

APPENDIXIII [12]

To prove the expression (22), we start with the recursiofis!
for a second ordeEA learner given by [14]

wln] =wln — 1]
+ (A[n — 1]x[n — 1] — Ad[n])
+w[n — 1] —w[n — 2]

(15]
(36)

Let v[n] = wn] — [16]

as

w[n — 1], therefore, the recursion is written

(17]

V[n] =V[n — 1] + (A[n — 1|X[n — 1] — Ad[n]) (37)

Ed[n]} = %&{A[n]x[n]} (40)
EntEnfdin]}} = SE{AIXA]} + wln]  (4D)

The finite and bounded nature win] gives
EntEnfdinl}} = 3 E{ARIXT]) 42)
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