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Abstract In this paper, we present a framework for construct-
ing learning algorithms and hardware that can identify and
track low-dimensional manifolds embedded in a high-dimensional
analog signal space. At the core of the proposed approach is a
min-max stochastic optimization of a regularized cost function
that combines machinelearning with modulation. Asaresult,
the algorithm not only produces a quantized sequence of the
transformed analog signals but also a quantized representation
of the transform itself. The framework is generic and can be
extended to higher-order modulators and for different signal
transformations. In this paper, the learning is demonstrated
for identifying linear compression manifolds which can dimi-
nate redundant analog-to-digital conversion (ADC) paths. This
improves the energy ef ciency of the proposed architecture com-
pared to a conventional multi-channel data acquisition system.
Measured results from a four channel prototype fabricated in
a 0.5 m CMOS process has been used to verify the energy
ef ciency of the learner and to demonstrate its real-time
adaptation capabilities that are consistent with the theoretical
and simulated results. One of the salient features of learning
isits self-calibration property whereby the performance remains
unchanged even in the presence of computational artifacts (mis-
match and non-linearities). This property makes the proposed
architecture ideal for implementing practical high-dimensional
analog-to-digital converters.

Index Terms M anifold learning, High-dimensional signal pro-
cessing, conversion, signal de-correlation, analog-to-digital
conversion, Multi-channel ADC.

I. INTRODUCTION

Advances in miniaturization are enabling integration of an
ever increasing number of recording elements within a single
device. Examples of such high-density sensors range from
microelectrode arrays used in biomedical applications [1],
[2], [3] to microphone arrays used in acoustic sensing [4],
[5]. Typicaly, the multi-channel analog signals acquired by
these recording arrays lie in a high-dimensional space and
the key challenge lies in designing adaptive anal og-to-digital
conversion (ADC) algorithmsthat exploit the topological prop-
erties of high-dimensional space. This is particularly relevant,
since the conventional wisdom of three-dimensional Euclidean
geometry, which is at the heart of many existing ADCs, can
not be directly applied to higher dimensions. To illustrate
this, consider a simple geometric example comprising of two
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Fig. 1. Non-overlapping volume of two concentric spheres with radii r and

r )

concentric hyper-spheresin D dimensionswith radii r > 0 and
r > 0 respectively. An equivalent arrangement is shown
in Fig. 1 for D = 3 dimensions. According to [6], the ratio
of volumes of the hyper-spheresin D dimensions is given by
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From the equation (2), it can be seen that for 0 < r,

V(D) T 0 as the dimensiondlity of the space satises
D ¥ 1. Thus, this simple example illustrates that: In higher
dimensions, the volume and hence the probability of the data
is typically concentrated on the surface of a hyper-sphere.
For the example shown in Fig. 1 with parameters - = 0:1
and D = 32, the volume (or probability of occurrence) of
data on the outer shell is 97%. Other geometric structures
(hypercubes, hyper-ellipsoids, hyper-toroids etc.) also exhibit
interesting data concentration properties in higher dimensions.
For instance, the volume of a high-dimensional hyper-cube can
be shown to be concentrated at the corners. These examples
show that information (data distribution) in high-dimensional
space is typically concentrated on low-dimensional manifolds,
for example, hyper-surfaces or hyper-planes. The distribution
becomes even more concentrated when the input signals
exhibit signi cant degree of correlation (redundancy) whi ch
is true for analog signals recorded by high-density sensors.
Therefore, an ef cient high-dimensional ADC should identi fy
the salient low-dimensional manifolds during the process of
data conversion, which is contrary to many existing multi-
channel data acquisition algorithms which operate indepen-
dently on each of the input dimensions. In machine learning
literature, an equivalent problem is known as manifold learn-
ing [7] where the objectiveisto determine parametersof alow-
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Fig. 2. lllustration of learning using two-dimensional data: (a) initial
hyperplane; (b) limit-cycle about the optimal hyperplane

dimensional manifold that can faithfully capture the geometric
and datistical property of the high-dimensional input data.
Some of the examples of manifold learning include principal
component analysis (PCA), Kohonen maps [8], locally linear
embedding (LLE) [9] and eigen-maps [10].

In this paper, we unify manifold learning and analog-
to-digital conversion such that the proposed algorithm will
process the input analog signals to produce not only a digitized
representation of the transformed signal, but also a digitized
representation of a transformation manifold. At the core of
the proposed architecture and the focus of this paper is a
stochastic min-max optimization procedure that yields a
modulation [11] integrated with a manifold learning step.
Conceptually, the mechanism of the proposed modulation is
illustrated in Fig. 2 for a simple manifold learning task. The
example consists of input vectors (represented as circles and
squares) which are embedded in a three dimensional space.
An optimal manifold that captures the distribution of the
input data is a two-dimensional hyper-plane as shown by the
shaded area in Fig. 2(b). Starting from an initial estimate
of the hyper-plane (shown in Fig. 2(a)) the learning
algorithm proposed in this paper will generate a sequence of
approximate (quantized) hyper-planes that exhibit limit-cycle
behavior about the optimal hyper-plane (see Fig. 2(b)). The
statistics of the limit-cycles will then encode the parameters
of the manifold at a desired resolution. The limit-cycle based
learning endows the learners with additional properties:

The stability of learning is only dependent on the magni-
tude of the input signals and does not depend on the
choice of hyper-parameters, for instance learning rate
factors used in neural network architectures [7], [12].
The algorithm naturally inherits the robustness properties
of modulation [11]. In addition, learning endows
the proposed algorithm with a self-calibrating property
where the mismatch between the sensor channels and the
inherent non-linearity of analog computation are compen-
sated. Thisissimilar in spirit of many learning-on-silicon
architectures reported in literature that can automatically
compensate for hardware artifacts [13].

When the objective of the algorithm is to determine
only the parameters of slowly varying low-dimensional
manifold and not the transformed data, then the
learner can operate at sampling rates lower than the
Nyquist rate of the input signals. This setting is similar
to anal og-to-information converters [14], [15] except that

the basis functions are determined adaptively instead of
being xed.

The functional architecture of a learner is shown in
Fig. 3(a) where the input is a time varying analog signal
x[n] 2 RP with n = 1;2;:: representing the discrete
time index. The learner also consists of a matrix-vector-
multiplier (MVM) which transforms the input signa X[n]
according to A[n]x[n] where A[n] 2 RP RP denotes a
linear transformation matrix. This transformed signal is then
processed by an array of modulator to produce a binary
data stream d[n] 2 ¥ 1;+1gP. An adaptation unit uses the
binary output d[n] to update the matrix A[n] and in the process
learn the parameters of the target manifold A4 . To illustrate
the benets of the proposed learner over a conventional
manifold learning architecture, we will compare their equiv-
alent energy ef ciency for a signal compression applicatio n.
The functional architecture of a conventional manifold learn-
ing approach is shown in Fig. 3(b), where the transformation
is performed after the analog-to-digital conversion step (using

modulators). For the comparison we will also make the
following assumptions which is reasonable for a high-density
Sensor array:
The rank of the target compression manifold A4, de-
noted by M, satises M D. Thisisavalid assumption
since signals acquired by high-density sensors (for ex-
ample microelectrode array or microphone array) exhibit
a high degree of correlation. This implies that once the
parameters of A3 has been learned, D M redundant
modulators in Fig. 3(a) can be selectively shutdown
to conserve energy.
The desired manifold A4 is quasi-stationary and its pa-
rameters vary much slowly compared to the input signal
X. This is a reasonable assumption since A3 depends
only on the physical properties of the sensor, sources
and the channel. For instance, the distance between the
sensor array and the sources or the variation in channel
properties (dispersion or attenuation) directly affect A4 .
Thus, identifying and tracking of A4 consumes only a
fraction 1 of the total operationa time of the
learner.

The operation of a learner would consist of two sequen-
tial phases (shown in Fig. 3(c)) which repeat for the duration
for which the learner is active. In the rst phase, the

learner learng/tracks the compression manifold A5 within

a certain number of adaptation cycles (consuming a fraction

of the total operationa cycles). In the second phase, the

adaptation unit selectively shuts down the D M redundant

modulators for the rest of the operationa cycles (shown in

Fig. 3(a)). If P denotes the power dissipation of a single

modulator and if Pag¢ denotes the power dissipation of

a single mixed-signal multiply-addition operation, under the
following condition

Padt 1 .

P ~D( +M=D) &)

the energy ef ciency of the learner can be shown to

be superior to that of the conventional approach (shown in
Fig. 3(b)). The proof of the inequality (3) is presented in
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Fig. 3. Functional architectures corresponding to: (a) the proposed

learner and (b) conventional manifold learning approach. (c) Figure illustrat-
ing that when learner is applied for a signal compression task, learning
can be performed for only a fraction 1 of the total operational time.

Appendix | and is based on the worst case analysis where
the power dissipation due to digital signal processing in
conventional architecture (see Fig. 3(b)) has been ignored.
The inequality (3) shows that the power savings could be
signi cant if the fraction and the ratio M=D are simul-
taneoudly small. In the later sections will verify the inequality
by presenting measured results obtained from a learner
prototyped in a 0:5 CMOS process. Also, using Monte-
Carlo analysis we will show that the parameter  is inversely
proportional to the input dimension D which will show that the
ef ciency improvement of the learner remains invariant
with the increase in the input dimensionality D.

The paper is organized as follows: section 11 will briey
present a summary of mathematical notations and de nitions
used in this paper; section Il introduces the min-max opti-
mization framework for constructing learner; section 1V
presents some performance results obtained using Monte-
Carlo simulations that quanti es the stability and varianc e of
the learner; section V describes a CMOS implementa-
tion of a four dimensional learner; section VI presents
measured results obtained using the fabricated prototype;
section VII concludes the paper with some nal remarks.

Il. MATHEMATICAL NOTATIONS

We will use the following notations and de nitions through-
out the paper:

1) A scadar variable will be denoted by a lower case
symbol, for example x.

2) A column vector will be denoted by bold symbol as x
and its elements will be denoted by x;;i=1;2;:.

3) The L, norm of asctor will be denoted by jjxjji and is
given by jjxjj1 = ;jXij. The L, norm of a ysctor will
be denoted by jjxijj. and is given by jjxjj = ;x2. An

L4 norm of a vector will be denoted by jjxjj1 and is
given by jjxjja = max; jXij. A vector constant will be
represented by a bold numeral. For example O denotes
a vector with all elements equal to zero.

4) A matrix will be denoted by an upper-case bold symbol
as A and its elements will be denoted by ajj;i =
1;2;:5)=1,2;:.

5) The L norm of a matrix will be denoted by jjAjj1
and is given by jjAjj1 = MaXuxjjxjj, 1 JAX]j1.

6) w' and AT denote a transpose operation for a vector
and matrix.

7) Discrete time sequences will be denoted by indices n as
X[n;n=1;2;:.

8) Exf:g wigl denote an expectation operation given by
Exfig = | ()px(X)dx, where px(x) denotes the prob-
ability density function of x.

9) Empirical expectation will be denoted by Enf:g

and is dened as a tempora average of a dis

crete time I§equence For example, E fdng =
limn s a ,31 n=1 d[n]. A double expectation opera-
tor will therlbbe "gpresented by E,fEnfd[n]gg =

I|mN|1 NZ i=1 -_1d[]]

Differentiation of a functlon T with respect to a vector

or a matrix represents an element-wise operation such

that 57 = =T

10)

= [@V1 @Vz

I1. OPTIMIZATION FRAMEWORK FOR LEARNING

In this section, we describe a generalized form of the min-
max optimization framework that will integrate learning with
analog-to-digital conversion. A special case of the proposed
framework was introduced in [16] which was used for neural
signal compression. Given a random input vector x 2 RP and
an internal state vector w 2 RP, a learner estimates the

parameters of a linear transformation matrix A 2 RP  RP
according to the following optimization criterion:
max(min T (w; A)) 4)
where
f(w;A) = jiwjjii  w'ExFAxg: (5)

> 0 denotes a hyper-parameter and C denotes a constraint
space of the transformation matrix A. The term jjwjj; bears
similarity to the regularization which is extensively used in
machine learning algorithms [17], [18]. However,the L1 norm
in Egn. (5) is an important link connecting the cost function
with a single bit quantization. This is illustrated in Fig. 4
which shows an example of a one-dimensional regularization
function jjwjji. The piece-wise behavior of jjwjj; leads to
discontinuous gradient sgn(w) (shown in Fig. 4(b)) where
sgn(:) denotes a signum operation equivalent to a single bit
guantization. Even though the regularization framework can be
extended to multi-bit quantization, in this paper we will only
discuss learners with single quantizers. The minimization
step in Eqgn. (4) ensures that the state vector w is correlated
with the transformed input signal Ax (signal tracking step) and
the maximization step in Eqn. (4) adjusts the parameters of
A such that it minimizes the correlation (de-correlation step)
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Fig. 4. Plot of (a) one dimensional Ly norm jjwijj1 and (b) its derivative
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between w and Ax. The formulation bears similarities with
game-theoretic approaches [19], [20] where signal tracking
and de-correlation have been formulated as conicting ob-
jectives. However, the uniqueness of the proposed approach
compared to other optimization techniques to solve Eqn. (4)

is the use of bounded gradients to generate limit-cycles.
To show this we will rst prove a key result:
Lemma 1: For the constraint set fC : jjAjj1 g, jiXjija

1 and for f(:;:) as dened in Eqgn. (5), min, f(w;A) =0 .

Proof: First, we will show that the cost function f(x; A) is
bounded below by 0 and then show that this lower-bound lies
within the feasible set de ned by the constraints.

We will use topological property of norms[21] which states
that for two integers p; q satisfying % + % = 1, the following
relationship is valid for vectors w and y

Wi jiwiipiiyiig (6)
Setting y = ExfAxg and applying Egn. (6) the following
inequality is obtained:
whyj why: @

Using the denition of the matrix norm and the given
constraints, it can be easily seen jjAjj2  jjAxij1  jiyii1.
Thus, jjyija . Therefore, the inequality (7) leads to
WTE,fAxg 0 (8)

Jiwijajiyija

Jiwija
which proves that the cost function f(x; A) is bounded from
below by 0. It can be seen that f(0;A) = 0, therefore, the

lower-bound 0 lies within the constraint set and therefore is
the minima of f(w; A).

Lemma 1 shows that for the constraint set C, the minima
of f(w;A) is aready known and therefore the result of the
minimization does not convey any additional information.
However, in the proposed approach, the path to the nal
solution w = 0 and the limit-cycles about the solution

will be of importance. This is illustrated in Fig. 5 using a
two-dimensional contour plot where starting from an initial
condition, the minimization produces a trgjectory towards the
minima and ultimately produces a limit-cycle behavior about
the minima. The path and the limit-cycles will encode the
topology of the optimization manifold de ned by f and hence
will encode the transformation A.

A. First-order

The link between optimization (4) and modulation is
through a stochastic gradient minimization [22] of the cost
function (5). Under the condition of stationarity on the random
vector X and under the assumption that its probability density
function of x iswell behaved ( gradient of expectation operator
is equal to expectation of the gradient operator), the stochastic
gradient step with respect to w yields

Modulation

_ of(w;A)
winl] = wn 1] —ow o 9)
win] = wh 1]+A[n 1x[n 1] d[n] (10)
where n signies the discrete time index and

d[n] = sgn(w[n  1]) denotes the quantized representation
according to the step function shown in Fig. 4(b). Note
that the formulation (10) does not include any learning rate
parameters typically used in other neural network approaches.
As the recursion (10) progresses, bounded limit cycles are
produced about the solution w (see Fig. 5) whose property
is characterized by the following lemma.

Lemma 2: For A[n] 2 C, jjXjja
then jjwnjjo 2 forn=1;2;:.
Proof: Similar to the proof for the stability of a rst-order
modulation [11], we will use mathematical induction to
prove the lemma. Let jjw[n 1]jjo 2 . Since d[n] =
sgn(w[n  1]), therefore jjw[n 1] d[nljjo (proof
for this claim is given in Appendix Il). Using Egn. (10), the
following relationship holds

1 and if jjwojja. 2,

jwlnlij= = jiwn 1] din]+A[n 1[N 1ljja
jiwln 1] dinlija + AN 1jja
2 (1)

which proves the lemma using a mathematical induction.

Assuming theinitial condition of w[0] = 0, the discrete time
recursion (10) leads to

Xd[ | 1 ™

R n|= —

N n=1 N n=0
Due to the bounded property of w[n] ( according to lemma

2), equation (12) leads to the following asymptotic property:

A[n]x[n] + %w[n] (12)

1
Enfd[n]g = —EnFA[N]x[Nn]g (13)
where E,f:g denotes an empirical expectation with respect to
time index n. Thus, the recursion (10) produces a quantized
seguence whose mean asymptotically encodes the transformed
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Fig. 6. Functional veri cation of a

learner using synthetic multi-channel data: (a) analog signals presented as input to the learner; (b) output signals

produced by the learner; (c) reconstructed signals using the output of learner and the learned transformation A; (d) convergence of the jjAjj1

input at innite resolution. For a stationary input sources
(sources whose statistical propertiesare xed), A[n] converges
to an asymptotic value A3, which then can be used for
reconstruction according to

Enfi[nly  A,'Enfd[n]g (14)
1

where A~ is the inverse transform of A4 . Since for high-
density sensing, the rank of the input space is less than its
dimension, it is important to choose a constraint space C
where the non-redundant M dimensional space can be easily
identi ed. One such constraint space is represented by uppe r
and lower triangular matrices with their diagonal elements
xed. Also for such a class of transforms, the inverse A,*
can be easily computed using back-substitution techniques.

B. learning

The maximization step (de-correlation) in Eqn. (4) yields
updates for matrix A according to a gradient ascent procedure

as
_ ef(w;A)
Alnj=An 1]+ A, (15)
which can be written as
Alnl=A[n 1] wn 1xn 1]";A[nj2C: (16)

The parameter  controls the learning rate of the update (16).
Since we are interested in obtaining a digitized representation
of the matrix A the parameter in update (16) can be replaced
by itsbinary formas =2 P andthevariablesw[n 1]; x[n]
can be replaced by its signed forms as:

Alnl=A[n 1] 2 Pdnlson(xin 1)T;A[n]2C (17)

where we have used the relationship that d[n] = sgn(w[n 1]).
The updates in Egn. (17) can be implemented using an up-
down counter which aso acts as a storage for the binary
representation of the matrix A. The parameter P will be
referred to as the transform resolution as it determines the
precision by which the target manifold A4 can be determined.
It is important to point out that unlike conventional neura
network algorithms where the choice of the learning rate
parameter is important to guarantee stability of the algorithm,
the parameter P only affects the performance and not the
stability of the learner. This has been veri ed using
Monte-Carlo simulations presented in section 1V.

To ensure that the matrix A aways lies within the constraint
space C (space of lower triangular matrices), the updates
in eguation (17) are only applied to the off-diagonal lower
triangular matrix elements. The values of other elements are
xed according to a;; = 0;8i < j; and aj; = 1. Thus,
if jjAjj1 is satised, then the recursion (17) will
asymptotically lead to

Enfd[n]sgn(x[n])'g ¥ 0 (18)
for A1 2 C. Thus, the proposed learning agorithm
produces quantized sequences d[n] that are uncorrelated to the
signum function of the input signal. We will rst illustrate us-
ing a synthetic example that the condition (18) is suf cient to
identify redundant modulation paths. For this example two
sinusoidal signals with different frequencies were rst ch osen.
These signals were then mixed together in linear proportions
to generate eight synthetic signals as shown in Fig. 6(a). These
signals were then presented as ainput to the learner. Thus,
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even though the dimensionality of the input signal space for
this exampleis eight, itsrank istwo. Fig. 6(b) shows the output
produced by the learning agorithm where the binary
stream d[n] has been low-pass Itered and decimated [11].

The results demonstrate that the learner correctly reduces
the dimensionality of the output signals, where only two of the
eight channels contain signi cant energy, where as the ener gy
in the rest of the channels (called residual energy) diminishes
to zero. The convergence of the learning agorithm can be
visualized for this example using Fig. 6(d), which shows that
the jjAjj1 Stabilizes after a certain number of iterations. We
will quantify the convergencebehavior of the learner using
adaptation cycles, which is de ned as the number of learning

iterations required before jjAjjo converges to 2% of its
stabilized value. The adaptation cycles also determines the
parameter  which is the fraction of the total operation period
when learning is enabled. The converged value of A4 isused
to reconstruct the input signals using the output according
to Egn. (14) which is shown in Fig. 6(c). In the numerical
experiments presented later in Section 1V, the quality of
reconstruction will be quanti ed using the reconstruction error
which is a mean-sgquare error between the reconstructed output
and the input signal. This simple experiment demonstrates the
functionality of learning in identifying redundant (null-
space) signal processing paths. This response can also be seen
in the frequency domain as shown in Fig. 7 where the FFT of
one of the redundant channels (channel 8) is illustrated for a
rst-order modulator (a) with and (b) without learning.
Since, for this example the input signal consisted of two
fundamental sinusoids the frequency domain response consists
of two distinct impulses. Also, it can be seen from Fig. 7,
that in addition to the familiar noise-shaping characteristics
of a rst-order modulator [11], the learner suppresses the
sinusoidal signals (redundant signals) after learning. Thus, the
learner acts as aband reject Iter with respect to signal pre sent
in channel 1 and 2. Moreover, any common mode signals, for
instance dc offsets, which are associated with all channels are
eliminated.

C. Higher-order Modulation

The formulation of learning could also be extended to
higher-order modulation. This can be achieved by incorporat-
ing momentum terms in Eqgn. (10) to obtain

f(w;A)
= 1 - ' 7
w[n] =w[n 1]+ oW ., (19)
+wn 1] wn 2]
w[n] =w[n 1]
+(A[n 1lx[n 1] d[n]) (20)
+wn 1] wnh 2]

Momentum terms have extensively been used in optimiza-
tion theory and neural networks for improving the perfor-
mance of learning agorithms [22], [23] and has been used
in learning to improve its convergence speed. Even
though Hessian-based formulations have also been proposed

100 -
—— With learner
- = = Without learner
501
o
Z
o 0
=
[e]
a
-50 +
-100 : :
10 10° 10 10" 10°

Frequency (Hz)

Fig. 7. FFT response of the rst-order learner for the synthetic example
in Fig. 6, showing that the 8t channel rejects frequencies present in the lower
dimensional channels

for improving the convergence speed of neural network algo-
rithms, they are not suitable for optimizing piece-wise cost
function (4). Recursion (20) will generate quantized vector
sequences d[n] whose rst order expectation as well as second
order expectation converge asymptotically according to

Enfd[n]g 1Ean[n]X[n]Q

(21)

EnfEnfd[nlgg = 1Ean[n]x[n]g: (22

The proof of convergencefor the expressions (21 - 22) is given
in Appendix Ill. The update in Egn. (20) is equivalent to a
second-order modulator [11], thus linking the momentum
based gradient descent rule to a second-order modulation.
Similar to Eqgn. (14), the reconstruction formula based on
Eqgn. (22) can be expressed in terms of asymptotic value of
the linear transform A4 as

EnfRlnlg  A;'EnfEnfdin]gg (23)

Eqgn. (19) can aso be generalized to incorporate L™ order
momentum terms according to

L frwA)

Tew 1"‘ s(wn 1))

wnl=w[n 1] (29
where L (:) denotesan L™ order difference. Incaseof L = 1
Eqgn. (24) is equivalent to a second order modulation according
to Egn. (19). Higher-order momentum terms have also been
used in neural networks [24] to accelerate the dynamics
of gradient descent iterations especially where optimization
contours are at. However, without any loss of generality, i n
this paper we will only investigate properties of rst and se c-
ond order modulators only. The optimization approach using
momentum terms can also be used to visualize and understand
the dynamics of modulators. Fig. 8(a)-(d) illustrates this
using a one-dimensional cost function f(w) = jwj wx with
jXj < 1. Fig. 8(a) corresponds to x = 0, therefore the stochas-
tic gradient iterations corresponding to the rst-order
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Fig. 8. lllustration of dynamics for (a) rst-order modulator with x = 0,
(b) modulator with x > 0; (c) higher-order modulators (bold lines indicate
higher velocity); (d) effect of reducing the magnitude of x
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converter array on the performance of

modulation exhibits limit cycles symmetrical about the minima
w = 0. Fig. 8(b) shows the equivalent dynamics corresponding
to x > 0, therefore the resulting limit cycles spend more time
in theregionw > 0. Fig. 8(c) shows the dynamics of a higher-
order modulator, where the momentum factor accelerates the
marker towards the minima. The overshoot beyond the minima
is proportional to the net velocity at the minima. For higher-
order modulators, the acceleration and hence the velocity of
approach could be large enough so that the magnitude of
limit cycles can become unbounded. Therefore, the stability
of modulation can be improved either by reducing the
velocity of approach towards the minima (by modifying the
shape of the optimization manifold) or by constraining the
magnitude of the input x. These approaches are similar to
stabilization techniques already used for designing higher-
order modulators [11].

IV. MONTE-CARLO ANALYSIS OF LEARNERS

In this section we analyze the performance of the
learning algorithm using Monte-Carlo simulations. The system
parameters that were included in this study are: (a) Oversam-
pling ratio (OSR), which is de ned as the ratio of frequency
of learning updates to the bandwidth of the input signal;
(b) Sparsity, which is the ratio of the number of input channels
D and the rank of the input signal space M and (c) Transform
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Fig. 10. The effect of resolution of a signal transformation matrix A on the
performance of the learner.

resolution (P), which quanti es the precision of the updates
in the Egn. (17). To understand the effect of these system
parameters on the performance of the learning algorithm, a
controlled simulation experiment was found to be better suited
than using real-life data. For all experiments presented in this
section, we used a similar setting as described in Fig. 6 which
consists of two sinusoidal signals (with different normalized
frequencies) mixed in random proportions. The rank of the
eight dimensional input space was xed to two. The perfor-
mance of the rst-order and the second-order learning
algorithm were then quanti ed using system parameters as
described in section 111-C. These parameters are:

1) Adaptation cycles: The minimum learning iterations
before the jjAjja converged to 2% of the stabilized
value.

2) Residual power: Quanti es the performance of the a-
gorithm to achieve signa compression. This can be
calculated using the signa at the output of the it"
channel according to R; = E,f(Efd;[n]g)%g.

3) Reconstruction error: Quanti es the accuracy of the
learning algorithm in identifying the compression trans-
form. For the numerical experiments presented in this
section, the reconstruction error is calculated by com-
puting the mean-square error between the input signal
and signal reconstructed according to Egn. (23) as
Re = Enfjjx[n]  R[nljj29.

All numerical results presented in this section were obtained
after averaging the results over 100 runs, where for each run,
two sinusoidal signals (see Fig. 6) were mixed in random
proportions to produce eight input signals.

Fig. 9 shows that the adaptation cycles required for
learning decreased with increase in OSR (for both the rst
and the second order modulation). This can be attributed to
the increased precision in tracking of the stationary manifold
with an increase in the OSR. As expected, higher OSR also
improved the reconstruction and the suppression of residual
error which is shown in Fig. 9(b) and (c). Fig. 10 summa-
rizes the performance of the learner when the resolution
parameter P was varied. It can be seen that the number of
adaptation cycles increases with the increase in parameter P.
This is because the learning algorithm has to span the signal
space at ner increments. Also, from Fig. 10, it can be seen
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Fig. 11. The effect of mismatch on the performance of the learner.

that the reconstruction error and the residua error decreased
with increased resolution. This can be attributed to a more
precise determination of the transformation parameters with
an increase in P.

The next set of experiments were used to evaluate the
robustness of the proposed learner to different forms of
computational artifacts. In literature, the effect of computa-
tional artifacts on the performance of modulation has
been extensively studied [25], [26] and several compensation
methods have been proposed [27], [28], [29]. Three kinds
of artifacts have been considered in this paper which are
consistent with other reported numerical study in literature.
These include: (a) mismatch and random offset errors intro-
duced while computing the transform; (b) leakage in the
recursion and (c) the non-linearity of analog computation.

Mismatch and random offset errors were introduced in
learning by adding a random error matrix ~ with jj jjo F
to the transformation matrix A. The parameter F denotes the
mismatch factor and was used to quantify the system perfor-
mance as shown in Fig. 11. It can be seen from Fig. 11(a) that
the number of adaptation cycles decreases with increased in
the mismatch factor. This was consistent with severa results
reported in machine learning literature where randomization
aids the convergence of the learning algorithm [17], [34]. The
residual power and the reconstruction error, however, remain
unchanged demonstrating the robustness of learning to
mismatch artifacts. The residual power and the reconstruction
error of the second order system system showed variations up
to 2% and 1% compared to 1.5% and 1.7% of the rst order
system.

The non-linearity of matrix-vector multiplier was modeled
using a compressive response in the update according to

wnl=w[n 1]+g(An 1;x[n 1]) d[n]: (25)

where

g(AInL;x[n]) = 1=(1 +exp(  Alnx[n]))  (26)

with  being a hyper-parameter that controlled the shape of
non-linearity (shown in Fig. 13(a)). Fig. 12(a) shows that
the number of adaptation cycles decreased with increase in
the parameter . This can be attributed to higher gradient at
the orgin which led to faster convergence speed and hence
smaller number of adaptation cycles. For this experiment, the
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Fig. 12. The effect of computational non-linearity on the performance of the
learner.

—+—Pp=5

Output

-0.5 0 0.5 1
input

Fig. 13. lllustration of the self-calibration in a learner: (a) The non-
linearity of the transform as modeled by a sigmoidal function; (b) learned
value of the transformation parameter a1 which tracks the inverse of the
non-linear function.

maximum variation in the residual power and the reconstruc-
tion error was found to be 2.9 % and 3.2 % respectively,
demonstrating the low sensitivity of the learner to non-
linear response. To understand the robustness property of
the learner to computational non-linearities consider the
adapted value of the matrix element a,; asshownin Fig. 13(b).
The value of ay; were obtained subsequent to convergence
of the learning for different values of inputs. It can be
easily veri ed from Fig. 13(b) that ay; g (x2), thus
compensating the non-linear effect of Egn. (26).

The nal experiment evaluated the effect of signal sparsity
on the learning performance. For this setup, the number of
channels (dimension of the input vectors) was increased, while
keeping the number of independent sinusoidal signals xed.
Thus, the rank of input signal space was always xed to two,
similar to setting described in Fig. 6. Fig. 14(a) shows that
as the sparsity of the input space increases (while the rank is
xed), the number of adaptation cycles reduces. The numeric al
result illustrate that when the input channels show large degree
of correlation (as in high-density sensing), increasing the
number of input channels improves the convergence rate of
learning. This shows that the learning algorithm can exploit
more spatial information to successfully eliminate redundancy
in the modulator output with unchanged residual power.
For this experiment, the worst case variation in the recon-
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Fig. 14. The effect of input sparsity on the performance of the learner.

struction error increased to 3.5%. Therefore, when the sparsity
or the ratio D=M increased, the adaptation cycles and hence
the fraction in Egn. (3) decreased as O(1=D). Thus the
inequality 3 can be expressed as Poqt=P < O(1), implying
that the energy ef ciency improvement of the learner does
not degrade with increase in signa dimensionality. In the next

section we quantify the parameters Poq¢ and P through
measurement results obtained from a prototype learner
fabricated in a 0:5 m CMOS process.

V. CMOS IMPLEMENTATION OF LEARNER

For the prototype implementation, the input dimension was
chosen to be D = 4 due to constraints on the silicon area. The
system level architecture of the learner isshownin Fig. 15.
It consists of an array of analog processing units (APUS) which
implements the following matrix-vector operation

(@) 1 O 10
ya[n] 1 0 0 X1[n]
y2[n] = _ B ax[n] 1 0 © X2[N]
ys[n] g_g asi[n] as[n] 1 O gg x3[n]
yaln] an[n] as[n] asn] 1 X4[N]

Each APU implements a single multiply-accumulate oper-
ation between the stored digitized representation of a;j and
the input signal x;. The APUs also adapt the stored parameter
ajj according to the equation (17). Note that the APU array
is organized in a lower-triangular form which ensures that the
constraint C is satis ed. Also, the APUs on the diagonal of the
array do not adapt, hence denoted by a different symbol. Each
APU consists of atransconductor Tij (see Fig. 15 inset) whose
bias current is proportional to the matrix element a;j. The bias
current modulates the transconductance and hence the output
current oyt isproportional to the product of a;; and the input
signal Xx;j. Additions in the matrix-vector-multiplication were
implemented using Kirchoff’s current summation principle at
the common node yi[n] where al outputs of the APUs are
connected. The nodes yi[n] are maintained at a virtual ground
(by modulators) which ensures that the current summation
is accurate.

Updates of the parameter a;; (according to Eqgn. 16) are
implemented using a digitally programmable current DAC (see
Fig. 15 insat). An 11-bit up-down counter stores a digital
representation of a;; which is processed by the DAC to

Fig. 16. Schematic of a binary 10-bit current mode DAC.

Fig. 17. Schematic of the source degenerated transconductor.

produce the bias current of the transconductor. Because the
updates in Egn. (17) is binary, the multiplication operator
in (17) isimplemented using an XNOR gate (see Fig. 15 inset).
The output of the XNOR gate drives the up-down control
signal of the counter. The design of the up-down counter is
based on a network of D ip- ops and has been optimized
in this work for area and power dissipation. The counter
also incorporates a shift capability where the contents of the
counter can be initialized and accessed using a serial-chain
interface. Note that for the diagonal APUs the parameters aj;
are non-adaptive and hence does not contain any counter and
the current-DAC.

The 10 least signi cant bits of the Up-Down counter
bo;::;bg drive a 10-bit current DAC which is implemented
using a standard MOS resistive network [30]. The output cur-
rent Ipac then modulates the bias current of a transconductor
whose schematic is shown in Fig. 17. The most signi cant
bit bio of the Up-Down counter controls the sign (direction)
of the output current, and thus is used for implementing a
four-quadrant multiplier. The transconductor consists of a p-
MOS input stage which drives a cascoded output stage. The
transconductor uses a bump circuit [31] (transistors MB1
MB4) for source degeneration and hence for increasing the
input voltage range (or reducing the transconductance). The
bump circuit operates by steering the output current such
that the transistor pair implements an equivalent resistor. The
direction of the output current is controlled by the big which
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